A. JI. 'OPOJIEHIIEB

MaTeMaTI/I‘IeCKI/If/i AdHAJIN3 OJdA CTapHInX INIKOJBbHUKOB

OTOT KypC MaTeMaTHIeCKOT0 AHAIM3A PACCIMTAH HA MKOIHHUKOB 9 — 11 xmaccoB, KOTO-
pble (moka) He OOJANAIOT MO3HAHWAME BBIXOAIIMMU 33 PAMKHU CTAHJAPTHOU HPOTDAMMEL
0 MaTeMATHUKEe, HO BUIAT 3aHATUA MATEMATHKON OJTHUM M3 CBOUX BAXKHEUIINX JKI3HEHHBIX
IPUOPUTETOB, B YACTHOCTH, TOTOBBI Kax#cIbili denb pemaTh 1 - 2 Ho8bir 3a1a41 U 0OCY XK IaTh
CBOU TOCTUXKEHUA C MPernogaBaTeIAMN U APY3bAMH, OyIy4IN ABUKUMBL IIPU dTOM «OTHUMUA
TOTBKO» MOJOJEIKAM 33 T0POM, MHTEPECOM K MPEeIMeTyY, yI0BOIBCTBUEM OT OOIIEHUA C Ce-
6e TOMOOHBIMY, TYBCTBOM YIOBIETBOPEHUS OT COOCMBEHHbIL MATEMATHICCKAX OTKPBITUH
U PACTYIIEd YBEPEHHOCTHIO B COOCTBEHHBIX CUIAX, BO3HUKAMOUIEH OT CAMOCMOAMEALHORO
pemrenus 3agad. [lognep:kanne n yKpeILieHHe BCEX DTUX KU3HEPATOCTHBIX OIIYIIEHAUN —
nIaBHAA 33jada mpemogaBaTenrer. HUKakux Ipyrux OCHOBAHUU, CIIOCOOHBIX «yOeIUThY HOP-
MaJIbHOT'0O peOEHKA OCBOUTD 3TOT KYPC He CYHMIECTBYEeT — TaBIeHWe IPU MOMOIIN OTMETOK He
OTpaBIaHO W O0ECCMBICIEHHO, & MOCYJIBI TOr0, YTO 3TOT KyPC IMOMOXKET B caade KaKuX-a1u00
AK3aMEHOB CYyTh OOMAaH.

Kypc cocronT u3 mucTKOB ¢ 3agadamMu. Kax IbIi MIKOJBHUK MTOJTYYaeT CBOU JUCTOK, PElraeT
3a1a91, 3aNUCbI6aAEM CBOU PEIIeHNI, OTIAeT UX Ha MPOYTEHNe MPenoIaBaTeIio, U 3aTeM pe-
mIeHuA 0OCYXK TAIOTCA JUIHO ¢ KX TBIM ITKOTbHUKOM. YPOKH, COOCTBEHHO, COCTOAT U3 DTUX
0OCYXKJIeHNN — JBe Maphl CIBOEHHBIX YPOKOB B Hegeqio. OUYeHb BaXKHO HA Ka#cJOM 3aHATUN
IIOroBOPUTH C K,'G,OfCabl.M IMIKOJIBHUKOM (OHI)IT IMOKa3bIBaET, 9TO 3TO pEaJbHO TOJBKO KOI'da
Ha OJHOT'O MPeIoaaBaTe/s IPUXOAUTCA He 6osee 5-7 yaeHukon). Korga ocHOBHOU MaTepua
JUCTKA OCBOEH, IMKOJIBHUKY BBIIAETCA CAEAVIOMNN JUCTOK, U T. 1. CKOPOCTH OCBOGHUA Ma-
Tepuata y KakI0ro YIeHUKa CBOA. Bojee CUIbHBIE PEIIAOT JUCTOK (B CPeIHEM) 3a HeIelo,
MeHee CUIbHBIE — 3a ABe. Bcam KTo-To HATOATO «3acTpAI» Ha KAKOM-TO JUCTKE, MPEeno 1aBa-
Teno TpebyeTcsa BBIACHUTh, B Y€M COCTOAT MPOOJEMBI, U TeIUKATHO TOMOYb UX TPEOI0TeTh
— CaMoOe INTaBHOE HE MOBPEANTH IIPpU 5TOM HM OJHOMY U3 MEePeInCJICHHBIX BBIIIE «CTUMYJIOB»
K 3aHATUAM.

3agadn, ¢ KOTOPBIME HATO Pa3o0bpaThCsa B MEPBYIO OY€penb, MOMEYeHBl KPYKOIkoM. OHU
OOBITHO HETPYAHBI W COAEPXKAT Oa3WCHBIE MPUMEPHI W BBOMHBIE KOHCTPYKIWU — TYT OT
KaXK OO YIeHWKa CAeqyeT TOOMBATHLCA MOJHOM SACHOCTHU. 3aJadd MOMeYeHHbIe 3BE3T0YKON,
HAIPOTWB, BECbMa TPYIHBI, U UX pelleHre He 0013aTeNbHO MIA MOHUMAHUA OCHOBHOT'O KYP-
ca; MPeIIoJaraeTCsa, ITO IIKOJIBHIK OyIeT TO0Ar0 3aHUMATHCA MOHPABUBIIEUCI €My TPYIHON
3ajader, BO3MOXKHO, BO3BPAIIAsACh K HEW TOTOM, PENInB KAKHe-TO CJAeAVIONIne JTUCTKU, U
IpUMEHSAA, COOTBETCTBEHHO, KAKWe-TO HOBBIE WJIEW — TAaKOr0 POJA «IIUTEJbHYIO OCAIY»
CJelyeT BCAYECKU MOOMIPATH. Bee MUCTKU JeIATCA HA 0CHOBHbIE (C MEIBIME HOMEDAME) U
donoanumenvrvie (¢ IPOOHBIME HOMepaMu). XOTeI0Ch OBI, 9TOOBI BCE YICHUKH YMEIN De-
IIIATh BCE HEMTOMEYeHHbIE 3BE3 J0TKAMI 33 1a91 U3 BCEX OCHOBHBIX JUCTKOB. /[OMOTHUTEIbHBIE
JUACTKW TOXKe BBIIAIOTCA BCEM JKeJalolIuM, HO PacCINTaHBl OHU Ha HamboJee MPOABUHYTHIX



MITKOJBHUKOB, 3HAYUTENbHO BHIPBIBAIOIINXCA BIEPEN, U PellaTh UX CIeIyeT MapasleTbHO pe-
MIEHUIO OCHOBHBIX JIMCTKOB (BCE IONOJHUTEIbHbBIE JUCTKU JOBOJIBHO TPYAHBI U BBIXOIAT 32
pPaMKU CTaHJAPTHBIX IPOrPAMM).

HecmoTps Ha HaMure HECKOTBKUX CBA3YIOMINX CIOXKETOB, MPOHU3BIBAIOIINX BECh KypC Ha-
CKBO3b 1 00CYXK TAEMBIX C PA3JINIHBIX TOUEK 3PEHNA MPAKTUIECKN B KaXK IOM JUCTKE, 3aNHTe-
PECOBAHHBIN IIPEMoaBaTenb 063 TPY1a CMOKET BHIIEIUTH N3 KyPCa HECKOIBKO aBTOHOMHBIX
TeM, IPeJICTABJICHHBIX CepUAMA U3 3—5 JUCTKOB, M BHEIPUTH UX B CBOU COOCTBEHHBIN KYPC
WM UCTIONB30BATH KAK OTAEABHYIO TeMy I (HaKyIbTATUBA U/MIN KPYKKA.

[louTu Bce HAmUM 3agavM ¥ METOTOJOTMYECKNe MPUEMBI He HOBBI, 1 G€3MepHO IpU3HATENCH
BCEM UX aBTOPaM, U MPWHOIIY CBOW U3BUHEHUA 3a TO, UTO i HE B COCTOSHUU UX IMEPEUU-
CIUTh, 8 TeMm 0oJiee, YKa3aTh TOYHBIE CCHLIKA. MHOXKECTBO 3a1a9 TPOUCXOMUT U3 «3a1atd-
anka KauTtay. CioxkeTsl PO Tpadbl U BEPOATHOCTU MPAKTUIECKHN METUKOM 3aMMCTBOBAHBI
u3 anagsormgaoro kypca C. A. opuyenko (cm. Maremar. O6p. 1997, Ne 1, ¢. 38-75); cym-
MUDOBAHUE, PALBI U T. M. HEJbHOTAHYTH u3 KHukKKH «ducaa u Cymmen (cm. Maremar.
O6p. 1999, Ne2-3, ¢. 2-57); onpemeJéHHBIN UHTErpaa BBOAUTCA N0 JbeloHe Tak ke, KaK B
nexnuax C. M. JIeBoBckoro mis mepBokypcuukos HezaBucumoro YuuBecuTeTa; 331241 mMPO
JTeNCTBUTENbHBIE TUCAA, OOMIy0 Tomomoruio BemecTBenaon npsamon u TP /I ovens 6ausku
k opuruHaabubiM JucTkam H. H. KorncranTuroBa, oT KOTOPBIX, COGCTBEHHO, 1 6€PET HAYAIO
TOT MOJXOJT K TMPEHOIaBAHUI0 MATEMATUKN, KOTOPOMY MBI CTapaeMCsA CIeI0BATh.

OTOT KypC ObLT MPOUIEH B OJHOM M3 MaTeMaTHIECKUX KJIACCOB MOCKOBCKOW TIKOJIBI N 57.
D10 (KAK U cAMO TOABJEHUE HACTOAIIMX JUCTKOB) ObLIO OBl HEBO3MOXKHO 0€3 AKTUBHOI'O
yaactus Punbt Auno, Iletu AxmerwseBa, Cepéxnu Jopudenko, Oan Kpsxesou, Mutu Mu-
xaauna, ['pumm PeiouukoBa, 2Kenn Cmupmosa, Konmn CremanmoBa u Koctu Tpymkuna. 1
MOJB3YIOCH CAYyYIaeM TOPSI0 MOOJATr0IaPUTh UX 32 DTY HAIIY COBMECTHYIO PaboTy.
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Maremarueckuit AH&JII/I3, 9 xnace JIucTok Ne 1

I'eomeTpuveckoe cymMmmMupoBaHUE

... [locronnoarennenmuyt /JHOHUCHH, 3HAA 9TO Thl PEBHOCTHO XOY€IIb HAYIUTHCA PEIICHHIO 3a,4a,
KACAIOIUXCA TUCET, A TOMBITAICA U3JOXKUTH IPUPOAY UX U MOTYIIECTBO, HAYUHAA C T€X OCHOBAHUH, HA
KOTOPBIX MOKOUTCA 3Ta HayKa ... Bce 1ucia, kak THI 3HACIIb, COCTOAT U3 HEKOTOPOT'O KOJTUICCTBA, CIU-
HHII; ACHO, YTO OHH MPOJOKAIOTCA, YBEINIUBAACE, 1O O€CKOHEIHOCTH. TaK BOT, CPEAU HUX HAXOJATCH:
KBagPaTHI, IOJYYIalOMUecs OT YMHOXEHUA HEKOTOPOI'O IHCJIa CaAMOI'O Ha CeOS — HHCIO XK€ 3TO HA3bI-
BAeTCA CTOPOHOM KBAAPaTa; 3aTeM KyObI ... Kaxgoe u3 BO3paCTAIOMINX OT €IUHULLI IUCET, HAIUHAA C
TpEX, ABIACTCA MEPBBIM TOCAe SAUHUIIEI MHOIOYTOJIBHUKOM U UMEET CTOJBKO YIVIOB, CKOJIBKO B HEM CO-
JEepKUTCA eIUHHAL], CTOPOHOH ke ero Oyaet 2. Tak, 3 6y1eT TpeyroabHUKOM, 4 — JeTBIPEXYTOMBEHUKOM,

5 — HATUYTOJBEHUKOM U T. .
uz knueu Juoganma Asexcandpuiickeo (Apudmemurar

U €20 HCE YUEHUA «0 MHO020Y20AbHBLL YUCAATH

T (1T}
M1lol. PacemoTpuM moctefoBaTeaIbHOCTS 01, HH EZD , H , O , ... (IpeBHHe IpeKu HA3BIBAIN

[-o6pasusie Gurypku 2nomonamu). CKOIBKO KIETOK B k-TOU (PUTYPKe U UeMy paBHA CyMMapHAasd
ILIOIA b MePBBEIX & THOMOHOB?

M1¢2. Yemy paBHO k-¢ HEYETHOE YUCIO W CyMMa MEPBHIX k 172 3 4 5 n
HeIETHBIX ducen’! YeMy paBHO k-e 9ETHOE IUCIO U CYMMA Iep- ; O R N o o o —
BBIX k 4éTHBIX yncen’ Beraucaure cymmbl 300 HEIETHBIX TUCET,

HaynHadg ¢ 57 n 200 9€THBIX umncen, HaunHaA ¢ 444. 3|
D §

M1¢3. Tpeyroabasie uucta JuodanTa: O, H-, EEP, H — 4|

sTo 1, 3, 6, 10, ... TeTnipéxyroabubie uncra: o, H, @ , .
51.

— »T0 KBaapaThl. CI0XWTe U3 ABYX MOCJIEIOBATEIHHBIX TPe-

YTOMbHBIX ducen kBagpar. demy pasuo T, + 71,7 Buipasure T,

qepes n. ol

M1o¢4. Haugure cymMMy HepBOM THICAYN HATYPAJBLHBIX THCE.
. Puc. 1 - 1. ITudaroposa
M105° (mndaroposa rabauna ymHOXeHHsa). [oKaxuTe, ITO

mk =km, .e.ar0 k+k+ - +k=m+m+ --- +m. Ka-

TaOIUIA YMHOXEHUA TUCET OT
1 mo n.

m k
KOBBI pa3Mepbl 1 ILIOMIA b Ta0AuIbl Ha puc. 1 - 17

M1¢6. CKOTbKO KJIETOK B k-TOM, CUMTas OT JEBOT'O BEPXHEro
yria mudaropoBoil TaGIMIIbL, «TOJICTOMY PHOMOHE, BepIINHA KOTOPOTo mpeacTaBigeT k2, a cTOPOHL
cyTb npomsBenenus k va 1,2, ..., (k—1)7
M1o7. ChopMyaupyuTe n TOKAKUTE TEOPEMY, OMUCHLIBAIOIIYIO SBJICHUE:
34+45=2%, 7T4+9+11=3%, 13+15+17+19=43, ...
M1¢8. Bperucamre CyMMBI:
a) P+23+ - +n;  6)T1+2To+ -+ +nTy;
B ) 124224 ... 02, c )T+ T+ - +T,.
M109". BeraucanTe cyMMbI KBaIPATOB IEPBBIX 1 I6THLIX o @
YUCEJT W MEePBBIX N HEIETHBIX THCE.
M1¢10. [latuyroasusie uucta [Anopanta: P =1, P, =
o, P3 =12, Py =22, ... m3006paxenn Ha puc. 1 - 2. Yemy Puc. 1 - 2. [laTuyroapabe 9nCIA.
paBuo P, — P,_1? Bruipasure P, 1epes n.



Maremarueckuit AHMHa, 9 xnace JIucTox Ne 2

CyMMuUpOBaHUEe pPa3zHOCTEH

Apudmernyeckas nporpeccus — 5TO (KOHEUHBIM Wid GECKOHETHBIN) HAOOD ... , a1, G2, A3, ... 3aHyMe-
POBAHHBIX YHUCEN, B KOTOPOM Pa3HOCTD d = G — Gk—] MEXIY OBYMsA COCETHUMU IUCIAMU ONWHAKOBA [IJA BCEX
k; oHA HA3BIBAETCA PA3HOCMbIO WA NPUPAUEHUEM TPOTPECCUN.

M2¢1°. Byger qm apudpMeTnieckon mporpeccuen mocaeI0BaTeIbHOCTD ¢ k-THIM LI€HOM, PABHBIM:
1+2+ - +k
a)ll...1, 6)
N e’ k
k
M202°. BuipasuTe n-THII WIeH IPOU3BOILHON apU(PMETUICCKON MPOrPECCUM Yepe3 MePBLIU WICH U
pasHoCcTh. Yemy paBHO 91-e HAaTypaabHOE YUCTO, Ooabiree 444, ¢ ocraTkoMm 43 oT xeneHus Ha H77

, B) k-TOMy HaTYpalIbHOMY YHCIY, OKaHUIMBAKOLEMycs Ha 137

M2¢3. B Hekoun apudMeTHIeCKOU MPOTPeCCuu d,, = —a, IIA Kakux-To m < n. [Ipm kakux m, n
DTa MPOTPECCUsa COAEPKUT HYJIb U MO KAKUM HOMEpPOM?

M204°. Kakne u3 nmepedncIeHHBIX HIUXKE CBOUCTB HAOOpa YUCeT g, 1, . .., 0, HEOOXOJIMMEI, a KAKHe
— IOCTATOYHBI IJIA TOrO, YTOOLI ATOT HAOGOD OBLI apu(pPMETUICCKON IIPOrpeccuen’?
a) 10601 daeMeHT (KpoMe KPalHUX), eCTh CpeaHee apu(pMeTUIeCKoe ABYX COCEIHUX;
6) 2a; =a; o+ Qo 1pu BCex 2 < 1 < N — 2; B) a; =2a; 1 — a; o Upu Beex 2 < 1 < n;
r) cymma a; + a, ; ogHa u ta xe 1 Beex 0 < 1 < n.
M205°. BerpasuTe cCyMMy BCEX 3JIMEHTOB KOHETHON apmpMeTHIecKON mporpeccuu’
a) qepe3 aBa KpaﬁHHX 9a€Ha U KOIUIECTBO Caal'aCMBbIX;
6) 1Uepe3 HaYAMBHBIN WIEH, KOMUYECTBO CIArAaeMbIX U MPUPAIICHUE.

M2¢6. Haugure cymmy Bcex TPEX3HATHBIX YUCEN C OCTATKOM 7 OT geneHus Ha 43.

M207. [Io cTpokaMm u cTOJOIAM NPAMOYTOIBLHON TAGIUIEL pa3Mepa m X 1 CTOAT apupMeTHIeCKHIe
nporpeccun. Hamaure cymMMy BeeX ducen B TaOMUIE, €CAM CYMMa, 9eTHIPEX YIVIOBHIX paBHA S.

M208. Kak cBa3anbl apudMeTHIecKne IpOrpeccun ¢ m-yroabueiMu duciamu Junodanta? Yemy pas-
HO N-TO€ M-yTOJIbHOE TUCIO?

*
M2¢69 . MoxHO 1 Pa3sbuTh MHOXKECTBO HATYDPAIbHBIX uncenl N B 00beinHeHWe (BO3MOKHO, Gec-
KOHEYHOT0) HAGOpa MOMAPHO HEMEPeCeKAINUXCA OECKOHEUHBIX ApU(PMETUICCKAX TPOTPECCHl C

passocTamu dy, ds, ..., YIOBJIETBOPAOMMME HepaBeHCTBY 1/dy + 1/dy + -+ < 0,97
CymmupoBaHme pasHocTeu. Jacto cymmy by + bo + -+ + b, yHIaéTCA BBIYMCIAATDH, MPEACTABAB KAXA0E
claraeMoe B BHUJE Pa3HOCTU b; = Cjy1] — ¢; 9UCET HEKOEro NPyroro Habopa Ci,C2,...,Cpt1 . Domee obmum
0o6pa3oM 5Ta mied BHINIAAAT TaK: 3aMeHUM Kaxjgoe b; mogxogdamen cymmon b; = c¢;; £ ¢jp £ - -+ £ ¢jjy,; Tak,
9ITOOBI IPA TOJCTAHOBKE B MCXOZHYIO CymMMmy by + by + -+ + b, GOmbmas 9acTh ¢;j 1160 COKpaATach, 00
JIETKO CKJabIBaJIaCh.

1 1 1
M2¢10. Beryucaure cyMMbl:  a) — 4+ —+ -+ ——; 6)1:24+2-3+ --- +n(n+1);
Y )i2t23 CES (n+1);
1 1
B) + + o+ ——— (ay,as,...,a, —apudmMeTuIecKas MPOrPECCU C PABHOCTHIO d);
aijaz G203 ) (10
r + + -+ ; 1-2-34+2-3-44---+n(n—-1)n+2);
)i23tasa n(n+1)(n+2) A) (n=1)(n+2);

-+

1
)ie3aitraas nn+1)(n+2)(n+3)
M2011. Boipasute (n+1)* u pasrocts (n+1)* —n* B Buge maorowtenos ot n npn k = 1,2,3,4,5,6.

M2¢12. [Toap3ysach TpeabIIyInen 3a1ader, BLITUCIUTe CYMMY k-TBIX CTeIeHen MEePBBIX 1 HATYPAIb-
ubIx gucen miasa k = 0,1, 2,3, 4.

1

Ha KJIeT4aTou OyMare mporpeccuio, ckaxem, 2,5,8,11, y106HO pucoBaTh B BUIE HH




Maremaruaeckuit Amamus, 9 xrace JIuctok Ne 3

HO/I, HOK u genenue ¢ ocTaTKOM

B pemieHUAX 3agaY 3TOr'o JIUCTKAa CJIOBOCOYEeTaHUA «IIPOCTOe YUCIO» U «IIPOCThIe MHOXUTEeJN» 3allpellleHbl.

IIponry — 3a0yae BCé, deMy THI y9IUICA B HIKOJI€; TOTOMY ITO THI 3TOMY He Hay IHICA.
(3. Jdanday, «Ocrosbl anaauzas)

M301°. Kakoe HauMeHbIIee PACCTOAHNE MOXKHO OTIOXKUTH OT TAHHOU TOYKHA HA MPAMOU, MOAb3YACH
AByMs mabroHaMu (6e3 JeJeHUN) IIMHBL a) 13cm m 29 cm; 6) 21cm mw30cm?

M3¢2. Ilycts A, B € Z — aBa (pUKCUPOBAHHBIX HEIBIX duciaa. O6o3HadnM depes J C Z MHOXKECTBO
BCeX THCeI 7, KOTOPEIe MOXKHO OTJIOKUTH Ha THCIOBOM IPAMOU OT HY.IA, UCIOAbL3YA MabIoHbI' A
u B. Ilyctes D — 5T0 HaumeHnbuee nosoxrcumenproe ucao B J. BepHo u, 4T0:

a) A, B, a Takxe CyMMBI, DAa3HOCTH ¥ JIOObIE IeJble KpaTHBIE qucen u3 J aexkar B J 7

6) Bce uncaa u3 J (B wacraoctu, A u B) Haneno gexarcsa Ha D ?

B) Bcee uncaa u3 J (B wacTHOCTH, D) HALEIO IEIATCA HA JOO0U OOUMI geauTens qucen A u B?
HO/O u HOK. Hauboabliee HATypalbHOE IUCIO D, KOTOpPOe NEINT Kaxgoe u3 uncenr Aq, As,..., A, , Ha3HI-
BAETCA WX HAUOOAbWUM 00UuM deaumenem m obozHagaeTca HOM(Aq, Ag, ..., Ay). AHATOrmIHO, HAMMEHbBIIEE
HaTYpPaJbHOE€ YTHUCJO K, KOTOpO€ AEINTCA Ha BCE TUCIA AZ Ha3bIBACTCA UX HAUMEHbLULUM 06’LLOU.M KpamHovim 1
obosragaerca HOK(Aq, Ag, ..., Ay).

M3¢3. Paccyxaas kak B 3a1. M302, nokaxure, 910 HOM(A;, Ay, ..., A,) geinrces HALEIO HA 060U
IPYrou oOIMMK AeJuTenb ducea Aq, As, ..., A, unpeiacraBiageTcsa B Bujge z1 Ay + 2040+ -+ 2, A,
¢ measIMu z,. Bepuo au, uro HONM(A + B, B) = HOZI(A, B)?

M3o4. Tokaxure, 9T0 HOK(Aq, As, ..., A,) meauT Hameno J1o6oe Apyroe obiiee KpaTHoe ducen A;
u 4To HOK(A, B) - HOA(A,B) = A- B.

M3¢5 (anropurm Esxkimmaa). Ilycte A > B — 1Ba QUKCUPOBAHHBIX HATYpPATbHBIX uncaa. Ompe-
JIeauM TocJaenoBaTe bHOCTh uncen Fy, Fy, Ey, E3, ... npasmiamu: Fy = A, E|, = B, E, =
(ocrarky ot menenua Fj_o ua Ey_q) npu k > 2. [lokaxkure, 4To Bce uncia F, nexar B MHOXKe-
ctBe J m3 3a1. M302 u MOHOTOHHO YOBIBAIOT MO TeX TMOp, MOKa ouepennoe F, | He oOpaTuTCia B
Hyab (T. e. moka E,_; me paszmgeaurcsa naneno Ha E,). Kak cBasano sTo nocaenuee nenyaesoe E, ¢
HOM (A, B)?

M3¢6. Breraucaure HOM(A, B) u nogbepure measie z, y Tak, 9To6ul x A + y B = HON(A, B), nas
crepyroumx nap (A, B): a) (17, 13); 6) (44863, 70499); B) (8385403, 2442778).

Bsaumuasa npocrora. Ecmm HON(a,b) = 1 naa a,b € Z, To 9ucna a, b HA3BLIBAIOTCA 83GUMHO NPOCMbLMIU.

M3o7. [Jokaxure, 9TO B3aUMHAad IPOCTOTA @ ¥ b pABHOCUIbHA CYIIECTBOBAHUIO TAKUX T, € Z, 9TO
ar + by = 1, u paBHOCHIBEHA BO3MOXKHOCTH MPEICTABUTE JIIOO0U 2 € Z B BUAe z =a -k +b-m ¢
IO AXOAAIuMA k, m € 7.

M3¢8. [lycTs ¢ B3auMHO MPOCTO € a, a b — aro6oe. /JokaxuTe, ITO

a) ecau MpousBefeHne ab IeIUTCA HA ¢, TO b NeIUTCA HA C;
6) ecau b JeIUTCA KaK HA @, TaK W HA €, TO b IIUTCS U HA TPOU3BEICHUE AC.

M3¢9. Bepuo au, 4To Hecokparumas 1pobs p/q (rae p€Z, ¢ €N) MoxeT O6BITH KODHEM MHOIO'WIEHA
apx™ + 2"+ - - 4 ap 1T + a, ¢ neasMm KodGPUIMEeRTaME, TOIBKO €CIN gy ¢ W Ay - P?
M30610. Bepuo am, aro HOK(a,b) /;, u HOK(a,b) /} B3anmuO mpocTsl mpu 106bx a,b € N?

M3o¢11. Bepuo au, uto Va € N cymecrByer 6eckoneuno muoro b € N, Takux uto b+a u b — a
B3auMHO IpocThl? Beerga jm B3auMHO nNpocTel a u a + 17

M3¢12. Haugure 6ce meanle peleHus ypaBHEHUN:
a) 1563724+ 1387y =1 6)5x+7y=11 B) 26 + 32y = 60 r) 169z + 221y = 26

M3¢13. Yemy paBHO k-e HaTypaJabHOE UUCIO, OMHOBPEMEHHO afollee OCTATKH:
a) 1, 2, 3 OT geneHusi, COOTBETCTBEHHO, Ha 2, 3 1 57
6) 2, 4, 6, 8 oT meneHus, cooTBeTCTBEHHO, HA 5, 9, 11 n 147

lynate roBops, J COCTOMT M3 BCEX HICET N, IPEJCTABUMLIX B Buge n = k A + m B ¢ nensivu k u m

7
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PaBHococTaB/ieHHOCTDh 1 IIJIOIIIa I

M4o¢1. Hapucynre Ha aucre KIeT4aTon 6ymMaru ocu Koopauaar u ormerbre Touku A(—2,0), B(2,0),
C(2,2), D(2,5), E(0,5), F(—=7,7), G(—5,4). [lomycTumM, 9TO HA 3aKPAIIMBAHUE OTHOU KJICTKH
TpaTuTca 1 mukoanTp depHrI. CKOIBKO YepHII YIIET HA 3aKpallnBaHue MHOTOyroabHuKoB: C'E D,

ADE, AEC, ECG, ABDE, GCEF, ACEFG?

M402. Pacemorpum Ha KoopauraTHOU miaockoctu Touku O(0,0) u A(4,3). Jocrpoute orpesok OA
1o xBanpara OABC u seraucaure S(OABC) u |OA].

M4¢3. Yemy paBeH KBaIpaT PACCTOSHUA OT HAYAIA KOOPAWHAT IO MPOU3BOJBHOU TOUKE P ¢ xoop-
nuHATAME (P1, P2) U Y€MY paBeH KBAIPAT PACCTOAHUA MeXTy P u IpYyrol MpOU3BOJBHOU TOIKOU

Q(qla qQ)?

M4¢4. Hapucynre I'MT ¢ koopaunaramu (z,%), yIOBIETBOPAIOMNMA COOTHOIIEHUAM:
a) 22 +y? =1 6) (x —3)*+ (y+5)2=16 B) 22 +9y°+1=2(y—3x)
M4¢5. Bepumnuer napastesorpamva ABCD nmetor koopaunarst A(1,5), B(—3,2), C'(4,—1). Hau-
nure koopauuaTel Bepumusl D u S(ABCD).

M406". Bepumusr mapasrerorpamya O AP B mveror xoopaurars: O(0,0), A(ay, as) u B(by, by). Bri-
pasure koopauHaThl BepmuHel P u S(OAPB) [epes aq, ag, by u by.

Ceouctsa miom@agen. Muorue mwiockue gurypsr § umeror mwiomans S(F). Hanpumep, mioma b mpaMoyTrors-
HUKA CO cTOpoHaMu ¢ u b pasHa ab. [lnomann paBusix ¢uryp paBHbl. PUrypsl pABHOU TLIOMALNA HA3BIBAIOTCA
pasnoseaurumy. Keru durypa § paspesaHa TPAMOIMHENHBIM PAa3Pe30M Ha ABE YaCTU §1 U §o U U3 TPEX
duryp §, §1, §2 Kakme-TO ABE MMEIOT ILIONALL, TO €€ MMEET W TPeThd,
npuaém S(F) = S(F1) + S(F2). [dse durypsl Ha3LIBAIOTCA PABHOCOCTNA-
BAECHHLIMU, €CIUN OOHY W3 HUX MOXHO KOHEIHBIM “INCJIOM Hp}IMOJII/IHeI‘/)IHI)IX
pa3pe3oB pa3bUTh HA YACTHU, U3 KOTOPBIX CKIAABIBACTCA Apyras Gpurypa.
[Trnomanu paBHOCOCTABICHHBIX (PUTYD PABHBEL.

M4¢7. PaBHOBeUKY U TAPALIETIOrPAMMBI COOTBETCTBYIONIUM UM
Ha puc. 4 - 1 mpamoyroabaukam? Beipazure mromanm >Tux ma-
paJLIeIorpaMMOB Yepe3 OCHOBAHUA U BBICOTHI.

Puc. 4 - 1. IlapamtesorpaMmbl 1
OpAMOYTOJIBHUKU.

M4¢8. BripasuTe miomain TpeyrolbHUKA U TPAMEINNA 9epe3 BHICOTHl U OCHOBAHUA.

M4¢9. CymecTByeT Ju TPEYrOAbHUK C BEICOTAMu hi, he, mepumerpom P u miomanbio S, TAKOU ITO:
a)P>1m,S <lem?? 6) S>1m?, P<lem? B) hy > 1m,hg>1m,S<1em??

M4610. ITycTh IJIMHBL MOCAEIOBATENLHBIX CTOPOH (CKAXKeM, MO YaCOBOU CTPEIKEe) MPOU3BOIBLHOTO
BBINMYKJIOI'0 Y€THIPEXYTOJIBHUKA PABHEL @, b, ¢, d. MoxeT Ju ero miomanb OLITH OOJbIIe, TeM

a) (ab+ cd)/27 6) (ac+ bd)/2?

M4¢11. BripazuTe miomank TPOU3BOJIBHOTO YETHIPEXYTOJIbHUKA C MEPIeHIUKYIAPHBIMU TUaroHa-
JAMHU Yepe3 IJINHBL TUarOHAJICH.

M4¢12. BripasuTe mioma s TpeyroabHUKa depe3 TJINHBI CTOPOH U PaIuycC
a) BIOUCAHHOTO 6) BHEBIIUCAHHOTO KpyTa.

M4¢13. 3aBucuT Ju CyMMa PACCTOSAHUNA OT TOYKH, JEXKAIIeW BHYTPHU MPABUIHLHOTO TPEYrOJTbHUKA,
0 ero CTOPOH OT BHIOOPA DTOU TOUKN!

M4¢14. BepHo /1, 1TO MeIUAHBI PA3pe3ai0T TPEYroJIbHUK Ha 6 PABHOBEJIUKUX TPEYTOTHHUKOB?

* O O
M4015 . TpeyroibHUK pas3pe3au HA TPU MEHBIINX, COETUHUB BEPIIUHBI ¢ HEKOW BHYTPEHHEW TOY-
Kou. BepHO Ji, 9TO OHM PABHOBEJIUKHN TOJIBKO €CIU 3Ta TOUKA — IepecedeHne MeTuaH?
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I'eomeTpus Ha KJaeTIaTON OyMare

M4%<>1*. MaremaTudeckun 6uabapn — »>To kBagpar ABCD ¢ TOYeYHBLIMHA Iy3aMH B BEPIINHAX.
Todednbin map BBIMYCTUIN U3 CEPEIUHBI CTOPOHLI A B HampaBlIeHHN TOUYKM F, KOTOpas JIeauT
MPOTHUBOIOJIOKHYIO cTOPOHY B oTHOomenun BE : FC = 43 : 57. [lonagér iu oH Korga-HubyIb B
ny3y? Ecam Her — moduemy, ecam 1a — MOCIe CKOJBKHX OTPAXkKeHHH' OT CTeHOK?

*
M4%<>2 . CymecTByeT Ju MapaLIerorpaMM IO 4 K. ¢ eHTPOM B y3Je KIeTIaTon OymMaru, He
COepXKAINYA HUKAKUX TPYTUX Y3JI0B HU BHYTPW, HU HA CpaHuie?

®dopmyaa ITuka conocrasager ao6oMy (He 06I3aTEMLHO BBITYKIOMY ) HECAMOIIED €CEKAIOIEMY CA MHOTOYT0JIb-
HuKy 91 ¢ BepIIMHAME B y3/1aX KJIETIATOU OyMaru TucIO

1
II(9m) et (umcao ysmaos BayTpE I ) + 2 (umcno yanos Ha rpanume M) — 1.
u yrBepxgaet, aro S(IM) = IT(M). Ona g0Ka3bIBAETCA B CACAYIOIMIAX OBYX 3a0a9aX:

M4103. Muoroyroapauk 9 paspesain OpAMOTMHENHBIM pPa3pe3oM HA JBa MHOTOYTOIbHUKA J; 1
M, Toxke ¢ BepIIMHAMY B y3.1ax. Bepro ., aro [1(9M) = II1(9M,) + I1(9N,)?

1 )
M43504. IlocregoBarensno gokaxute dopmyry Iluka nus:
a) IpAMOYT'OJbHUKA CO CTOPOHAMM IO JUHUAM KJICTOK;
6) A1 ITPpAMOYT'OJIBHOI'O TPEYTOJAbHUKaA C KaTeTaMU IO JUHUAM KJIETOK]
%
B) Jis JIOO0OTO TPEYTOJIbHUKA; r') A BBIIYKJIONO MHOIOYTOJBHUKA, A ) B o0lLIeM Bue.

1
M4305. MoxeT i1 TpeyroJqbHUK C MIOMAAbI0 | KI. 1 BePIIMHAME B y3.1aX COACPKATH Y3/IbI CTPOTO
BHYTpHu cebs1? Moxer Jm OH UMETh CKOIb YIOMHO OOJBIION TIepUMeTp?!

M4%<>6. BepHo J1, 9T0 110601 OTPE30K ¢ KOHIIAMHI B y3J1aX, HO He COAEPKAIINN Y3/JI0B BHYTPH cebs,
MOYKHO TOCTPOUTDH M0 TPEYrOAbHUKA MIOMAIN | KJI. ¢ BEPIIMHAMUI B Y3/J1aX’!

M4%<>7. MoxeT u mapasrerorpamMM ¢ ILIOMAAb0 1 KJI. W BepIINHAME B y3J1aX HAKPHIBATH KaKue-
au60 y3abI KpoMe BepimwH? MoxkeT a1 paccTosHMe Mex 1y HaumboJdee VIAIEHHBIME APYT OT Apyra
BEPIIMHAME TaKOr'0 Mapa/LieorpaMMa OBITh CKOMb YTI'OJTHO OOMBIINAM?

M4%<>8. [pamas ¢ coequuser y3asl ¢ koopauuaTamu (0,0) u (p,q), OpUIEM MEXK Ty dTUMEA Y3IaMUI
Ha IIpAMou { HeT Ipyrux y3a1oB. EcTh au cpean He Jexamux Ha £ y310B OIMKAUIIIe K Hell I MHOTO
JU UX MOXeT ObITh! Hamgure paccTosHme OT TAKOrO y3Ja A0 mpamon L.

M4%<>9 (3agaua o xyaneuukax). TpéX Ky3HEUMKOB mocaamin B To4KH ¢ koopauaaTamu (0, 1), (1, 1)
1 (1,0) 1 MO3BOMWIM OPLIFATL APYT Yepe3 APYra B MePBOM KBaIPAHTE 10 CJAEIYIOMEMY IPABUILY: B
Ka)KﬂbIﬁ MOMEHT OJWH U3 BEKTOPOB, COEAMHAIOIINX HAIAJ0 KOOPDANHAT C KYy3HEINKaMMN, HAXOAUTCA
MEX Iy ABYMS IPYTHUMU, U JTIOO0U U3 ABYX «(KPAUHUX» KY3HEUMKOB MOXKET IIEHTPAJBHO CUMMETPU -
HO OTPa3UTHLCA OT ATOTO «CpegHeroy. Ilokaxure, 9TO:

a) HAYAJIO KOODJMHAT U Ky3HEIHKA BCErTa HAXOAATCA B BEPITMHAX MAPAJLIEIOrDAMMA € TMHITHON
IIOmAIA, ¥ HUKAKAX APYTHUX IEIBIX TOYeK ATOT MapasIeJorpaMM He HAKPBEIBACT;

6) Ky3HE€IUKN MOT'yT HO6BIB&TI) TOJBKO B TOYKaX C B3aUMHO IMPOCTBIMU KOOPAWHATAMU,

B) IA KaXKJOU TOYKM C B3AMMHO NPOCTHIMHM KOODAMHATAMM MMEETCS €INHCTBEHHBIN CIOCO0
OPBITAHWSA, TPUBOIANINEA OJHOTO U3 KY3HEIUKOB B BTy TOUKY.

*

M4%<>10 . Kax b yzen krerdaToun 6yMaru HaKPBLTH KPYTOM, IMEHTP KOTOPOT'O HAXOIUTCA B DTOM
yaae a paguyc B 1999200 pas venbite mupuasl KaeTok. MokHO 11 13 Hadala KOOPITHAT BLITYCTUTD
Jyd, He TePeCceKAoNMi Hi OTHOrO (KPOMe HAKPBIBAIONMIEr'0 HAYAIO) Kpyra?

M4%<>11. [Tycts py, po — JH06BIE, & (1, (2 — TMOJOXKUTEAbHBIE dncaa. OMUImMTe BCe CIydam, KOraa

P, P2 p1t+De o
— + — = ———. Kaxumu HepaBeHCTBaMU CBA3AHBI 3TU TPU APOOU B OCTAIBHBIX CJIYIaAX

q1 p) g1+ ¢

lnpennmonaraercs, ITo MpU KaxXI0M yaape O CTEHKY «yTOJT MaJeHNsa PABeH YTy OTPasKeHUI)
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Maremarueckuit Aﬁmna, 9 xnace

Baxxunbie KBaJpaTHUYHbI€ COOTHOIIIEHNA

M5¢1. Iloab3ysack TeM, YTO U3 YE€THIPEX OAMHAKOBBIX MPAMOYTOJbHBIX TPEYTOJbHUKOB C KaTeTaMu
@, b 1 TUTIOTEHY30U ¢ MOXKHO CJIOKUTH KBaIpaT Kak Ha puc. H - 1, rokaxwure,
aro a? + b = 2.

Mb502. [lokaxuTe, 9T0 Y nuaropoBBIX MITAHOB HA PUC. D - 2 KBaApaT TUIIO-
TeHy3bl PABHOCOCTABJIEH CyMMe KBaIPATOB KATETOB (3TOT (DaKT M3BECTEH

kak meopema [Tufazopa). .
b
Cpeanee reomerpuyeckoe (WiM CpegHEe MPOMOPUUOHAILHOE) JBYX MOJOKU-
a
TeTBbHBIX YHCEeT M W 1 — TO TAKOe MONOKMUTETLHOE HMUCIO ¢, 9TO ¢° = mn (mim p 51
uc. 5 - 1.

uHAYE N g = q:m).
Mb5¢3. [lokaxuTe, 9TO €CIU MOJOKUTENbHBIE YUCIa @, b, ¢ yaoBIE- ;
TBOPAIOT yeI0BIIO ¢ = a?+b%, TO MOXKHO IIOCTPONTD € IMHCTBEHHbIN /
TPEeyroJbHUK CO CTOPOHAMU @, b U ¢, ¥ DTOT TPEYyroJbHUK aBTOMAa- ",
TUIeCKN OyaeT MPAMOYTOTbBHBIM. / "~ .
Mb5¢4. [lokaxuTe, ITO HA, PUC. D - 3 KBAAPAT BBICOTHI TPAMOYTOJbHO- ' h
0 TPEYroIbHUKA PAaBHOCOCTABJIEH TMPAMOYTOJbHUKY, CTOPOHBI KO-
TOPOT'O CyTh OTPE3KN, Ha KOTOPHIEe BEICOTA pa3bWBaeT T'MIOTEHY3Y.

Mb5¢5. [lokaxuTe, ITO Ha puc. H - 4 KBajJapaT KaTeTa PaBHOCOCTA-
BJIEH NPAMOYTOJBHUKY, CTOPOHBI KOTOPOT'O CYTh TMIOTEHY3a W eé
OTPE30K, 3aKIIOICHHBIA MEXKIY STUM KATeTOM M BBEICOTOM.

Mb506. /[[Bymsa cmocobamMu — ¢ MMOMOIIBIO MMPEIBITVINX 3a1ad U depes Puc. 5 - 2

MO IXO IAIINE TI0T00HBIE TPEYTONBHUKYN — BBIACHUTE, BBIMOIHIIOTCS
J¥U B POu3BOABHOM mpsaMoyroabaoM AABC ¢ runorenyson AB u Beicorou C'H cooTHOmEHUA:

a) |AH|:|CH|=|CH|: |HB| 6)|AH|:|AC|=|AC]|: |AB| c

9)

B) |BH|:|CB|=|CB|: |AB|
Mb507. lnans wa puc. 5 - 5 MUPKyJIeM U JIWHEUKOU TTOCTPOUTE apud-

METHYECKOe U DeOMETPUYIECKOe CPeIHre ABYX OTPe3KoB a = AP u
b = PB. [lokaxuTe, 9TO IeOMETPUIECKOE CpelHee ABYX IMOJIOXKHU-

TeNbHBIX TUCeJ He TPEBOCXOMUT apupMeTUIeCKOTO, U OTMUIINTE BCE Puc. 5 - 3.

cIydayd UX PaBEHCTBA.
M5¢8. [lanbl 0oTpe30K MIWHBI 1 U OTpe30K nauHbl a. [[upkyrem u

JUHENKOU MOCTPOUTE OTPE3OK, MINHA KOTOPOr'0 paBHA
a) V3 6) V19 B) \a r) a’.

M5¢9. [Hupkyrem u JUHENKOW TOCTPOUTE KBAIPAT, ILIOMIA b KOTOPO-
A

0 OTHOCHUTCA K ILIOMIAIA TAHHOTO KaK 17 @ N.
Mb5¢10. Jansl orpesku AauHbl 1, p u ¢. llupkyiem n JIuHeuKon mo-

cTpoiiTe KopHE ypaBHeHnd 22 +pr —q¢=0u 22 —px — ¢ = 0. Puc. 5 - 4.
M5011. Jokaxure, 9To B a000M AABC ¢ Boicoron AH BBIIOTHEHO

coornomenume |AB|* — |AC|* = |BH|* — |CH|?.
M5¢12. Beipasure depe3 AIWHBI CTOPOH HAPALICIOTPAMMA CYMMY

KBAIPATOB [JIVH €r0 JUATOHAJIEH.
Mb5¢13. BripazuTe gmameTp Kpyra, BOINCAHHOTO B paBHOOOKYIO Tpa-

MeIuio, Yepe3 e€ OCHOBAHMA.

M5¢14. B npousBOIEHOM TPEYTOJbHUKE BHIPA3UTE Yepe3 ero CTOPOHBI P
a) Meauany 6) BBICOTY B") GUCCEKTpPHCY r) moma e uc. 5 - 5.
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Maremaruaeckuit Amamus, 9 xrace JIucTok Ne 6

I'eomeTpuvieckue mporpeccuu

B 6anke »)uByT OAKTEpUH U KaXKJBIH JeHb UX IUCIO YIBAUBACTCA, TAK ITO 34 HEACTI OAHKA
3am0MHACTCA OAKTEPUAMU [ETUKOM. 38 CKOJBKO THEeH OAKTEPHUM 3AMOMHAT MOJOAHKU?

T'eomerpuyeckas mporpeccus — 5T0 (KOHEIHBIN WX GECKOHEYIHBIN) HAOOD 3aHYMEDOBAHHBIX HEHYACEbIT
qucer ..., gi, 92, g3, - - -, B KOTOPOM OTHOUIEHUE ¢ = (i /Jk—1 MEXIY ABYMS COCETHUMY 9UCIAMY OLUHAKOBO
IJIA BCEX k, OHO Ha3BbIBACTCA 3HAMEHAMEAEM TIPOTPECCUH.
M6¢1°. Byaer u reoMeTpUIeCKOU IPOTPECCHEN TOCIEI0BATEILHOCTD, k-THIN 4JIeH KOTOPOU PABeH:
_ k
a) 0,0...03; 6)37%; 8)33...3; r) V/3; a) g, g}, T g,, gi — TEOMETPUTIECKHE TPOTPECCHH;

——
k k

e) 9% rme ¥ # 0, u a;, — apudmernieckas (CKaxkeMm, NEIOTUCTCHHAS) TPOTPECCH.
M6¢2. Moxuo au pazéurh N B oObeguHeHne a) KOHEYHOTO 6) GECKOHEYHOr0 Habopa MOIMapHO
HEIepeCeKaoINXCA 6eCKOHEeIHBIX TeOMeTPHICCKIX IPOrPecCHin?

M6¢3. Kakne u3 nepedncIeHHBIX HUXKE CBOMCTB HaOOpa MOJOKUTEIBHBIX YUCeT (g, §1, ..., (p HEOO-
XOJUMEI, a KaK/ie TOCTATOYHBI IS TOrO, 9TOOLI ATOT HAOOP OBLT MeOMETPUIECKOU MPOrPEeCChen?’
a) 10601 dIeMeHT (KpoMe KPAUHUX) €CTh CPeIHee MeOMETPUYIeCKOe ABYX COCETHUX;
6) g7 = gi_2Giso 1pu BCex 2 <4 <N — 2; B) (ign i OAMHAKOBO 1 Beex 0 < i < n.
M604. Bepuo au, 9To ™ — b™ geaurca Ha (a — b), 6yae sTa pasHocTh HeHyaesaa? Ecau ga, To demy
paBHO vacTHOE? UTO MOXKHO yTBepXkKaaTh mpo a™ + b7

M605. Beraucaure cymmy 1+ x + 22 + -+ + 2. O600menne: BEIpasuTe CYMMY BCEX 2IEMEHTOB
KOHEYHOU MeOMETPUIECKON MPOTPECCUN “epe3 HAYAMbHBIN 9JIeH, KOMMIeCTBO CAATAEMBIX W 3HAMe-
HaTeJab.

M606. Hangure cymmer:  a) 14+2¢+3¢*+ - +(n+1)g" 6) 1-242-3¢+3-4¢*+--- +(n+1)(n+2) ¢".

M607. I3 nyakta A B myHKT B co cKOpoCcThIO 5 KM/4ac Beimea Touas, a depes TpHU daca BCIET
3a HUM CO CKOPOCTBIO 7 KM/4ac ornpasmica Koas u — co ckopocTbio 12 kM/4ac — ero cobadka
Kydka, koTopas gorxaja 1010, MCHOBEHHO pa3BepHy.Iach u nobexkana Hazal K Koae, BcTpeTun
€ro, CHOBa pa3BepHy.Iach W CHOBa jgorHata lTomo u T. 1. Kakoe paccrosuume mpobexut zKyuka
moka Koas morouut Tomo? Kakas mporpeccus mpu 3TOM IPOCYMMUPOBAJIACH?

M6¢8. [loruas Tomaro, Koms cTan qemuThea ¢ HUM 3aBTPAKOM: B IEPBYIO MUHYTY OH Pa3IeTuI ero mo-
OJaM U YCIIETI CheCTh TPeTh CBOEH IMOJOBUHEI, a To/a ¢Boo — meaukoM. B ciaegyromme moIMIHY ThI
Koasa pasgeamn momoaM OCTaTKA CBOEH JOIH U OMATH YCIEX CheCTh TpeThb, a Toaa — Bcé. [lamee
IPOLECC TOBTOPSICA (M KaXK1as CAeAyIomas CTaIusd IPOUCXOAUIA BABOE OBICTPee MPEeAbIAYIIEN).
Yepes kakoe BpeMs 3aBTpak OyIeT CheleH W KaKasd ero 9acTh gocraneTcsa Koae, a kakas — Toue?

M6¢9. Hazoém cymmoti 6eCKOHETHOU YOBIBAIOMIEN MOJOKUATETHHON T'€OMETPUIECKOU MPOrPECcCun
90, 91, G2, - - - HAUMEHBIIIEE TUCI0, OOJIBINEe JI000U KOHETHOU CYMMBI gy + - - - + ¢,,. [lokaxuTe, 910
TaKOe YUCIO0 CYMIECTBYET W BHIPA3UTE er0 Uepe3 HAYATLHBIN WIEH U 3HAMEHATEIh TPOTDECCUMN.

M6¢10. K 6oabiiemy kKaTeTy NpsAMOYTOIBHOTO TPEYTOTBHUKA CO CTOpoHamu 1, 2, V/3 nogxrenn
PaBHYIO €My MO [IJIWHE TUIOTEHY3y MOJ00HOT0 TPEYyrOJbHUKA. 3aTeM K OOJbIIeMYy KaTeTy BTO-
pOro TpeyroJbHUKa aHAJOITYHBIM 00pPa30oM HOJIK/JIEUIN IUIOTEeHY3y TpeThero TpeyroJbHuKa, mo-
TOOGHOTO MEPBBIM ABYM, U TaK Aaftee 10 OECKOHEYHOCTH. leMy paBHA ILIOMIATH MOTYYAIOMIErOCA
3aBUTKA?

M6¢11. Bcerga qu mpu geJeHIN HATYPAJbHBIX TUCET «YTOJIKOM» MOJIYIAUTCA JTUOO KOHEeTHasd, Jub0
O6ecKOHeTHAS Nepuoduueckas necaTudnas 1podsb? MoxHO au TakuM 06pa3oM MOIYIUThL APOOU

a) 0,575757 .. .; 6) 19,9919991999...; B) 2,43575757...7

M6¢12. [lokaxwure, 9T0 nepuogndeckas 1pobb 0,ai...a, by ...b,01...b, ... ecTh pe3yabTaT I€-
JEHUS 9UCI A1 ...0p b1 ... b0, —ay...a, Ha 9uca0 9...90...0.
S~

m n
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Maremaruaeckuit Amamus, 9 xrace JIucTok Ne 7

Kak opranmsoBaThb IOJHLIA Hepebop

YTOGE yIPABATECA C KAACCOM, €r0 HAJ0 BEICTPOUTE MO POCTY W MEPEKIHKHYTH 0 AT(paBUTY.
(uz Ixoavnoiz 3anosedeti)

M701. CKOIBKO DA3IMYHBLIX a) ABYX- 6) YeTHIPEX- B) N-OYKBEHHBIX CJIOB! MOXHO HammcaThb
TPHANATHIO TpeMdA OYKBaMM PYCCKOro aadabuTa’

M7¢2. MoXHO /1 3aKOIMPOBATH PYCCKHU aapaBuT a30ykou Mopse Tak, YTOOB Kaxkaas OyKBa IIe-
pemaBaaachk He 6oJee, YeM IeTHIpbMA curHagdaMu! Kakoe IMCIO CUTHAIOB HA CEMBOJ TOCTATOYTHO
oTBOIUThL Aad nepenadu 3000 pa3IudIHbIX neporaudoB?

M7¢63. CKOIBKO BCETO PA3HBIX CJOB (He 00S3aTEIbHO OCMBICIEHHBIX) MOXKHO TOLYIUTh MePeCTABILIAI
O6ykBHI B caoBax 0K, pox, ypox, WHYpPOK?

M7¢4. Kak m3amenurcs oTBeT B 3a1. M7¢1, ecau moTrpe6oBaTh, 9TOOBI OYKBHI HE TIOBTOPSAIUCH !

MT705. MoXHO /T yIOPSAI0IUTH BCe ¢TO AByXpas3panabix duces oT 00 1o 99 Tak, ITOOBI KaxK IbIe 1Ba,
COCEHUX YUCIA OTIMIAINCH POBHO B OMHOU mu(pe, MPUIEM POBHO Ha exuuuity’ ToT ke BOIPOC
PO TPEX- U N-pa3pATHBLIE TUCIA.

®akrTopuanst. [Ipoussegenue n-(n —1)-(n—2)- --- - 1 obosnagaerca n! (auraercsa «n-dakropuamn). o
OIPEeICHNIO, .

M7¢6. Ilpu kakux n: a)n! >3"; 6) 2" >n??
MareMmaTnyeckas MHAYKIMAA — DTO CHOCOO TOKa3aTh OECKOHEUHYIO CEPUIO 3aHYMEDOBAHHBIX yTBEDXKJe-

uHun 3a a8a xoxa: (1) — 6aza undyrkyuu — nokaswiBaeTcsa yreepxkaenue Nel ; (2) — undykmuenviii nepexod —
MOKa3bIBAETCA, 9TO PHU JOO60M N m3 yTBepxkaeaus Nen BeiTekaer yTepxaenue Ne(n + 1).
MT7o7. BepHo Jint, 1TO Npu pa3pe3aHWyl BHIMYKJIOTO N-YTOJbHUKA HA TPEYTOJbHUKN MO TUATOHAIAM
YUCIO0 TOMYIUBIINXCA TPEYTOJbHUKOB Oy IeT OJHUM U TeM XkKe, KaK Obl He pe3aau! deMy OHO MOXKeT
paBHaATbCA? KakoBa cymMMa BHYTPEHHUX YIVIOB BBIMYKJIOT'O N-yTOJIbHAKA?

M7¢8. Ha ckoabKO KyCKOB pa30OUBaeTCA MIOCKOCTH N MPAMBIME, HUKAKAE TPU U3 KOTOPBIX HE Tepe-
CeKAIOTCsA B OJHOU TOYKE M HUKAKWE [Be He MaPAJLIeTbHBI!

M7¢9. Becerga au m1ockocThb, pa3buTas Ha TaCTU IPAMBIMU U OKPYXKHOCTAMUI, PACKPAIINBAETCA B
IBa [BETa TakK, ITOOBI UMEIOIre OOIIYI0 CTOPOHY KYCKU OBLIA PA3HOIBETHBIMIU !

* [ O
M7¢10 . [Janel n TodeK. BepHo a1, ITO OHEH JIHOO JexKaT Ha OTHOU IPAMOH, J160 UX COEIUHAET He
MeHee 1 PA3HBIX MPAMBIX !

MT7¢611. CKOTBKO pasHBIX M-OYKBEHHBIX CJIOB MOXKHO HAMKUCATHL N-OYKBEHHBIM aa(paBUTOM, €CIH
OYKBBHI B CIOBAaX a) MOT'YT 6) HE MOT'YT MOBTOPATHCA? JL

M7¢12. B 6eckoHedHBIN JaOUPUHT Ha puc. 7 - 1 majga- Bxon
eT MAPWUK U MOJ JAeUCTBUEM TAKECTU IIPOBAJINBAET-
€A BHU3, CIYIAWHBIM O00OpPa3oM MOBOPAYMBAA HAJIEBO-
Hampaso. Ha ma kaxxgou w3 KoMHAT BepxHuUX 11 »Ta-
Kell HAMMIINTE, CKOAbKIMI PA3JIuIHBIMUI Y TAME IIa-
PUK MOXKET 10 Heé¢ mobpaThCs.

M7013. asx k = 0,1, 2, ..., 10 packpoute CKOOKH U
npuBeauTe MoK06HLIEe ciaraembre B (1+2)F u (a+b)*.
Chopmyrupyure u TOKaKUTE TEOPEMY, CPABHUBAIO- ©
IIYIO TOJYYeHHbIe OTBETHI C OTBeTaMu 3a1. MT7¢12.

Puc. 7 - 1. JlJabupuuT ITackans.

M7¢14. Yucno x + 1/x asasercsa ueasiv. Byger n we-
aev 2" + 1/2" 7 (Hausure ¢ n =2, 3, ...)

1CJIOB& He 00s3aHBI OBITH OCMBICIEHHBIMU 1 6yKBBI B CJIOBAX MOT'YyT MOBTOPATHCA
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Maremarmaeckmit Amams, 9 kmace Juctox Ne 71 (gomonnurensnbri)

3HaKoMbTeCh, rpad ...

I'pad — 5TO KOHETHOE MHOXKECTBO TOYEK HA ILIOCKOCTH (8epuwun 2paga), HEKOTOPHIE W3 KOTOPBIX COEIMHEHb
orpeskamu (pébpamu epagda). KonmaecTBo BLIXOAANMX U3 JaHHOU BepIIUHBI A pEGEp HABLIBAETCA CMENEHbIO
BepumHBL U 06o3HaTaeTca deg A.
1 o
M73501 (remma o pykonoxaTusax). BblpazuTe cymMmy cTeneHen Beex BepIIMH IIPOU3BOILHOTO rpada
qepe3 o0Iee IuCIo ero pedep.

M7%<>2. B m0o60M 1 rpade ¢ 6oaee ueM 0THOU BEPIIMHOKN €CTh Mapa BEePIINH O IMHAKOBOU CTeneHn?

M7%<>3. Bcee 28 TleTuHBIX OJHOKJIACCHUKOB MMEIOT M0 PA3JIMYIHOMY YUCIY IPY3€d B DTOM KJIACCe.
Cxombko w3 HuxX apyxkut ¢ [leren?

M7%<>4 (ypoxu gemoxkparuu - 1). Kaxabim uz 450 gymues Bpesas mo (pU3MOHOMUU POBHO OTHOMY
ceoemy koutere. Habepércs au 150 gymies, 3 KOTOPBIX HUKTO HUKOTO TO JUILY He Oua?

%
M7%<>5 (reopema Xoswra). B Hekom komMmaHum n IOHOIEW W npu Kaxgom k = 1,2, ..., n mia
JIOOBIX K IOHOIIEN B DTOM KOMIAHUYN HAWJIETCA HEe MeHee k JIeBYIIeK, 3HAKOMBIX XOTA Obl C OJXHUM
13 paccMaTpuBaeMbIX k roHomen. MoXKHO I IpOCBaTATh BCEX IOHOIIEN 33 3HAKOMBIX JIeBYIIEK
IIyTe B rpade — 5TO NOCAEAOBATENLHOCTE ero Bepmua Ay, Ay, ..., Apt1 1 pédep [A1, Ao, ..., [An, Anti],
COEIMHAIOMNX COCEJHUE BEPIIMHBI B DTOU MOCACAOBATEILHOCTH; TUCIO 7 HA3BIBAIOT daunotli myTm. Ecim Bce
pEOpa MyTH Pa3INYHBI M HAYAIbHAS BEPIIMHA, COBIANAET ¢ KOHeIHOU: A1 = Apy1, TO IyTb HA3BBIBAIOT YUKAOM.
I'pad HABLIBAIOT CBA3MbIM, €CIN JIOOBIE JBE IO BEPHIMHBI MOXHO COeqUHATE mMyTéM. CBA3HBIA rpad 663 MUKIOB
Ha3BLIBAETCA 0epesom.

1,00 P
M7506 . Hapucyure kaxoe-HuOyab nepeso. IycTs Mexny mo0bIME ABYMA BepimuHaMu rpada mme-
eTCsA POBHO OJWH MYTh U3 HEMOBTOPAMOIIUXCA pedep. fBagercsa am 310 ycaoBue
a) HEOOXOMUMBIM  6) JOCTATOYHBIM IS TOTO, YTOOBI I'pad ObLT gepeBoM?
1 (o] .. (?
M7307 . Kax ¢BA3aHBI TUCJIO BEPIIUH U TUCIO0 PEOEP MPOU3BOIBLHOTO TepeBa’

] .
M7%<>8 (ocToBrr). Bceerga gm m3 cBasHoro rpada MOXKHO YIAJIUTH HECKOTBKO pebep Tak, ITOOBI
OCTATOCH JEPEBO C TeM K€ MHOXKECTBOM BEPIIWH, 9TO U MCXOIHBIH rpad’?

*
M7%<>9 (Teopema Kean). JlokaxuTe, 9TO HOTHEI? rpad ¢ N BepIImHAME IMeeT N 2 0CTOBOB.
]
M7%<>10 . Bcerga qu B cBA3HOM rpade MOXHO VIAIUTH HEKOTOPYIO BEPIINHY BMECTE CO BCEMU BHI-
XOIANIMEI U3 HeE pEOpPaMM TaK, ITOOBI OH OCTAJICA CBA3HBIM !
M7%<>11. MoryT Jin cTeneHu BCeX BEPIINH HECBAZHOTO N-BEPIIUHHOTO rpada 6uTh > (n — 1)/27

M7%<>12. W3 cromnuer BerxoguT 101 aBuaawuausa, w3 r. JaibHul — OQHA, a U3 OCTAILHBIX TOPOIOB
— 1o 100. MoxHO /i, MyCTh ¢ mepecajgkaMn, J0JeTeTh U3 CTOAuNbl B Jansuun?

M7%<>13 (smreposnl rpader). /lokaxuTte, 9TO B CBA3HOM rpade TOraa W TOJBLKO TOrIa €CTh UK,
MPOXOIAIINUA POBHO OJWH Pa3 MO KaXKIOMY PEOPY, KOTa CTEIeHN BCEX BEPINUH IETHEI.
Ilnockue rpadbl — 510 rpadsl, pedpa KOTOPHIX HE MEPECEKA0T APYr APYra HUTAEe KPOMe BepIuH. JacTu,
Ha KOTOPBIE [IEINT ILIOCKOCTL TaKOW I'pad, HABBIBAIOTCA 2PaAHAMYU 2pada.
M7%<>14. [lokaxkute, 9TO IpaHu ILIOCKOTO T'pada TOrga W TOIHLKO TOTAa PACKPAIIUBAIOTCA B IBA
[[BETA TAK, ITOOBI PPAHE ¢ OOIIIM PEOPOM MOy IATUCH PA3HOIBETHBIME, KOT'Ia YTOT Ipad SUIEPOB
(em. 3ag. M73013).
M7%<>15. MHOrOyroIbHUK Pa3pe3aioT Ha TPEYyrOJbHUKM HelePeCeKalNMMUCA (HUrge KpoMe Bep-
MIUH) AHAroHAIAMA. MOXKeT M Ipu HTOM MOIYIATHCA MEHbIIe IBYX TPEYTOJIbHUKOB C TApOU CTO-
POH, OBIBIIMX CTOPOHAMY KUCXOTHOTO MHOTOYTOJbHUKA?

lrakoe mepeBo HasbIBaeTCA 0cmosom Tpada
2rpad Ha3BEIBACTCA NOAMbLM, €CTH JIO6AS €ro BepIInHa COeIUHEeHa ¢ J060H IPYTOf POBHO OTHIM pPebpoM

13



Maremarmaeckmit Amams, 9 kmace JucTox Ne 72 (gomonHuTeNbHDIIH)

Pa3ubie 3agaum o rpadgax

M7§<>1 (bopmyna duaepa). Bcermgaam 6—p+e = 2 B mwioc-
KOM CBA3HOM rpada ¢ 6 BepIImHAMH, p PEOpaMU U 2 TPaHs- g9=0
vm'? CrpaBeImBO I 3TO PABEHCTBO T4 BEPIINH, pébep I

rpaHell IPOU3BOILHOTO BEIIYKIOTO MHOTOTPAHHIKA?
2 3}
M7§<>2. MoxHo tu HapucoBaTh Ha cdhepe TOJHBIY rpad C - @ %
TBIO BePIINHAME, YTOOLI €0 peédpa He IMepeceKaanch’ =1 9=2

E3
M7§<>3 . Kak wamenurcsa ¢popmyaa duiepa, eciu rpad ¢ He- g pydex

nepeceKaIuMUCca pédpaMu HapuCOBaH He Ha cdepe, a Ha
a) kpengene (T. e. «depe ¢ 2 pydkamm, cm. puc. 72 - 1) @ D> >

6) Tope («cdepe ¢ pyukoin)  B) cdepe ¢ g pyukamu?

Puc. 72 - 1. Chepsr ¢ pyakamu.
M7§<>4. MoXHO 1 TOCTPOUTDH TPU JOMA, BEIPBITH TPU KOJIOI- 3 bep by

11a ¥ MPOJOKUATH MOMAPHO HelMepeceKanrecs TPOMUHKE OT KaxK I0T0 J0Ma K KaxKIOMY KOJOMIY !

M7§<>5. Ha mrockocTu oTMe4IeHO HECKOABKO TOMEK, HUKAKNEe TPU U3 HUX He JEeXKAT HA OJHOU MPAMOMU.
[lBOE IO Oepenn COeIUHSIOT OTPE3KAMH J00BIE MBE U3 eIé He COCTUHEHHBIX TOYEK TaK, ITOOBI
DTHU OTPE3KHU He MepeceKaTnCch HUTIe KPOMe OTMEeUYeHHBIX TOYeK. 10T, KTO He MOXKET CIeIaTh X0,
— TpourpaJ. 3aBUCUT JU UCXOI STOU UT'PHI OT TOT0, KAK XOIAT COMEPHUKA?

*

M7§<>6 . Tpéx3HAaYHBIN KOTOBBIM 3aMOK OTKPOETCA KaK TOIBKO OYyIYT MOCTIeTOBATEIbHO HAOpPAHBI
TPU MpaBWIbHBIE TUDPH TOAPAL (BHE 3AaBUCAMOCTH OT TOT'O, KaKue MU Pbl HAGUPAIUCH IO HTOTO0).
MoxkHO Ju, HAbUpas 1Mo OJHOU IU(pPe B CEKYHIY, OTKPLITH TAKOW 3aMOK 3a 17 MuHyT?

M7§<>7. B Hexou KOMIAHUUM MOPOBHY IOHOMIEW W MEBYIIEK M KaXKIBIM IOHOIIA 3HAKOM C IBYMS I€-
BYIIIKAMU, a KayXKIad AEeBYIIKA — C IByMs IoHOMmaMu. [JoKaXuTe, 9TO BCEX UX MOXKHO MEPEKEHUTH
IPYr Ha Apyre B paMKaX 3TUX 3HAKOMCTB.

k- poabubie rpadnl. Packpacka Bepmma rpada HA3BIBAETCA NPGEUALbHOL, ECTA HAKAKWE [BE BEPIIUHBI O IUHA-
KOBOI'O I[BETa He coequHeHLI peOpoM. ['pad HaszbiBaeTca k-doabubim, €CIU IPABUILHAA PACKPACKA, €M0 BEPIINH
BO3MOXHa I{I IIBE€TaMM M HE MEHBIIIE.

M7§<>8. PaBrHocuibHa U IBYIOJBHOCTH OTCYTCTBUIO IUKJIOB HEYETHOU JIAHBI]

M7§<>9. B mro6oMm nu k-monpHOM Tpade ecTh NyTh U3 POBHO k PA3HOIBETHBIX BEPIIWH!

M7§<>10. Cymecrsyer s rpad ¢ n Bepumuamu {Aq, As, ..., A,} u n pé6pamu {by, by, ..., b,}, Ta-
kumu 910 A; coegmnsaerca pebpom ¢ A; Torga m TOIBKO TOTAA, Koraa b; u b; BEIXOZAT U3 OJTHOM
BepInHBI! Ecan 1a, To KaKoBa CTeNeHb KAy IOU BEPIIUHbBI?

M7§<>11. ['opoga cTpaHbl coeuHEHB k - M NPAMBIMEU ABUAJIAHUAME, U HEKUE M IOPUIAICCKUX JUI
BO3HAMEPIINCH MPUXBATH3NPOBATHL POBHO IO k JUHUHN, OJHAKO AHTUMOHOIIOILHAA CIYKOa 30PKO
CJIeUT 33 TeM, YTOOBI HA B OHOM U3 I'OPOIOB HU OTHOMY JUIY HE JOCTAJOCH OBI Cpa3y ABe JUHUMH,
BBIXOIAIINE W3 DTOr0 TOpoaa. BO3MOXKHO I OCYIIECTBATEH TAKYIO MPUXBATU3AINAIO?

M7§<>12. B ky6mIeckor KOpoOKe n X n X n Jexkatm n’ efuHmIHHX KyOumkoB. KyGuKm BBICHITAIH,
KaXIBIU IIPOCBEPANIN 1O AUArOHAJIHN, 3aTeM BCe ILIOTHO HAHU3AIW HA HATH U CBA3AIN B KOJIb-
10 (COeNVHUIN BePIIMHY MePBOro KyOWKa ¢ BePUIMHOW mociegHero). IIpu Kakux n moiyduBiieecs
«0XKepeabey MOXKHO 06paTHO yOpaTh B KOPOOKY?

%
M7§<>13 . B rocru oxunpgaercsa aubo n, mbo m genosex, npuaém HOM(n, m) = 1. Ha kakoe MuHm-
MaJbHOE YUCI0 CEKTOPOB HYXKHO Pa3pe3aTh KPYTIBIM TOPT, YTOOBI M3 HUX MOXKHO OBLIO CIOKUTH
KakK 1, TaK W M OJUHAKOBBLIX KYCKOB?

'3
M7§<>14 . Beerna au cpeu 50 9enoBek HAUTYTCA ABOE ¢ YETHBIM (BO3MOXKHO, HYJIEBBIM) UHCIOM
00X 3HAKOMBIX cpenn 48 OCTAIbHBIX !

ep. ¢ sax. M41o3 uzag. Mdlod
2KOTOPEIE €CTh He ITO MHOE, KaK CBA3HEIA I'pad C HElepeceKaomIMUuca pepaMu, HapICOBAHHEIN Ha cdepe
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Maremaruaeckuit Amamus, 9 xrace JIucTok Ne 8

MuoxecTBa 1 oTOOpaKeHus

(HaM}ITKa HaYAHaKOIeMy IIOJb3 OBaTeJIIO)

ITonarue mnosxcecmea B ananuse, MOAOOHO MOHATHIO NPAMOL B T€OMETPHUU, ONPEAEIIeTCA HEe KOHCTPYK-
TUBHO, & (KaK OOBEKT, yAOBICTBOPSIOMIAN AKCHOMAM» (3TOT CHOUCOK GKCUOM MEOPUL MHONCECTE MBI TO-
ka HEe OygeM yTOIHATH). Kak npamas m mourae GOPMATM3YIOT M3BECTHBIE MPOCTPAHCTBEHHBIE 0OPa3bI, TaK
MHOMceCm8a (POPMATUIYIOT KUTEUCKUE MPEACTABICHNUS O COBOKYMHOCTAX MPEIMETOB MPOU3BOILHOU TPUPO-
abl. MHOXECTBO COCTOUT U3 3AEMEMMOB. DIEMEHTHI MOTYT OBITH JIO0BIE: YUCTA, CTYJbA, HPYTCHE MHOXEe-
CTBA. . . [I[puHAIIEKHOCTD HIeMeHTa ¢ MHOXECTBY A o6o3HauwaeTca a € A. EAMHCTBEHHOE MHOXECTBO, HE COIep-
)Kalllee HU OJJHOT'O DJIEMEHTA, Ha3bIBaeTCsa nycmuin u o603HadaeTcsa &. Bee anemeHTH! B 1I060M MHOXECTBE, II0
OTIPENeNeHNIO, Pa3Auyutbl. MHOXECTBO 3a0aH0, KAK TOJIBKO PO JIOGOU OOBLEKT MOXHO CKA3ATh, TPUHAIIEKUT
OH JAHHOMY MHOXECTBY Wid HeT. /[[Ba MHOXEeCTBa PABHBI, €CIM OHU COCTOAT W3 OJHUX W TEX XKe DIEMEHTOB.
MuoxecTBo A HasbBaeTCa nodmmoxcecmeom MHOXKecTBa B (oGo3nadenwe: A C B), eciu KaX/Abll DJIeMEHT
a € A mexut Takxe u B B. [lna mo6brx 1Byx MHOXECTB A 1 B MmHOXecTBO AU B, cOCTOAIEE U3 BCEX DIEMEHTOB,
MPUHAJIEKAIUX XOTSA OBl OMHOMY W3 HUX, HA3BIBAETCA WX 00bedunenuem; MHOXKeCTBO A N B, cocTosamee u3
BCEX DIEMEHTOB, IPUHAAICKAIIAX OJHOBPEMEHHO KAaX AOMY W3 HUX, HA3BIBACTCA UX NeEpeceuenuem; MHOKECTBO
A\ B, cocTosiee u3 BCex DIEMEHTOB MHOXeCTBA A, KOTOPBIE He CONePXKATCI B B, HA3BIBAETCA UX PA3HOCNBIO.

M8¢1. CKOIBKO BCEr0o TMOAMHOXKECTB Y MHOXKECTBA, COAEPKAIIECTO 1. DIeMEHTOB?

M8¢2. Kakne u3 mepedncIeHHBIX HUXKE CBOUCTB CIPABEIINBHL I JIOOBIX MHOX)eCTB A, B u C':

a) (AUB)NC=(AnC)u(BN(O) 6) ( AUB)\C=(A\C)U(B\C(O)
B) AUC=BUC = A=8B r) (AUB)\(ANB)=(A\B)U(B\ A)
x) AN\C=B\C = A=1B e) (ANB)\C=(A\C)Nn(B\C)
x) (ANB)UC =(AUuC)N(BUC) 3) ANC=BnC = A=B
M8¢3. Brrpaxaiorcs Ju:
a) mepeceveHne Iepes PasHoOCTh?! 6) Pa3HOCTH Yepe3 mepecedenne n o0ObequHenne?

f
OTo6paxenne A —— B u3 mHOXecTBa A B MHOXECTBO B — 5T0 IpaBmiIo, COMOCTABIAIONIEE KaAHCIOMY
snemenTy a € A posno odun srement f(a) € B, 3aBUCAIMI OT ¢ U HA3BIBAEMBIN 00pa30Mm G. I10AMHOXECTBO
f(A) C B, cocrosmee u3 06pa3oB BJIeMEHTOB MHOXeCTBa A, HaszbBaeTca o6pasom orobpaxenusa f. Orobpa-

wemna A —~Bu A—2+ B pasuvt, ecmu f(a) = g(a) Va € A . Orobpaxenue B —9 + A maspBaerca

obpamnbim K oTOOpaxenuto A A B, ecmm g(f(a)) =a Va€A uomunospemenno f(g(y)) =y VbEB ;B
5TOM cuTyanuu oTobpaxenne [ (1 0TOGpaXeHue ¢) HA3BBIBAIOT ob6pamumbin ¥ mamyT g = f~ 1. Oro6paxkenue

A —L. B masemaercs omobpaxcenuem «way (WA CIOPDEKMUBHBIM, TWIA SNUMODHHIM, AITA HALOHCECHUEM ), €CIIH
y Kaxaoro snemenTa b€ B ectb mpoobpas B A, T. e. f(A) = B. OTo6paxenue Ha3BIBACTCA 0MOOPAHCEHUEM (6)
(AU UHDEKMUBHBIM, WA MOHOMOPPHHBIM, WA 6A0NHCEHUEM), €CIU HUKAKUE [BA DIEMeHTa u3 A He mepexogaT
B OIMH W TOT Xe€ daeMeHT B, T. e. a1 # as = f(a1) # f(az2). OTo6paxkenne, aBIAOMEECA OTHOBPEMEHHO U
BJIOXKEHUEM U HAJOXKEHWEM, HA3BIBACTCA 63AUMHO 00H03HaAuHbIM (AU u30MOpPHu3Mom, UIA OueKyued).

M8¢4. Hapucynre Bce 0TOOpaXKeHUA: a) ms {0,1,2} B {0,1}; 6) us {0,1} B {0,1,2}.

M8o5. I3 orobpaxkenuit: Z ——7; NN, 72y (cpeZ); R R (c peR)

BeIOEpUTE BCe a) OMeKuuu, 6) UHHEKIUW, B) CIOPBEKINN.

Tr—pT,

MS8¢6. PaBHOCIIBHA /M B3aUMHAA OTHO3HAYHOCTL 0OPATUMOCTH?

M8o7. [locTaTo4HO a1 I TOrO, YTOOK f OBLIO OOPATHO K ¢, TOABKO OJHOT'O YCJIOBUS

a) f(g(b))=b VbeB ? 6) g(f(a))=a VYacA?

M8¢8. Hekoe wucio genmurcs Ha 2, HO He geuTcsa Ha 4. Kakux gemurenen y Hero 6OJbIIe: I6THBIX
MU HEIETHBIX !

M8¢9. Kakux TpeyroisHUKOB C MEeJbIMI JJIXHAME CTOPOH Ooubire: ¢ mepumerpoM 1999 wam 20027
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Maremaruaeckuit Amamus, 9 xrace JIucTok Ne 9

Kaxk CpaBHHUBATBb MHOXe€CTBa

IIo nBLIBHOH TPONMUHKE JAMEKOH MIAHETHI OPE6T CTaf0 CeMAHOTUX MATUXBOCTOK.
CKOJIbKO HOT' IPUXOUTCA HA KaXK VIO COTHIO XBOCTOB !
(demcxas 3a2a0ka)

M9o1. CKOIBKO BCEro pasHBIX a) JI00BIX 6) WHBEKTUBHBIX B) CIODbEKTUBHBIX T ) OMEKTHBHBIX
0TOOPaXKEHUI MOXKHO MOCTPOUTH U3 N-3I€MEHTHOT'0 MHOXKECTBA B M->IeMEHTHOE?

IIpoo6passl. Ecau 3anano oro6paxenue A S B, t0 YbEB wmmoxecTso f1(b) o {a€A]| fla)=b}CA

HA3BIBAETCA NOAHbIM NP00Opa3om b, a ero smeMeHTH — npoobpazamu b. Y pasHbix b€ B MoxeT ObITH pasHOE
9UCao0 (B TOM 9HCIe W HyJIb) Mpoobpasos. Ecau kaxapim b€ B uMmeeT poOBHO m mPOOOPA30B, TO OTOGpaKEHUE
[ Ha3BIBAETCA M-AUCTIHLIM HaKpbIMuem' .

M9¢2. Kak mamensaTcsa orBeTsl B 3a1. M7¢03, ecim OYkBy 0 m OYKBY K 00€ 3aMeHUTH OYKBOW H
CKOJIBKO CJIOB MOXKHO MOJYYUTH TepecTaBisdsd OYKBBL B CJIOBaX: a) KOK, 6) kypok, B) CCCP,

r) xomo6ox eppuxepaTo e)aa...ab6...6, k) a;a;...a;a33...2y ... Agdy ...k !

) , A) pedpuxepaTop, )H/—/H/—/’ )\1 1 13232 2 2kAx k

TV TV TV
e B my ma my

[ 11
:j , COCTO4AIIasA M3 BBIDOBHEHHBIX II0O JIEBOMY KpalO I'OPU30H-

duarpamma FOHra — 510 kapTUHKA THUIA

TaJbHBIX KJCTOYIHBIX ITOJOCOK, MNJIWHA KOTOpI:I};CBery BHU3 HE BO3pacCTaeT.

M9¢3. Umeercsa 5 pa3HOIBETHBIX YallleK, 7/ PA3HOIBETHBIX COIOMUHOK, 4 OTMHAKOBBIX CTakaHa u 6
OIMHAKOBBIX KyCKOB caxapa. CKOMBKIME CIIOCO6aME MOXKHO Pa3JIOKUTh?: @) caxap 10 darrkam’?

k% *
6) COIOMUHKH IO YalIKam? B ) caxap IO cTakaHaMm? I' ) COJOMUHKH IO CTaKaHaM?

M9¢4. Kak uamensrces orBeTsl B 3a,1. M9¢3, ecin 3a0peTuTh MyCThie EMKOCTH !
M9o5. CKOILKO HMEETCA OTHOWICHOB CTeneHu d OT a) IByX 6) TpéX B) N MEePEMEHHBIX?
M906. Ilero m «mcao 1000! 71 rto0 ?

M9o7. CKOIBKO TMOIYIATCA CIAraeMbIX, eCIU TYIO PACKPBITH CKOOKH Y (a—|—b—|—c)3? Kakwue omaO“I€HBI
1 ¢ KaKuMu KO3 PUIMeHTaMu OCTAHYTCSA TMOCTe TIPUBEIEHUs 110 100HBIX !

M908, Mex 1y KaKuMK 13 IMepednCIeHHbIX HIXKe MHOXKeCTB uMeeTcsa umzomopdusm? [locTpoure sTm
u3oMopduamel ABHO. CKOTBKO DJIEMEHTOB B KaXKJOM MHOXeCTBe?

a) 3HAYKM, KOTOPBIE MOXKHO BBICBEUMBATH, 3AXKWUras POBHO 12 JaMIOYeK Ha MPAMOYTOTbHOM
TabI0, UMEIOIIeM D PAMOB N0 4 JaMIOYKA B KaX IOM;

6) CIOCOOBI PACKIALIBAHUA 8 OJMHAKOBLIX KYCKOB caxapa 10 13 pasHBIM 9YaIlKaM;

B) CJIOBA, KOTOPBIE MOAYYAIOTCA TPU MepeCTaHOBKe OYKB B CJIOBe aaaaaaaa666666666666;

r) MapupyThl u3 3aj1. M7012, npuBogsamue mapuk B 12-10 koMHary Ha 20-M dTaxe (dTax)u u
KOMHATHI HYMEPYIOTCSA CBEPXY BHU3 M CJI€BA HANPABO, HAYMHAA C HYJIEBOIO HOMEDA);

1) oxuowrens a®b'?, KOTOPHIE MOIYIATCA ecau Ty PacKpPHITL cKoOku y (a+b)?° u ne npusoUTH
mogoOHBIE CaaraeMule;

e) muarpammbel FOura BeicoTsl < 8 u mmpuas < 12.

3
M9¢9". T'panm KyOuka packpammBaioT B 6 (PUKCHPOBAHHBIX PA3HBIX IBETOB (pa3HBIE — B DA3HBIE).
CKOMBbKO pasHBIX KYOUKOB MOXKET MOTYIUTHCA?!

*
M9¢10 . Kak u3aMeHHTCA OTBET, €CJaM MIEeCTHIO MBETAMK PACKPAIINBATHL HE KyOUK, a TeTpasap’

*
M9¢11 . CKOIBKO pa3sHBIX UTPYIIEK TMOJYIUTCA, €CIN B MPEeIBIIVIINX ABYX 3aa49aX CKICUBATH Kpa-
mieHble KyOUKN (COOTB. TeTpasaphl) MO ABa MPaHb K IPAHU?!

!B 9aCTHOCTH, OJHOMMCTHLIE HAKPHITUAA — 3TO B TOYHOCTU B3AUMHO OJHO3HAMHEIE OTOGPAKECHIY
2 IBe PACKIAIKM OJUHAKOBEI, €CIH OHU MOTYYIAIOTCA IPYT U3 IPYTa MepeIBUraHmeM 8MKOCTEH 10 CTOTy 6€3 M3MeHeHUs
X COLEPXKUMOIO0.
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Maremaruaeckuit Amamus, 9 xrace JIucTok Ne 10

MyapTUHOMUAIbHBIE KO3(PPUITUEHTHI

M10¢1. CkOJIBKO CIaraeMbIX MOLYIUTCA, €CIU PACKPHITH CKOOKY U TTPUBECTHU TOJ00HBIE Y (a+b+c)5?
ByxyT mm cpexn Hux a’bc® m ab’c3, n ecm 1a, TO ¢ KaKIM KOA(DQUIIeHTOM?

M10¢2. Kakune ogHOYIEHBI U ¢ KaKuMu KO3(DPUIUEHTAMU TOJYIaTCA MOCAe PACKPBITUA CKOOOK U
NPUBEJEHUA TTOAOOHBIX a) (14 2)™; 6) (a+b)"; B) (11 4+ 22+ -+ +xm)%

r) (z1+ 22+ - 1) x) (1+x+x0+ -+ +a,)"
BunomMuanbubie K03 DUIUEHTHI U Yucaa coueTanuu. Koshdunuent npu x
KPBITUA CKOOOK ¥ MIPUBEIEHUA MOAOOHBIX c1araeMbiX y (14 x)", HA3BIBACTCA OUHOMUAALHBIM KOIPPuyuenmom
u o6osmaaerca () (o6parmre BamManme, aro () =0npuk <O0uk >nu (1) = () = (8) = 1). KommaecTso
CJIOB, KOTOPBIE MOXHO IOJIYYIATH, IEePECTaBlIad OyKBBI B 1-OyKBEHHOM CJIOBE aa...a66...6, comepxameM k

6yks a u (n — k) GykB 6, HA3BIBACTCA “UCAOM COuemanul w3 n no k u obosuataerca CF.

¥ momyarommiics mocre pac-

M10¢3°. [JokaxuTe, ITO (Z) = C’,’; 1 COBIANAET C YUCJAOM IMyTen u3 3a1. M7¢12, enymux B k-TyiO

KOMHATY Ha N-TOM dTaxe. BepHo Ju, 94T0 (Z) = (nfk)(?

M10¢4°. Bripasure (Z) aBHO 4depe3 n u k u BuraucanTe 11 0 < n < 15 u Becex 0 < k < n.
M10¢5. U3 npousBoabHOU mocaegoBaTeabHOCTH dmncen Ag, Aq,..., A, CTPOAT HOBYIO HOCIEIOBA-
remuocts ALY, AW AW cocTon A = 4, + 4
0 LAY A MyI0 U3 CyMM cocefHuX siaeMeHToB: A;' = A, + A;i1.
2 2 2 2 1 1
3aTeM CTPOAT CAEAVIONUIYIO MOCIEeI0BATEILHOCTE A(() ), Ag ), e AEF)2 c AZ(- ) = AZ(- ) 4 AZ(-JF)1 uT. I
OKa He MOJYIUTCA MOCJAeT0BATETEHOCTD Agn), COCTOAIIASA W3 OTHOIO YucIa. BuipasuTe ero depes
ncxomusle uncaa Ag, Ay, ..., A, ABHOU HOPMYJIOH.
Tpeyroabuunk Ilackama — 5TO0 GECKOHEYHBIM BHU3 YUCIOBOU
TPEYroJbHUK HA PUCYHKE CIpaBa. Kro cTpoKu HyMepyIOTCS CBEPXY 1 1
BHU3, HAUMHAA C HYJId, a IUCIA B KaXJOU CTPOKE — CJIeBa HAIPAaBO, 1 9 1
TaKXe HAMMHAA C HyJIs; k-€ TucIo n-Toro sraxa — o CF = (Z)
M10¢6. Haugure B Tpeyroabpuuke Ilackansa mociegoBaTe b
HOCTHU: HATYPATbHBIX uucen 1, 2, 3, ..., TpeyrOJbHBIX TU-
cer: 11, T,, T3, ..., a TakxKe «TUpaMUIAIBHBIX) dncen: I1;,
Iy, I3, ..., KOTOpBbIE COCTABIAIOTCA U3 TPEYTOJBHBIX IO
def
npasury: II, = Ty + 15+ -+ - + T} . Beraucanre cymmy': CQ+Cphy + - +Cpy, .
M1008. Boraucaure cymmer:  a) C0+CL+C2 4+ --- +C% 6) CY—CL+C2— -+ + (=1)"C™.
. 0 1 2 0 2 4
M10¢9. Borauciure cyMmbL: a)Ch+C) +Co 4 --- 6) C) —21— C’n+12—|— Chio+ - 2
1 2 n 0 1 n * n n n
B) CL+2C2+ -+ +nC? r)Cl+2C+ -+ m+1)Cr  a)Q)+0) "+ -+
M10¢10. Bepasure (n + 1)’“Jrl — nkF*t! B Buge MHOTOUWIeHA OT n. IloKaxKuTe, ITO CyMMa Kk-THIX
CTemeHen MePBBIX N HATYPAIbHBIX THUCET ABIACTCA MHOTOwIeHOM (k4 1)-ou crenenu ot n. Hauaure
ero crapmun Ko3GQUIUEHT U ¢CBOOOTHBIA UICH.

M10011". Tas k = 5 Beimumure MHEOrOwIeHsl 13 3a1. M10010 aBHO.

LC »Tolt 3a1adelt cBA3aHA TaKad MHOTOMEDHAA MeOMEeTPHU:

M1007". [lBymepHas mupaMuga BBICOTEL kK — BTO TPEYTOJbHUK: H,g) lef Ty. TpéxmepHas mupamMuga BBICOTHI

3) def .
k coCTOMT M3 CIOXKEHHBIX B CTOIIKY TPEyrOJbHUKOB H,g) = T, +T5 + --- + Ty. YernipéxmepHas nupamu-

& BBICOTHI Kk COCTOUT U3 CJIOXKEHHBIX B CTOMKY BIONL «I€TBEPTOU KOOPIUHATHOU OCH» TPEXMEDPHBIX MUPAMULI:
H,£4) def Hl(B) + H2(3) + -+ HIEB). Yro Takoe m-MepHasg TUPAMUIA BEICOTH k U CKOIBKO 1M-MEPHBIX KyOUKOB YU IET
Ha eé mocTpouky? W3 nBYX AByMEPHBIX MUpAMUI CKIALLIBAETCA mpaMmoyroabuuk: Ty + T, = k X (k + 1). Moxuo
JIT U3 TECTU TPEXMEPHBIX TUPAMU HIEB) caoxuTh mapawierenuner k X (k+ 1) x (k + 2)? U3 ckoIbKux m-MepHBIX

MUPAMU] BBICOTHL k CIEAYET MBITATHCA COOMPATH M-MEPHBIA TAPALISJIENUIe] 1 KAKOBEL Oy Iy T ero pa3Mepsi?
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Maremarmaeckmit Amams, 9 kmace JlucTox Ne 101 (gomonnuTensHbIi)

/IBe Bapualium Ha TeMy OMHOMUAIBHBIX KO3 (PUIINEHTOB

(... IPH TIOMOIIA 3TOW (POPMYJILI A CMOT CIOKHATE
JECATHIe CTEIeHN MepBOH THICAIA HATYPATHHBIX IHCET MEHEe, 9eM 34 MOJOBUHY 9eTBEPTH Jaca...»
(Axo6 Bepnyaauw (1654—1705), «Ars Conjectandiy, uzdano 6 1713 2., nocmepmno)

M10%<>1 . JItoboe Jm mesoe IucIo rpaMMOB MOXKHO OTBECUTH Ha YaIlleIHBIX BECaX, MOJIb3YACh HAOOPOM
rupb B le, 32, 92, 272, ... (10 OJHOU rUpe KaxI0ro Beca) ?

M-MYHAA MO3UIINOHHAA CUCTEMAa CYMCICHHA UCIONbL3YeT 1M Mudp, KOUME cIyx)aT cuMBoasr: 0, 1, ..., m — L.
[Mox n-paspAgHBIM YUCIOM M-UTHOU CUCTEMBI MBI TOHUMAEM JIOOYIO MOCAEI0BATEALHOCTD U3 N 1M-UIHBIX IUpP
(Bo3MOXkHO, HauuHAOUyOCA ¢ Hyaen). Juas ¢ € N sanuce ¢ = figfiy - - - fip—1 O3HAYAET, MO ONPEAENEHUI0, ITO
0= po+prm+pom?+ - + pip—y m™ L. Komu1ecTBo BCex n-paspagHBIX THCET 1M-UTHON CHCTEMBI C CyMMOI
mudp k MbI GygeM 0603HAYIATL depe3 [y, (n, k).

M101<>2. Sanummure gecATudHbe ducaa 43, 57 u 1999 B 2-uanon, 3-udHou u 16-puvdHON CUCTEMAX.

M101<>3 [TokaxkwuTe, 9TO MpU 3aTaHHOM HATYPAJBHOM M > 2, Ka¥XKJI0€ HATYPATHHOE IUCI0 £ MOXKET
6I>ITI> eIMHCTBEHHBIM 00pPa30M 3aMUCAHO B M-UIHOUW TO3UIUOHHOU CUCTEME CUUCIEHUSI, T. €. ITO
CYIIECTBYET €IMHCTBEHHBIN HAOOD METBIX TUCET  [lg, fi1y - - -y [in_1 , JT€KAMKX B npegerax or 0 10
m — 1 BKIIOYUTENIBHO U C fin_ 7 0, Takoil aT0 £ = pig + pig m —+ piam? + +++ + pu_y m™ L.

M10%<>4. CKOJIBKO BCEro M-paspsIHBIX YUCET B M-UIHOU CUCTeMe U 4eMy paBHO [o(n, k)7

'3
M10%<>5 . Mokaxure, 910 B, (n, k) paBHO KOhUIUEHTY TpU 2¥ B pastoxennn

(I+z+2"+-- —|—xm*1)n
U yAOBIETBOPAET COOTHOWEHUAM [y, (1, k) = B(n, n(m —1) — k) n

Bm(n k) = Bm(n —1,k)+ Bunin—1,k—=1)+ --- + fpn—1,k—m+1).

%

M10%<>6 . CyeBepHbIe JIOIM CIUTAIOT CIYACTIAUBLIM KaXJI0€ MECTUPA3PATHOE TECATUIHOE TUCTO, Y

KOTOPOr'0 CyMMa TPEX MEPBBIX HMUMP paBHA CyMMe TPEX mocaeaanX. CKOTBKO TAKUX «CIACTINBBIX)
ancen? (1)

def o
Yucna Bepuyamm By, nHaunaaoTca ¢ By = 1 1 onpegersioTca PeKKyPeHTHO? (hOPMYJIOH

1

B, —
TR R

(Ck+1B0 +ChBr+ - Ck+1Bk 1) .

E3
M10%<>7 . [Tokaxure, 9T0 CymMMa k-THIX cTeneHen MepBbIX (n — 1) HATYPAIBHBIX YHCET PABHA

1

*
M10%<>8 . Berancaure nepsere 14 wncen Bepuyamm n cymmy 110 4210 + 310 oo 4 (p — 1)10
*
M10%<>9 . Uro Ber moxkere ckazarh mpo uucaa bepHywrim ¢ He9€ THBIMU HOMepamu?

M10%<>10*. Kak BegyT ce6s 3uaku aucea bepuymwiu?

'Moackaska: ux B1g(6,27).
2TIpenynpe:x [eHue: «IBHODO» BHIPAXKEHUA B, depe3 n He cymecTsyet!
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Maremarueckuit AHMHa, 9 xnace JIucTtok Ne 11

ApudpmeTuka BLIYUETOB

M11¢1 (ocTaTok CyMMBI U MIPOU3BEAEeHUs). BhIpazuTe ocTaTKu OT geneHus Ha n qucen A + B u
AB ugepes ocraTku a u b camux umucen A, B.

M1162. Haitanre nocrenon0 qudpy 1 0CTATOK OT geteHns Ha 7y 1998'999 x 19981999

M1163. Bepro Jmu, uro 222255° + 55552222 nemmrca ma 7, a 20 + 37 — ma 137

M11¢4. Moxer qu KBaIpaT HATYPATHLHOTO 9MUCIA TaBATh OCTATOK 2 OT genenus Ha 67 Kakwe ocrar-
KI MOTYT MaBaTh KBAAPATHI HATYPAIbHBIX YUCEN OT HeleHusd Ha 87

M1165. Nmeer mu ypasrenue 12 + y? + 22 = 2 1y2 HeHy.IeBble DeNIeHNA B IeTbIX THCIaX?
M1106. Bepro 1m, 4To: a)a’+0*:7T=a:7Tub:7? 6°)a’+b+c 7= abc:7?
B)a?4+ 0+ +d>+e?: 9= abede : 9?7
ApudmeTnka BLIMETOB 110 MOAYJII0 7 (unu 7T-apupmemura) 7 /77 cOCTOUT U3 CEMU «IUCET» — OCTATKOB

ot neneHus Ha 7 (Mbl Oynem ob6osHadaTs ux [0]7, [1]7, ..., [6]7). Ilo onpeneneruto, [x]7 + [y]7 ecTb ocTaTok oT
JeneHus Ha 7 CyMMBL Z + ¥, a [z]7 - [y]; — ocTaTok npoussenenus zy.

M1107. CocraBpTe masa 7-apudMeTUKN TAOMUIBI CAOXKEHUA W YMHOXKEHUA W TPOBEPHTE, UTO DTH
omepanuy MO TINHAIOTCA OOBITHBIM MTEPEMECTUTEIbHOMY, COYeTaTeIbHOMY U PACIPEeIeTUTEIbHOMY
saxoHaM. JlafiTe ompejeneHEe TPOTHBOMOIOKHONO IACIA —@ U OOGPATHOTO HYUCIA ¢~ K JAHHOMY
ucay a € Z/7Z. CocTaBbTe TabIUIBI MPOTUBOMOIOKHEIX U 00pATHHIX dncea. CopaBeluBLL U B
7-apupmeruke Toxaecta (—1)-a = —a u (—a) - (—b) = ab?

M11¢8. [laure onpexenenne n-apudmeruku Z/nZ m coCTaBbTe TAOIUIBI CIOKEHUS U YMHOKEHUS
o 5-, 6- u 8-apudmerux. BepHO 1, 9TO NpU YMHOXKEHUU B n-apupMeTuKe

a) y BCeX HEHYJEBBIX IHUCET eCTh OOPATHLIE 6) «(MEUHYC» HA (MUHYC) Ta8T (ILIHOCH
B)a#Z0ub#0=ab#0 r)ab=acua#0=b=c R)a#0=a"#0Vn>1

e) crenenn a°, a', a?, a3, ... m0Goro a € Z/n7Z Bcerjga GanuKauBaoTCA?

M1109. Beraucanre cymmy Beex uaucen n-apudmeruxu. Jerntea am 13 + 23 + -+ + 283 ga 297
M11010 (mo3uMuuoHHbIE NIPU3HAKYU JEIUMOCTH). BBrdmcanTe OCTATKU BCEX CTENEHEeW AeCATKA OT

neqenus Ha 2, 5, 4, 3,9, 11, 7 1 ckaxkuTe, KaK TIAIA HA TUQPHL JeCATUTHON 3alUCH JAHHOIO THUCIa
(ckaxeM, abede f ghi) yauaTs, neaurca au ono Ha 2, 5, 4, 3,9, 11, 77

M11o11l. Y kakux 4gucen 5-, 6- u 8-apudMeTuk ecTh 0OpaTHbIE (TaKUe YUCIA HA3BIBAIOTCA 00DaMiu-
Moimu)? YKaxKuTe 5T OOPATHBIE ABHO.
M11012. [lokaxwuTe, 9TO CAAYIOUINE CBOUCTBA ¢ € 7 /nZ MONAPHO SKBUBATEHTHBL:
a) a obparuM;  6) oTOOpaXKeHUe YMHOXeHUs Ha a: Z/nZ 222 7,/nZ, B3aUMHO OJHO3HAYHO;
B)ar=0=2=0; r)ar=ay =T =1y; x) Yy 3z : ax =y; e) HOZ(a,n) =1.
M11013" (Treopema Buanncona). “lemy paBHO nmpou3BeneHMe BCEX HEHYJIEBBIX YUCENT N-apupMETUKA
IpU TMPOCTOM U cocTaBHOM n? BepHO Ju, YTO HATypaJdbHOE YUCIO P > 2 MPOCTO, €CAU U TOJIBKO
ecan ono meaut (p — 1)+ 17

M11¢14" (romomopdusm Ppobennyca). Ilycrs p — mpocroe. [Jokaxure, 9TO C’]; nemuTCAa Ha P
npu Beex 1 < k < p u 9T0 B p-apudMeTUKe BBIIOIHEHO TOXKAECTBO (a + b)P = af + bP.

%
M11¢015" (manas Teopema Pepwma). [Jokaxwure, 9T0 maa awob6oro a € N u npocToro p cremnessb a
umMeeT TOT kK€ OCTAaTOK OT AeJECHUA Ha p, 4TO 1 a.
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HpOCTBIe TUCJda U pa3jJOo2K€eHHe Ha MHOXKHNTeEJIN

Yucao p € Z HA3BIBAETCA NPOCMbIM, €CIU OHO TEIUTCA TOIBKO Ha +1 m +p.

Mll%ol. Hawgure BCe mpocThIe YuCIa, KOTOPBIE OMHOBPEMEHHO MPEACTABIAIOTCA B BUIE CYMMBI U
B BU/e PA3HOCTH ABYX MPOCTHIX THUCEJ.

M11%<>2. [lokaxuTe, 9TO MPOCTHIX YUCEN HECKOHEYHO MHOTO.

M11%<>3. CymecTByOT 1 Ha YUCIOBOM HPAMOHU CKOJIb YI'OJTHO JAJNHHBIE OTPE3KM, He COXepKallne
HI OJHOI'O IMPOCTOr0 ducaa’ k k
1 * 2k 7z ™~ —
M11304 . Bepro 1m, uTo cpefu 4ncen Buga a) 2> —1  6) 100...003 B)33...331 wumeeTcs
OECKOHEYIHO MHOI'O COCTABHBIX !

M11%<>5 (ocHOBHOE cBOMCTBO mpocThIX uucen). llycts p€Z upoctoe. [lokaxure, uro Va,beZ
Ipom3BefeHne ab TeInTCA HA P TOJIBKO eCau a Wil b gequTcs Ha p. BBIBAOT M HEIPOCTHIE UHCIA
P C TAKUM CBOUCTBOM?

M11106. IIycts p > 0 mpocroe. Cymectsyior au z,y € N : 2?2 = py??

E3
M11%<>7 . CymecTBytoT qu n > 1 pa3iuvHBIX TPOCTHIX TUCET Pq, P2, .- ., Pp U PAMUOHATHHBIE TUCIA

A1, Aoy ..oy Ay, I KOTOPBIX A /D1 + Ao /P2 + -+ + Ay \/Pn PALMOHATBHO? DTO BeCbMa TPYIHAA
3ajgada. [loneITanTecs pemuTh eé XoTa Obl aaa n = 1,2, 3.

M11%<>8 (bakTopuanbaocTs Z). [lokaxurte, 4T0 11060€ MEI0€ YUCIO 2 MOXKHO MPEICTABUTH B BUIE
MPOU3BEICHUA 2 = +P Pap3 -+ + P, B KOTOPOM BCE COMHOXKUTEIN CYTh HATYPATbHBIE TPOCTHIE TUCIA
(He 06A3aTEIBHO PA3HBIE), U JIOObIE IBA TAKUX DA3JIOKEHUA (HAIPUMED, MOAYIEHHBIE DAZHBIMU
Coco6aMu) MOTYT PA3IUIATHCA MOAbKO NOPATKOM CACD06AHUI MHONCUMENET.

M11%<>9. Pasjoxure Ha mpocTeie MHOKUTEIN Bee ducaa A, B u3 3amx. M3o6.
M11£0610. CKOIBKO Pa3IMdHBIX HATYPAIBHEIX ZequTenedl y amcaa:  a) 27;  6) 35;  B) 67500;
r) p{"pyps? - - pi* (p, — mOmAPHO pa3HBIE MPOCTHIE).

1 o
M115011. Hanaure Bce kpaTHbie 30 qucaa ¢ POBHO TPUANATHIO HATYPATbHBIME JETUTEIAMHE.

'3
M11%<>12 . Mepeuucaure Bce n €N, umeronume He MeHee /n HATYDPATIBLHBIX TEIUTEICH.
@yuknua duiaepa. O603HaUIM Iepes (n) KOTTIeCTBO 0OPATUMBIX 9UCET B N-apudMeTuKe (T. €. KOTAIeCTBO

BCEX HE MPEBOCXOJANMX 7 HATYPATbHBIX FHCEJ, B3AUMHO TPOCTHIX ¢ N, cM. 3an. M1le12). Orobpaxenme
n — p(n) maseBaerca Pynryuetd Iisepa.

M11%<>13. N306pasum uncaa n-apudmeruxku 7Z/nZ Todkamu, 3apUKCUPYeM KaKoe-Tub0 OJHO Hu-
cio a € Z/nZ , n w3 KaxI0u TOYKU = € Z/nZ mnpoBenéM CTpeiky B TOUKY ar. [Jokaxure, 4TO
ecan a 06paTUM, TO HA DTOU KAPTUHKE MBUKEHUE IO CTPEeIKaM PACIaTaeTcsa Ha HemepeceKaroun-
ecs MUKJIBI, TPUIEM KAXKIBIU [UKJI, COAEPKANNA XOTh OJHO OOpPATUMOE HUHUCIO, BECh COCTOUT W3
0OpPATUMBIX YUCENT, U BCE IMUKJILI, COCTOAMINE U3 OOPATUMBIX YUCET, UMEIOT OJIMHAKOBYIO MINHY.

M11%<>14 (Teopema Dunepa). Vcmoap3ys IpeabIVILYIO 32134y, TOKAXKUTE, ITO I JOOLIX B3a-
MMHO TpocTHIX a,b € N uamcao a?®) umeer ocrarox 1 or gerenns Ha b.

M111¢15. Beramemure ¢(n) gia a)n=36  6) n=pF (p —mpocroe)  B) N =pipaps -+ Py

e
r ) n=p"py°p5® -+ p* (p, MOMAPHO Pa3HBEIE IPOCTEHIE).
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BeckoHeYHBbIEe MHOXKeECTBa

o © (4
M12o¢1°. IIpuaymanTe MmHOXKecTBO A, Bioxenne A —— A u Hamoxenne A —= A, KOTOpBIE, 0 THAKO,
He ABIAIOTCA Ouekyusmu. BoO3MOXKHO 1 Takoe IIS KOHEIHOI'O MHOXKecTBa A7

M12¢2. Toxs pucyer Ha gocke 10 KkpecTukoB, mocae dero Koaa ctupaer oaua u3 HuX, 3aTeM Tomad
pucyet emé 10 kpectukoB, a Koasa cTtupaer eme oauH KpecTuK u T. 1. Ha mepByio mapy XomoB
yXomuT 1 ceK., Ha BTOPYIO — MTOJ CeKYHIBI, Ha TPEThIO — YeTBePTh W T. A. 10JA BHIUTPHLIBAET,
ecau depe3 2 ceK. Ha MOCKe OyIeT XOTh OJWH KPECTWK; B MPOTUBHOM CJaytae BuIUTpbiBaeT Kous.
KTo no6eguT nmpu mpaBUILHON Urpe?

M12¢3. BeckoHeYHBIN HAMPABO W BHU3 JUCT KJAETIYATOM OYMATrW CILIOIIL 3AIOJHEH KPEeCTUKAMUI U
Hosmmkamu. Becerma gim, TaAAIA HA DTOT JUCT, MOXKHO TMOCTPOUTH MOCIEI0BATEIHLHOCTh KPECTUKOB-
HOJIMKOB, HE COBIAIAONIYIO0 HU C OJHOU W3 CTPOK?

Cuérunie MHOXeCcTBa. MHOXeCTBO M HA3BLIBAETCA CUEMMbIM, ECIU OHO U3OMOP(PHO MHOXECTBY HATYPAIb-

werx aucea N. UHatwe roBopsa, MHOXeCTBO M CYETHO, eClIu BCe ero DIeMEeHTHI MOXHO 3aHYMEPOBATH PA3HBIMU
HATYPAJbHBIMU YUCIAMU, TaK 9TO BCE HATYPAJbHBIE YUCIa OYIYT IPUA DTOM M3PACXOMTOBAHBL.

M1204. CIéTHO 1 MHOXKECTBO:  a) OPOCTHIX  6) HEJIbIX B) PANMOHAJIBHBIX  THCENT?

M120¢5. CaéTHO T MHOXKECTBO TOYEK KOOPAWHATHOU MIOCKOCTH, 06€ KOOPIMHATHI KOTOPBIX
a) meJbie 6) panuoHAIbHBIE?

M12¢6. Beerga am 6ecKOHEYIHOE MOIMHOKECTBO CIETHOTO MHOXKECTBA CIETHO?!

M1207. fIBaserca i CIETHEIM OOBEIUHEHNE  a) CIETHOTO MHOXKECTBA ¢ KOHEYHBIM MHOKECTBOM;
6) KOHEYHOrO 4mcaa (HampuMmep, ABYX WM TPEX) CYETHBIX MHOKECTB;
B) CY6THOO MHOXKECTBA CYETHBIX MHOXKECTB?

M12¢8. IlycTs mpu oToOpakeHnn MHOXKECTB A <, B y Kaxaoro b€ B uMeeTca HemycToe
a) KOHeYHOe 6) KOHEYHOe WIN CYETHOE MHOXKECTBO IPOOOPA3OB.
Bepuo s, 9T0 A ¢c4éTHO TOrAa M TOJBLKO TOrjaa, Korga B caéTHo?
M12069. C4éTHO 11 MHOXKECTBO  a) KOHEYHBIX 6) OECKOHEYHBIX  CJIOB U3 OYKB a U 6 7
M12610. CuéTHO JU MHOXKECTBO BCEX: a) KOHEYHBIX 6) CIETHBIX IOAMHOXKECTB CUETHOIO MHOXKE-
cTrBa’
MoutHocTs. [Ipo m3omMopdHBIE MHOXECTBA TOBOPAT, ITO OHU PaAsHOMOWHbl. Ecam MHOXecTBO A m3oMopdHO
HEKOTOPOMY TMOAMHOXECTBY MHOXECTBa, B, HO He m3omopdHO camomy B, To roBopaT, 9To B mowmee A.
M12011". [lokaxuTre, 9T0 MHOXKECTBO OTOOPaKeHNN 13 MIPOU3BOJLHOIO MHOXKecTBa A B 10060e MHO-
YKECTBO, COMEpKAIIee He MeHee MBYX DJeMEHTOB, MOInHee, deM A.

3
M12012". [lokaxxuTe, 9TO MHOXKECTBO BCEX IMOIMHOXKECTB HEIIyCTOr'0 MHOXKeCTBa A MoIHee, deM A.
M12¢13. Tlocrponre 6uexmio Mexkay orpeskoMm [0, 1] u noxyuarepsatom [0, 1).

M12014" (Teopema KauTopa - Bepumrenna). /[oKaxure, 9TO €CIM MHOXKECTBO B PaBHOMOIIHO
MOIMHOXECTBY MHOXKeCTBa A, a MHOXeCTBO A PaBHOMOIIHO MOIMHOXKECTBY MHOXKecTBa B, To A
u B paBHOMOIIHBI.
O mpoTuBopeuusax. BrickaszbBaHWE NPOMUBOPEUUBO, €CIU W3 HETO CIEAYET A0xHCHOE ymaepxcdenue (T. e.
BhICKa3biBaHue Tuna «A u He Ay). U3 I0XKHOrO yTBEpXKAEHUA CICAYET BCE UTO yI'OTHO.
M12¢15" (ypokm gemoxparum - 2). Bbu1, momanTCA, B JlyMe Takol MexX IeIyTaTaMi pasroBOp:
XK: «Ha caedyrowets nedeae dymy mouno pacnycmam!s 3: «B xaxot wce denp?»
XK: «O6 omom ne 6ydem uzsecmuo daxce naxanymne!.
[lokaxuTe, ITO BHICKA3BIBAHUA I'-Ha K TPOTUBOPEYINBHI.

* o
M12¢16° . /JokaxuTe TPOTUBOPEUNBOCTH TAKUX MOHATHUN: a) (MHOXKECTBO BCEX MHOXKECTBY;
6) «MHOXKECTBO BCEX MHOXKECTB, 3aatomuxcsa gpason n3 < 2000 TunorpadcKux 3HAKOBY.
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llercTBUTEIbHBIE YUCAA U B

Beckoneunasa gecsatuvHasa Apo6b (B/[/1) — 5TO KOHEYHAS BIEBO U GECKOHETHASA BIPABO MOCIENOBATENb-
HOCTBb IeCATUIHBIX mudp Buga +b_, ... b_1by,bi1ba... by ... . Kycku creBa u cipaBa OT 3alATOU HA3BIBAIOTCA
yeaoti u dpobnoti dacTaMu nanuou BAA. Ecau B/ mMeeT JUIlb KOHETHOEe MHOXECTBO HEHYJIEBLIX udp, TO OHA,
HA3LIBACTCA KOHEeunol; y Takou B Bce mudphI MpaBee HEKOEro pas3paaa — HyJId, U UX OOLITHO He MHUIIYT.

MHOX€eCTBO AE€MCTBUTEILHBIX YHCEN R MOIydaeTca W3 MHOXECTBA BCeX B/ MyTEM OTOXIECTBICHUA
IPYT ¢ IPYTOM HEKOTOPHIX Map B/ MO CAeAYIOUEMY HTPABWIY: ABE B/, O ONpeneIeHno, n300paxaioT OIHO
I TO Xe MEeUCTBUTENBLHOE YUUCIO0, CAU W TOJLKO €CIW OHM ONHOTO 3HAKA W CYMIECTBYeT HOMEp i € Z, TaKou
970 nudphl 3TUX APOOEN BO BCEX Pa3pAAax JeBee {-TOr0 COBIANAIOT, B {-TOM Pa3pAle Pa3IndalOTCA POBHO HA
eUHUILY, X POOL ¢ GOMBIINEN 5-TOU MU(PPON UMEET CIPaBa OT {-TOr0 Pa3pALa OHU HYJIH, a C MEHBIIEX — OJHI
aeaTku. Mupivn croBamu, bg ... bi—10;9999 ... =bg ... bj—1 (b; +1)0000... Kkak gefCTBATEIbHBIE YNCIA.
Ecniu mencTBUTENIbHOE WHUCIO MMEET ABA MPENCTABICHUA B BUAE B/, TO MPEACTABICHUE, OKAHIUBAIOUIEECT

HYJAsAMU, MbI 6y,u;eM Ha3bIBaTh cmaH()apmez,M 7 NCIOJb30BATHh IO YMOJYIAHWIO UMEHHO €r0.

M13¢1. [JokaxuTe, 9TO0 MHOKeCTBO R HecUETHO.
HepaseucTBa. [lomoxurensusie BT 604bue OTPUNATEIBHBIX. [ CpaBHEHUA ABYX MOJOXUTEILHBIX B/ UX
CTaHJAPTHHBIE IPEACTABICHNA 3aNACHIBAIOT APYT IIOA APYTOM, BBLIDOBHHUB IO 3AMATON; MeHbW et cIuTaeTCs BT
C MEHBIIeN CAMOU JIEBOM W3 HecoBIagaommx nudp. 11 orpunarelsbHsix B Hao60poT: —a < —b < a > b.
Orpauumuennoctb. Juciao b € R HaswiBaeTcsa geprueti 2pamnbio Ias AAHHOTO MHOXECTBA, NEUCTBUTENLHBIX
ancen M C R ecim b > x Vz € M . MuoxectBo M C R Ha3BIBACTCA 02pAHUUCHHBIM CBEPTY, ECIA Y
HErO eCThb BEPXHAA PaHb. AHATOIUYIHO OMPEAENAIOTCA HUNCHAS 2PAHb U 02DAHUYEHHOCTb chu3y. MuOXecTBa
OT'PAHUYIEHHBIE OJHOBPEMEHHO U CBEPXY U CHU3Y HA3BIBAIOTCA MPOCTO 02D GHUYEHHBIMU .

M13¢2°. He ynoTpeb/isis OTpULIAHAN, JaUTe OMPeIeTeHUs:

a) YUCIA, He ABIAINIEr0CA HUKHEN MpaHbio JaHHOro MuHOXKecTBa M C R;

6) MHOXKECTBA, HEOTDAHUICHHOT'O CBEPXY B) HEOIDAHUICHHOT'O MHOXKECTBA.
MakcumanbHabie 3jeMeHThI. ducio m € M, Takoe 9To m > x YV € M |, HA3BIBAETCA MAKCUMALALHbIM DA~
menmom MuORecTBa, M C R. MakcuMaabHBIN DIEMEHT B MHOXECTBE HUXKHUX IPDAHEN NAHHOrO MHOXecTBa M
HA3BIBAETCA Mounol Huxckel 2panblo (COKpaménno: THT) u obosHadaerca inf M (ot maruuckoro «dnfimumy).

M13¢3°. [lauTe onpemeneHne MuHUMaAbHO20 DIEMEHTA U Mounotl eepruel epany (COKpAIEHHO: TBI)
nansoro Mmuaoxkectsa M C R (oma o6o3Hadaercs sup M — OT JTATHHCKOTO «Supremumy).

M13¢4. Kaxgoe iu orpaHUYeHHOE CBEPXY MOJIMHOXKECTBO B R mMeeT MaKCUMAJIbLHBIN DJIEMEHT !

M13¢5. Boraucaute TBI' MHOXKECTB: a) {0,3; 0,33; 0,333; 0,3333; 0,33333; ...} ;
6) cymm 1+q+¢*>+ -+ +¢™ ¢ duxcuposanubM 0 < ¢ < 1 (ckaxem, ¢ = 1 /9) u 1066 m €N,

M13¢6. Bepuo s, uto awob6as BAL b € R ecTb TBI' MHOXKECTBA:
a) Bcex B/, MEHbIIUX b; 6) BCexX KOHEYHBIX B[/, MEHLIIUX b;
B) BCEX KOHEYHBIX B/IJI, ABIAIOIIMXCA HATATLHBIME KyCKAMH .

M13¢7 (Teopema o momuore). [JoKaxnuTe, ITO KaxI0e OT'PDAHUIEHHOE CBEPXY MOIMHOXKeCcTBO B R
nMeeT TOYHYIO BEPXHIOIO IPaHb, a KaXKI0€ OrPAHUIeHHOE CHU3Y — TOUHYIO HUKHIOW.

M13¢8 (caoxenue u ymuoxenue). Cymmon BAJ a,b € R masweBaercsa TBI uucen Buga « + [3, T1e
a < au f <b— BCeBO3MOXKHBIE KoHeunble B M. AHAJOTUIHO, MPOU3BEACHUE b IBYX MOAONCU-
meabubix B — 5TO TBT 9uUCeT BUAA 3 C KOHEUHbLMU Nnodoxcumesbhbimuy o < a u 3 < b (ua
HENOMOKUTENbHBIE B/l TPOU3BEIEHNE PACIPOCTPAHAETCS M0 CTAHIAPTHOMY PABUIY «—» HA «—»
1aér «+»). [okaxuTe, 9TO STU ONpENeIeHUs KOPPEKTHBI (T. €. HyKHble TBI' CYLUIECTBYIOT), 1ai0T
11 KOHEYHBIX @ U b TO ke, 4TO U paHblie, u nposepbTe, 910 a(b+¢) =ab+ac Va,b,ceR.

M1309 (kopuu). IlycTs b € R ecTs TBI koHednsx BAJ 3 ¢ 32 < 5. [JokaxmuTe, 9T0 b cymecTByeT
U BbIMuCIATE b2.
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O6 ymopsgoveHun

Tpu ypoBHaA nmopsaaka. MHOXECTBO HA3BIBACTCA 4aCMUYHO Ynopadouernbim (1YMOM), €CIU IPO HEKOTOPHIE
maphl €ro DIEMEHTOB @, b MOXHO cKasaTh ¢ < b wim b < @, Tak 9TO MIPU DTOM BHIMTOJHEHBI TPU CBOUCTBA!
(1)a<aVa, (2)ag<bub<a=a=hb, B)agbub<c=a<c.

[HoamuOXeECTBO [... T o {me M| m < z} 9yMa M HaswbIBaeTCA HauaAbHbIM ompeskom M do x. IyM
HA3BIBAETCA YnopAadouennbim (AT AUHETHO YnopAdoueHHbiM ), €CIA OTHOLUICHNE IOPA KA ONPEAENCHO ik 410001
apbl DIEMEHTOB. B IMHENHO yIoOpsI0MeHHOM MHOXECTBE MOXHO BBECTH OTHOIIEHUWE ¢ < b O3HAYAIIee, ITOo
a # bua < b; Torga Va,b OyaeT BBIIOIHEHA albTepHATHBA: JuUO0 a < b, 160 a = b, 6o a > b. DaeMeHT
wEM ayMa M Ha3BIBAETCA MUHUMGALHbIM, ecin YV x € M u3 HEPABEHCTBA T < [t BRITEKAET PABEHCTBO T = [i.
JIuHENHO yOOpAMOYMEeHHOEe MHOXECTBO HA3BIBACTCA 6NOAHE WIN UHIYKMUBHO YIOPANOUEHHBIM, €CIU B JTIOO0M
€ro MOJAMHOXECTBE UMEETCd MUHUMAAbHbIG daeMeHT. [[Ba BmOMHE yHOPANOYEHHBIX MHOXECTBA HA3BIBAIOTCA
N0J0OHBIMU, €CIU MEX,TY HAMU UMEETCS B3AUMHO OTHO3HATHOE COOTBETCTBUE, COxpanaouee nopadok. Kiaccer
MOO0GHBIX BIOJHE YIOPALOYECHHBIX MHOXECTB HABBIBAIOTCA MPAHCHUHUMHBLMY YUCAGMU.

M13%<>1°. BreiicHUTe, KakKWe U3 YKA3aHHBIX HIXKE OTHOIIEHWH «<» Ha MHOXecTBaX M ABIAIOTCA
yrnopsgodenuaMu u kakoro tuna: a) M =N u a < b < b nerurca ua a; 6) 1o xe nas M = Z;
B) M =N, Z, Q ¢ o6bruabiv < gas gucen; r) 1o ke mag M =N U {oo}, rie oo > n VneN;
&) M ecThb MHOXECTBO BCeX MOAMHOXKECTB HEKOTOPOTro MHOKecTBa A ma b <= a Cbh;
e) M ecTb MHOXKECTBO BepIIMH OprueHTUpOBaHHOTO rpada I' u a X b <= B I ecThb peGpo ab.

o o
M13%<>2 . [TanTe ompenereHre MaKCUMAJIBLHOTO dJeMeHTa UYMa U HpuBeguTe mpuMep IyMa C He-
CKOJbKUMU MaKCUMAJbHBIMU DJeMEHTAMU.

o o 5] 5]
M13%<>3 . Bepro nu, 9T0 100601 HAYATBHBIN OTPE30K MPOU3BOJBHOIO YYMa, JUHEWHO YIOPSII0TeH?

M13%<>4 (mpuHOMO TpaHCchUHUTHOM MHAYKIUH). [lycTh MHOXKeCTBO M BIOJHE YIOPAIOYEHO, U
PO ero »JIeMeHTHI BBICKA3aHO HeKOoe yTBepXkaeHue i, KOTOpoe UCTUHHO NI MUHUMAJILHOTO DJe-
MeHTa MHOXKecTBa M, m npu Bcex m € M wu3 toro, ¥ro U uctunao Vr < m, cregyer, 910 i
ucTuHHO 1711 m. [Jokaxute, uTo U uctuano Vme M .

M13%<>5. MoxeT u BoJIHE YIOPAIOUYEHHOE MHOXKECTBO OBITH MOTOOHO CBOEMY HAYAIBLHOMY OTPE3-
KY, OTJIIMIHOMY OT BCEr0 MHOXKECTBA?!

M13%<>6. [llokaxure, 9TO OTHOIIeHNE a < b <= «a MOAOOHO HAYAIHLHOMY OTPE3Ky by BIOJIHE yIO-
pATOYNBAECT TPAHCHUHUTHLIE THUCTIA.

ITonusie YYMbI. YYM M HA3BIBAETCA NOAHbIM, €CIU I KAXJOTO JUHEAHO YIOPAJOIEHHOTO TMOIMHOXKECTBA
U C M cymecrByer saemenT m € M, Takou aro u < m YVueU .

M13%<>7* (Teopema o HemoaBuxkHOU Touke). [loKaxuTe, 1TO M060€ OTOOpaxKenue M SN M u3
MOJMHOrO YYMa B cebs, obaagamomee cBoucTBoM ¢ < f(x) Vo € M | uMeeT HEmoABUKHYIO TOUKY
(t. e. f(zg) = xp mas HEKOTOpPOrO X € M).
Axcuoma BLIGOpA BXOOUT B CIMCOK AKCHOM (CTPOTOW» TEOPUM MHOXKECTB W YTBEPKIAET, UTO B JOOOM
MHOXE€CTBE HEIIYCTHIX MHOXECTB MOXHO BI)I6pa,TI) IO OAHOMY JIEMEHTY U3 KaX IOI'0O MHOXECTBa (I/IHa,‘Ie TOBOD4,
st I060ro MHOXeCTBa I, BIeMeHTH KOTOPOT'O CAMU CYTh HEMYyCThie MHOXECTBA, CYIIECTBYeT OTOOpaXKeHue
f w3 M B o6Bbenuuenue Bcex muoxects M €M, rakoe aro f(M) e M YMeM).
M13%<>8*. BriBeuTe u3 akcmoMbl BHIGOpA U 3a1. M13%<>7 CleIyIOI7e TBa YTBEPXK TeHn :
a) (aemma ITopra) B 11060M 10IHOM YYMe €CTh MAKCUMAIBHBIA DIEMEHT.
6) (Teopema Ilepmeno) JIro6oe MHOKECTBO MOXKHO BIIOJHE YIOPALOIUTh.

Lpemrenme »>Tux (BechbMa TPYAHBIX) 3aJa€ HEe CTHIAHO MOAMAAeTh B KHUrax: Bam /[ep Bapgen. Aszebpa. M. «(Mup»
(1976), cTp. 246-249 wiu I1. C. Anexcauapos. Beedenue 6 meoputo muoxcecms u 00wy monoaozuto.. M. Hayxar (1977),
ctp. 80-83.
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Maremarueckuit AHMHa, 9 xnace JIucTok Ne 14

Koutunyywm

KoopaunaTHbie npocTpaHcTBa. KoopanuaTHas npamas R! — 5T0 MHOXECTBO BCEX NeHCTBATETbHBIX HH-
cel. AHAIOMTHO, KOOpAMHATHBIE IIOCKOCTH R?, 3-MepHOe mpocTpancTBO R3, ... , n-MepHOe IPOCTPAHCTBO
R"™, ... cyThb MHOXECTBa YHOPATOICHHBIX Map (Z1,T2), TPOEK (L1, L2, L3), ... , N-OK (L1,L2,...,Ty), ... TECET
x; € R. MuoxectBo { (z1,22,...,2p) E R* |0 < z; < 1 Vi€ } Ha3BIBaeTCA eQUMUUNBIM N-MEPHBIM KYOOM B
R™.

M14¢1. CKOIBKO ¥ N-MepHOro KybOa a) BepIuH ; 6) pédep; B) (n — 1)-MepHBIX T'paHen ,

r") k-mepnbrx rpanei (0 < k< (n—1)).

M14¢2. Hapucyure 3-MepHYIO pa3BépTKY U OOIIYIO 2-MEPHYIO MPOEKINO 4-MEepHOro Kyoa.
Hec4€éTHOCTL M KOHTHUHYAJIBHOCTb. MHOXECTBO HA3BIBACTCA HECUEMMbIM, €CIA OHO OECKOHETHO U HE CIET-
HO. [TpO MHOXECTBO, PABHOMOIIHOE EIWHUIHOMY OTPE3KY TOBOPAT, ITO OHO UMEET MOUHOCTDL KOMMUNYYMA .

M14¢3. Beerga qu N \ M pasuomomntao M, eciu M caétro, a N HeCIETHO?

M1404. MoxXHO JIu HAPUCOBATH HECUETHOE MHOXKECTBO MOMAPHO HEMepeCeKaoImXCs
o * . *
a) MHTEPBAJIOB HA MPAMON? 6 ) BocbMEpoK' Ha mrockocTH? B ) OykB T Ha mIOCKOCTH?

M14¢5. ImeroT 1 MOITHOCTb KOHTUHYYMA: a) MHOXKEeCTBO OECKOHEYHBIX CJIOB M3 OYKB a 1 6 ;
6°) 060U 0Tpe3oK [a,b] (c a < b);  B) 060U HemycTou wHTEpBaX (a,b);  T) BCA mpsamas;

&) M-MepHBLIN Ky0; €) MHOXECTBO GECKOHETHBIX MOCJIEJ0BATEIbHOCTEN BEIeCTBEHHBIX TUCENT?
ITennbre u paguoHAILHBIE YUCAA. B/l C HyJIeBOU APOOHOU YaCTHIO HA3BIBAIOTCA Yeabimy. Ha KoopauHATHOU
IpAMOM MHOXECTBO HelbiX BAJ 7Z C R momydaercsa oTKJIAABIBAHMEM OT () BCEBO3MOXKHLIX IIETLIX KPATHBIX
eIMHUIHOTO OTpe3ka. BAMI r € R HaswiBaeTca payuonaabroti, ecim 3k, m € Z : kr = m B R. IlogmuoX)ecTBO
panuoHanTbHEIX BAA Q C R HA 9MCI0BON IPAMON M300paKAECTCA OTKIATBIBAHTEM OT () BCEBO3ZMOXKHBIX OTPE3KOB,

cous Me];)I/IMbIX2 C EAUHUIHBIM.

M1406. [JokaxuTe, ITO KOHEYHBIE B/l panuoHaIbHBL. Bepuo au, uto Va€R u V e > 0 cymre-

CTBYIOT 71,79 € Q, Takme aTo 0 —e <1 < a<ry < a+e?

3

E3 O
M1407. [lokaxuTe, 9TO MHOXKECTBA: a) UPPANUOHAILHBIX 6 ) TPAHCIEHIEHTHBIX® TeUCTBUTE-

JBbHBIX YHCeJ MMET MOHIHOCTH KOHTHUHYYMaA.

NegexknuaoBel cevyeuusa. Pazouenne Q = Ay Ll Ay B o0bequHeHNEe BYX HEIEPECEKAIOMINXCA IO IMHOXECTB,
TaKuX 9TO a1 < G Aad J00bIX a1 € A1, as € Ao, HaspIBaeTCca ceuenuem maOXecTBa Q.

M140¢8. Jokaxure, 4To m1d 1060ro cedenna Q = A; U Ay umeer mecTo paBeHcTBo sup A; = inf Ay
1 BBINOJHAETCA POBHO OQHA U3 TPEX BO3ZMOXKHOCTEN: OO B A; eCTh MaKCUMAIbHBIN DJIEMEHT, 160
B Ay eCThb MUHUMAJBHBIN DJEMEHT, 00 JeucTBUTEeNbHOe ducao sup A; = inf Ay uppamumonansho.

M14¢9. 3abygem Ha Bpems mpo BAJI, OyaeMm nmoHnMaTh (Q Kak MHOXKECTBO OOBIKHOBEHHBIX TpOOen
P/qcp€EZ, qeN u nazosém meucTBuTeIbHBIM ducioM [lenexunga ao6oe cevenue Q = A; L Ay,
B KOTOpOM A; He mMeeT MaKCUMAJIbHOrO daemMeHTa. [lanTe onmpenenreHne CyMMbI U TIPOU3BEIEHUA
MeUCTBUTEIbHEIX uncen [lemexunga (3TO TOMKHO OBITH CeUeHHE HYKHOT'O TUIA) U YCTAHOBUTE
COXPAHAIOIMNN apuPMETHICCKIE OMepPAlny N30MOP(MU3M MEXKIY MHOKECTBOM IeIeKUHIOBLIX Iel-
CTBUTEIBHBIX THCEJI U MHOXKECTBOM JeUCTBUTEIBHBIX IUCEN, ONPEIeIEHHOM B IIPEABIIYIIEM JHCTKE
nmocpeacTBOM BT

M14¢10. Vcxoasa TOALKO U3 AeIeKUHI0BA ONpPeIeIeHus TeUCTBUTEIbHBIX TUCea (T. €. He MOJb3YACH
B/ /I, HO B TePMUHAX CEeYeHUN) MOKAXKUTe TeopeMmy o moasore (cp. ¢ 3a1. M1307) u onpegeaute
KBapaTHbIe KOpHE (cp. ¢ 3a1. M1309).

Lgocoméproti HasBIBACTCA MI00AA APA CONPUKACAIOMINXCA BHEIIHIM 00pPa3oM OKPYKHOCTEH

2 1Ba, OTpe3Ka HA3LIBAIOTCA COUIMEPUMbLMAU, €CIE OHU JOMYyCKAOT OOIIYIO eJWHWIY W3MEepPeHWus — TPEeTHH OTPe3oK,
KOTOPBIU LET0e YUCAO Pa3 YKIALBIBACTCA B KAXKIOM U3 HUX

3yqueno HasLIBaeTCA aq2ebpauueckuMm, eCT OHO ABIACTCA KOPHEM MHOTOWIEHA C PAIMOHATLHBLIME KOoddbhumenTamu;
YNCIA, HEe ABMIONINECA alre0panieCKUMU, HA3BIBAIOTCA MPaHCUEHIEHMHBLMU

4MO/ICKA3BKA: COTOCTAaBBTE KAk JOMY KIacCy SKBUBATCHTHLIX BT o € R ceterme Q = { g€ Q| ¢ < a}U{q€Q| ¢ > a}
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OKpecTHOCTHU U MMOKPLITHUSA

M15¢1 (remMMa O BJIOXEHHBIX OTpe3kax). VIMeeTcs MOCIeIOBATEIHLHOCTh OTPE3KOB, KAaXK BN U3
KOTOPBIX COIEPXKUTCA B peabaymeM. MoxeT qu mepecedeHne BCeX dTUX OTPE3KOB OBITH MyCTHIM !

M15¢2. UsMeHUTCA U OTBET, €CAN OTPE3KY 3aMEHUTh WHTEePBAJAME !

M15¢3. I'pymnmna ecTecTBOUCHBITATENCH B TEUEHUN 6 1acOB HAOMIOAIA 32 (HEPABHOMEDHO) MOM3Y e
VIUTKOU TaK, 9YTO OHA BCE DTO BpeMs ObLIa moja mpucMoTpoMm. Kaxabim HabmogaTe s CIeqmn 3a
YIUTKOU poBHO 1 dac 6e3 mepepbiBOB U 3a(pUKCUPOBAI, ITO OHA MPOIMOI3IA 33 DTOT Yac POBHO 1
MeTp. Morua /in yamTKa 3a BpeMs BCero skcrnepuMenTa nponoasta a) 5um ? 6) 10m ? B) 12.m ?

M15¢4 (memMma o KOHe4YHOM mOKpbITUHM). [oKaxuTe, YTO B THOOOM MOKPHITAN OTPE3Ka WHTEPBa-
JaMU HAWIETCA KOHEIHBIN HAOOD WHTEPBAJIOB, MOKPHIBAIONINN BECH OTPE30K.

M15¢5. U3 1106010 1 MOKPHITUA OTPe3Ka WHTepBaIaMI MOXKHO YIAJIUTh YaCTh TaK, ITOOBI OCTaB-
mIrecsa MHTEPBAILI TOXKE COCTAB/IAIN NOKPBITHE, HO KaXX VIO TOYKY HAKPBIBAJIO ObI He GoJee TBYX
u3 Hux?!

M1506. U3menuTcsa mu 9TO-HUOYAb B MPEILIIYVIINX ABYX 3aladaX, €CIU OTPE30K 3aMEeHUTHb MHTep-
BaJIOM?

M15¢7. Beerga i u3 MOKPBITHA OTPE3KA &) KOHEYHBIM 6) MIOOBIM  MHOXKECTBOM COIepIKAIUX-
cA BHYTPHU HET'O OTPE3KOB MOXKHO BHIKIHYTh YaCTh OTPE3KOB TaK, YTOOBI OCTABIINECS MO-TIPEKHEMY
MOKPHIBAIN MCXOAHBIA OTPE30K M UX CyMMapHas [JNHA He MPEBHIIaia Obl ero yIBOCHHOU JIJNHBI!

BHyTpeHHNE TOYKM U OTKPLITHIE MHOXeCTBA. [lia 11060r0 momoXUTETILHOTO YUCIa, € OyIeM Ha3bIBATH
£-0KPECTHOCTBIO TOYKM Xy € R mHTEpBaAT

D.(x0) def (ko —e,zp+e) ={xz€R: |z —xo|<e}={zeER: xp—e<z<z)+e€}

IIUHBL 2€ C MEHTPOM B Tp. Touka a € R HazwiBaeTca suympennet mouxoti muoxectsa M C R, eciau y Heé ecTh
£-OKPECTHOCTB, IEIUKOM comepxamaaca B M. MHOXECTBO HA3LIBACTCA OMKPLIMbIM, €CIA BCE €r0 TOIKHA —
sayTpennne. Uuage rosopsa, U C R orkpwiro, ecmn Yu €U Je > 0: D.(u) C U (BemuamHa € MOXET 3aBUCETH
ot Touk® u). [[ycToe MHOXECTBO TOXeE, IO ONPEAEJICHAI0, CIATACTCA OTKPBITHIM.

M15¢8°. Y6eaurech, 4T0 mNpoMexyTku (—oo,a), (a, —oo) u (a,b) orkperThl. MOXKHO 11U Pa3OoUThH
UHTEPBaI B 00BEIUHEHNE IBYX HElePeCeKarmnuXca OTKPBITHX MHOXKECTB?

M15¢9. [JokaxuTe, 9T0 06beIUHEHUE TFOOOT0 HAOOPA OTKPBITHIX MHOXKECTB OTKPBITO.

M15¢10. /lokaxuTe, 9TO mepecedeHne KOHETHOTO HAOOPa OTKPHITEIX MHOXECTB OTKPBITO. Tax
DTO IJIA TepecevdeHnit 6€CKOHEIHBIX HAOGOPOB?

M15¢11. [lokaxure, 9TO BCAKOE OTKPLITOE MHOXKECTBO Ha MPAMOU IPEACTABIACT COO0N 00HeIMHe-
HIIe KOHEYHOI'O WIU CIETHOrO HaOOpa MOMapHO HEMepeCceKaIoNnXCsS WHTEPBAJOB, B YUCIe KOTOPBIX
JOIMYCKAIOTCA M HEOIDAHUYEHHBIe MHTEepPBaIbl Tuna (—o00,a), (a, +00) n (—00, +00).

NzosupoBaHHbIe TOYKM U AUCKPETHBLIE MHOXecTBa. Touka ¢ € M C R masweBaeTca u304upos8arot
moukotl MHOXecTBa M, eciu HEKOTOpad €€ €-OKPEeCTHOCTDL He CONEePKUT HUKAKUX Apyrux Todek u3 M. MHuo-
XKeCTBO, BC€ TOYIKHM KOTOPOI'O M30JUPOBaHBI, HA3BIBAECTCA duc%pemnbm.

M15¢12. MoxeT u 6€CKOHEYIHOe TUCKPETHOE MHOXKECTBO OLITh:

a) OrpaHUYEHHBIM? 6) HECYBTHBIM?
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Hperl[eJIbeIe TOYKN MHOXECTB

IIpepensusie Touku. Touka o € R HaswBaeTca npedeavnoti mouroti muoxectsa M C R, ecau awbas eé
£-0KpecTHOCTE D, (1)) comepXuT Kakyo-Hu0yab TOIKy &€ M, OTIuIHYO OT Z.

M15%<>1. [TocTpouTe 6eckorednoe MuoKecTBO M C R, MHOXKECTBO MpeIeIbHBIX TOUYEK KOTOPOrO:
a) mycTo; 6) COCTOMT W3 OJHOU TOYKH; B) COCTOUT M3 IBYX TOUeK; r) coBmagaer ¢ Z C R.

M15%<>2. MoKeT Jin MHOKECTBO TPEeJeIbHBIX TOYeK OBITH MHOKeCTBOM Beex ducen uga 1/k ¢ k€ N?
M15%<>3. Moxet 1 6eckoOHEIHOE OrpaHUYIEHHOEe MHOXKECTBO HE UMETh MPEIeNbHBIX TOIeK?

3aMKHYTbIe MHOXecTBa. MuoxectBo Z C R Ha3bIBaeTCA 3aMKHYMbIM, €CIU OHO CONEPKUT BCE CBOU Ipe-
JeIbHbIE TOYKY (B YaCTHOCTH, €CIN UX Yy Hero BooOuie Her). HemycTbie orpaHuveHHbBIE 3AMKHY ThIE MHOXECTBA
HA3BIBAIOTCA KOMNAKMAMUY.

] 5
M15%<>4 . [lokaxxuTe, ITO OTPE30K U MpsAMad — 3aMKHYTHI, 8 WHTE€PBAJ U OTKPBITBHIA JYyY — HET.
BreiBaroT 1 qucKpeTHbIE HE3AMKHYTBIE MHOXKeCTBa?

]
M15%<>5 . BuiBatoT sim GeckonevHbIE TUCKPETHBIE KOMIAKTHI !
1 ]
M15506 . PasbuBaeTca mm OTPe30K B O0BEIMHEHNE IBYX HENEPECeKAIONMXCA HeMyCThIX 3aMKHY TBIX
muoxkecTB? [lepeuncanre Bce OMHOBPEMEHHO OTKPBHITHIE W 3aMKHYTHIE MTOJIMHOXKeCTBa B R.
M15%<>7. [okaxure, 4T0 MHOXecTBO 4 C R 3aMKHYTO TOrJa U TOJBKO TOrIa, KOTAA €ro TOTOTHe-
mue R\ Z ={z€R| z ¢ Z } orxpsrro.
1
M15508. [Jokaxure, 9TO mepecevenne Jod0ro Habopa 3aMKHY THIX MHOXKECTB 3aMKHYTO.

M15%<>9. MokaxuTte, 9T0 00beIMHEHNE KOHEIHOT'O HAaOOpa 3aMKHYTBIX MHOXKECTB 3aMKHYTO. Tak
JU DTO 11 O€CKOHEIHBIX HAOOPOB?

M15%<>10 (n1emMa o BIOXEHHBIX KOoMmakTax). /[lokaxuTe, 9TO JMI06asA MOCJIETOBATEIHLHOCTD BJIO-
KeHHBIX KOMIAKTOB K1 D Ky D K3 D -+ umeer Hemycroe nepecedenue: (| K, # &.

*
M15%<>11 (remMma o xomeunom mokpbiTum). [lokaxkure, yTo K C R KoMmakT Torga m TOJIBKO
TOra, KOraa Joboe ero MOKPhITHe NHTePBATAMU COIePKUT KOHEIHOE I0IMOKPLITHE.

KauTopoBo MmHOxecTBO. OmpegeanM mo MHAYKIUHN MOCIENOBATEILHOCT, KoMmmakToB K, C [0,1] crexyio-
mmM obpasom. Kaxaem K, asiaserca obbequuaenueMm 2¥ orpeskos: K i nmorydaercsa u3 K, BBIKAIBIBAHEEM
OTKPBITON (T. e. 6€3 KOHIIEBLIX TOYEK) CPELHEN TPeTH U3 KaXA0ro oTpeska, sxogamero B K, a Ky = [0, 1]. Ile-

def
pecedenve & = () K, HasbBaeTca Kanmoposvim muoxrcecmeon (B dects [eopra Kanropa). Unate & C [0, 1]
v

MOXHO OIPEIeIATH KAK MHOXeCTBO Beex wuucea » € [0, 1], KoTopble B TPOUYIHOU CUCTEME CUUCICHUA MOXKHO
3alMCaTh IpU TOMOIMM B/, He cogepxamien 1, npuiéMm He TpebyeTcsa, 9TOOBI 3Ta, 3aMuCh OBLIA, CTAHIAPTHOU
(T. €. OHA MOXET OKAHYIMBATLCA HA OTHU JABOUKN).

M15%<>12. [lokaxuTte, ITO KAHTOPOBO MHOXKECTBO MMEeT MOIIHOCTh KOHTUHYYMa, HO MOKPBIBAETCS
KOHEYHBIM HAOOPOM MHTEPBAJIOB CO CKOJIb YI'OJTHO MaJOU CYMMOW IJIUH.

M15%<>13. ComepKuT 1 KAHTOPOBO MHOXKECTBO: a) UHTEPBAJIBI! 6) U30MUPOBAHHBIE TOYKU?

KongeHcanus HECUYETHBIX MHOXECTB. JIeMeHT a € M mpom3BOIBHOrO HecueéTHOro MuoxecTBa M C R
HA3BIBAETCA €r0 moukotl kondencayuu, ecmn De(a) N M mecaérro V e > 0.

*
M15%<>14 . [lokaxxuTe, 9TO MHOXKeCTBO TOo4YeK b € M, He ABIAIOMIMUXCA TOYKAMU KOHIEHCAIUU, KO-
HEYHO WINA CIETHO.

%

M15%<>15 . MoxeT mu MHOXeCTBO TOYeK KOHIEHCAIINY NMETh M30JUPOBAHHBIE TOUYKMU?
'3

M15%<>16 . [lokaxxuTe, 9TO MHOXKECTBO TOYEK KOHIEHCAIWHU 3aMKHYTO.

%
M15%<>17 . MokaxwuTe, 9T0 MI060E 3aMKHYTO€ MOJAMHOXKECTBO B R mam mycTo, mim KOHEYHO, WIH
CYETHO, WIN UMEET MOIIHOCTH KOHTUHYYMA.
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PagukanbHbIe TIpeo6pa3oBaHus

(HamoMuHanMA U3 anreGpHI)

. 34ECH BAM HE YHUBEDCHTET: TYT 2040801 gyMaTb HALO!
(uz apmeiicxoeo 1omopa)

Hamomunm, aTo wepes |a — b| (auraercsa «moayas ¢ Munyc by) 0603HATAETCA PACCTOAHME MEXAY TOIKAMMA ¢ U
b ma wmcnoBon mpamon R!. Taxum ob6pasom, |a — b| = |b — a| paBHO Toit m3 ABYX pasHocTe# (a — b), (b — a),
KOTOpas HeoTpunarerbua. Bmecro |a — 0| = |0 — a| mumyT npocro |al.

M16¢1°. I3 mepevncIeHHBIX HUXKE yTBepx{;(eHHﬁ BeprIe MOKAXKUTE, a HeBepHBIe OTIPOBEPTHUTE U,

a  o+a
IO BO3MOXKHOCTH, UCIIPABLTE: a) — < - — — Va a,B,b€R ¢ 5,b>0;

6 B+b
6) a<buacg 5:>5 bVaba,BeR B)|a—b|+|b—c|:|a—c| Va,b,ceR;
r) |a| —|b| < |a—b| Ya,beR ; n) a4 [b] = la+b| Ya,bER; e) Vi =z VzeR.
M16¢2. Be3 nmomoru KaabKyIATOPa BBIACHUTE, 9TO OOJIbIIE:

a) V37T—6mm1/10; 6)V3—vV2mmV5-2 B)

1
win 5;  r) /60 mm 2 + /7.
vV2-1 )
M16¢3. Kakue u3 nepevIncIeHHBIX HUXKE Tap Iucega oOpaTHBI IPYT APYTY:
a)2—V3u2+v3;  6) (2v20+9) " u (2v20-9)"";  8) (T+5v2)" u (1-5V2)";
r) (7+5v2) u (7-5v2)"; 1) 3+v2m3—V2; ) V9—-3u33+2Y0+4.
M1604. 36aBbTeCh OT MPPANMOHATLHOCTH B 3HAMEHATEE: a) _ 3 ; 6) V5 - \/_
VT -2 f 5+ VT’
)~ gy O JE R
B) 5= R) == 3> € ) V===
V3+1 V35 1+ V2+ V4 V242 f+f+f
M1605 (dbopmyast Buera). B npoussenenun (z — vp)(x — ¥q)--- (v — 0,,) packpbLim CKOOKEH U

CTPYIIIPOBAIH CIAraeMBble TI0 cTeneHaM r. Uemy OyreT pasen kosdduunuent npu 2*? U3 ckoapKux
cJaaraeMbIX OH COCTOUT?!

M16¢6. [IpuaymanTe MHOTOUWIEH C HETBIME KOX(D(PUIMEHTAMEI, CPEIN KOPHEN KOTOPOT'O €CTh:

a) 1+ V7; 6) 5—2V3; B) Vb u VT; r) V3+v2.

M1607. KakumMu TOMXKHBL OBITH v, (3, ITOOBI (\/5+ \/B)2 = a + Vb 1q1a gaHEBIX a, b? Boigenss
MOJHBIA KBAAPAT WIN KyO, n30aBbTECHh OT HAPYKHET'O0 PaINKAJIa B BHIPDAKEHUAX:

a) V3+2v2; 6) V28+10V3; B)V67T+12V7; 1) VI12+2V35; 1) V16 +8V5;
e) V/37+30V/3; x) V/74+52; 3) V9v3 —11V2; u) V216 —235.

M1668. [Tycts o, 3 € Q. Bepro mm, aTo npu o # 3 «wmcaa /a ++/f u \/a — /B 1mbo 0b6a pammo-
HAJBHBI, 1100 0062 UPPANOHATLHEL!

M16¢9. PaunonaibHel a1 4ucia: a) V5 +3: 6) V7+4 V3 -3 B) (\/5 + 1)3 — (\/5 — 1)3;

D1V H (VD) V) - ve) e (V) - (VB
M16¢10. Beraucanre mepByO THICATY 3HAKOB IOCIE 3AMATON Y

2000 * 1999 * 2000 * 2001

a) (12 —/143) 6") (7-+V48) B") (7T+50)" r') (7+50)" .

M16011". YéTHa min HeI6THA Me1asd IacTh TACIA (45 + \/1975)30 ?
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I'pacpuku u kpuBbie

M17¢1. Dyuknua y = f(x) umeer rpaduk, u3o6paxénusn Ha puc. 17 - 1. Hapucyure (morounee)
rpaguicn Gy ) 2f(x);  6) [(21);  ») f(5+2):
r) f(x)+2; &) f(=2); o) f(lz))s =) —[f(=|2])I;

)3 f@);  wif@+2 w) f((E-3):;
x) f((*/2) = 3); M) 3 —2f(3 - 2x); m) f(1/2).
o) ufl@);  mUfw;  p)i-|r (M =lkelss)l;

M17¢2. Beipasure dyukuuio g(z) depes qyukuuio f(z), ecan u3-
BECTHO, UTO TpaduK ¢ moaydaercsa u3 rpaduka [

a) mapaLIeTbHBIM TIePEeHOCOM Ha BeKTop (3,5); Puc. 17 - 1. I'padux
6) cxarueM B 2 pasza kK ocu OY ; y = f(z).
B) cuMmMeTpuen oTHocuTeabHo ocu OX ; r) CUMMeTpuen

OTHOCUTENIBHO MPAMOU & = 3 ;
A) pacTsiKeHmeM B 3 pasza OT mpaMon y = —1; e) cuMMeTpuen OTHOCUTEIbHO TOUKM O ;
X ) roMoTeTuen ¢ KodpuimenToM 2 0OTHOCUTENBHO Touku O ;
3) romoTeTuei ¢ kKoaddurmumentom —1,3 oTHoCuTe LHO TOUKHT (—3,2).
M1703. IlocTpoiTe rpadukm:a) 1/;6) 1 — (Q/x + 1) :B) (T + 1)/(x —1) or) (27 + 3)/(2 — 32);
x) (a$+b)/(0x+d),r;(ead7ébc.e)xZ; x%)3—2(x—5)?% a3)ar’+br+c,raea#0.

M17¢4. Onumure reoMeTPpUIECKOe MECTO CepeInH MPOU3BOILHOIO CeMENCTBA MapaLIeIbHBIX XOP I
TAHHOU HapabOJIbL.

M17¢5. YTobnl mosHakoMuThea ¢ Mammenbkon, Bosotuka ¢Tép B €€ TeTpagke 0Cu KOOPAUHAT y I'pa-
duxos a)y =22 6)y=1/4. Kax Mamerbke TOTHO BOCCTAHOBATL WX MUPKY.JIEM U JTHHEN-
KOu?!

M17¢6. MuoxkecTBo Beex peutenun (z,y) ypasuenus @(z,y) = 0 npeicrasiaser co60M KPUBYIO Ha
puc. 17 - 2. Hapucyure (moTodnee) KpuBble, 3anaHube ypapaenuamu: a) P(x+2,y —1) =0;

6) O(—z,—y)=0; B) P(22,y) =0; 1) P(T,2,2y) =0; Z
a) Py, x) =0; e) D(lyl,x) =0; x) P(z+y,z—y)=0;
2) @ ((#V3=1)9, (2 +9V3),2) =0.

M1707. HanummTe Kakoe-HUOYIb YpaBHEHUE, 3aTalollee KPUBYIO, _
MOy 9AOMIYIOCA U3 MOKA3AHHOM Ha puc. 17 - 2 kpuson P (z,y) = o)

: =
a) mapaJ/lelbHBIM [MePEeHOCOM Ha BeKTOop (—2,3); _ »
6) pacTskenueM B 2 pasa ot ocu OX ;

o Puc. 17 - 2. Kpupasa
B) cuMMeTpuen oTHocuTeabHo ocu OY

/ % = . Q)(x, y) = 0.
r) CHMMETPUEH OTHOCHTEILHO MPAMOU § = —2;

;) CHMMeTpHell OTHOCUTEIbHO HAYATA KOODIUHAT;
e) romoTeTunen ¢ KO>HPUIUEHTOM 2 OTHOCATENHHO HAYATA KOOPAUHAT;
) MOBOPOTOM Ha 45° BOKDYD Havaaa KOODAUHAT, 3) cxkaTueM B 3 pasa K mpamon r = 1;
u) romoTeTueit ¢ koaddummentom —1 /3 orHOCHTe RHO TOTK] (1, —1);
k) o0benunenuem kpuson P (x,y) = 0 ¢ rpadpukom pyuxuun y = f(x).
M1708. Hapucyirre kpubbie:  a) 22 —y?=1; 6) 42> +9y?*=36; B) 1622 —25y> = 400.
M17¢9. Hanumure ypaBHeHHUe, 3a1a0lIee  a) OKPYXKHOCTH pajgnyca 3 ¢ MeHTPOM B TOuke (—5,2);

6) runep6oay y = 15, cIBUHYTYI0 M MOBEPHYTYIO Tak, 9TO €é MEHTP HAXOIUTCA B TOUKE
(—5,2), a acuMITOTHL COCTABIAIOT yrasl B 45° ¢ ockio OX;
B) mapabory y = r°, CABUHYTYIO U TOBEPHYTYIO TaK, 9TO €6 BEpIIMHA HAXOJUTCA B TOUYKE

(—1,—-1), a ocb maér nox yraom 45° k ocu OX.
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IlonyeHue olleHOK

Maramams ecTb HCKyCCTBO MOy 9€HAA TOIHBIX PE3yIbTATOB MOCPEICTBOM NMPUOIIKEHHBIX OIEHOK.
(uz npodeccopcro - npenodasamenvcrkozo Poavkabaopa)

M18¢1 (mepasenctso Bepuymmu). Bepuo au, uto (1+a)” > 1+na Vne€N u npousBoasHOrO
IeUCTBUTEALHOrO o > —17

M1802. YkaxuTe Kakoe-HHOy1b! m €N, 9T0GE IIpH BCexX HeJbIX 7 2> M BHIOIHATIACH OIeHKA:
a) 1000-2" < n!; 6) 100 - n? < 27; B) 10-n3 < 27; r) ntd <2, x) (1+10_4)n > 10°;
e) (1-107%)" <107%; ) L(k+ 1)+ (k+2)+ - + Lk +n) > 1/2.
Onenku byukmun. Oyaxmua X N R, 3aganHas Ha HEKOTOPOM MHOXECTBe X, HA3BIBAECTCA 02PaHUUEHH O
ceepry (COOTB. o2panuuennoti cHu3y W TPOCTO 02Ppanuyuennoti) Ha X, eCam TAKOBBIM ABIAETCA MHOXECTBO €6

suadenun f(X) C R Unade roops, f orpanmdena csepxy, eciu 3c€R : f(z) < ¢ Vo€ X ; f orpanndena
camzy, ecmu IcER : f(z) > ¢ Vz€X ; f orpanmuena, ecim dcy,c0 ER: ) < f(z) <o VzeEX .

2 —x+1 t—z4+1 2P —ax+1
rt+1 7 x4+ 1 x4+ 1
HA OIPAHUICHHOCTH a) Ha orpeske [—100,100]; 6) Ha BCEU MPAMOM.

M18¢3. VccrenyiTe kaxayio w3 pysxmmi: 2> — 102,

)

M18¢4. Kakne u3 mepevncieHHbIX HUXKe (DYHKIIMI OrPAHUYEHBI HA CBOEU O0JACTH ONPENETeHUs U C

5) 342
Kakou CTOpoHB:: a) Va?+1—1x; 6)Vr+1—4/x; B) NTES $\/2 1; P)H
x — xr — T —

M18¢5. OrpaHuvens! Ju CBepXy MOCIENOBATEILHOCTH: a) d, = 071100/”100 ? 6)b,= (1 + 1/n)n ?

Ornenku pagoB. BeckoHewuHble CyMMBL TUOA Y, Gy, = G1 + Gy + a3 + -+ HasbBaoTCa padamu. Koneunas
v>1
m
CyMMa TEPBBIX 1 WIEHOB TAKOrO PAAA Sy = Y. Gy = a1+ ag + - -+ + ay, HABBIBACTCSA €T0 4aACMUYHOT CYMMOT.
v=1

Pag neompuyamensvubiz REMCTBUTEILHBIX TUCET HABBIBACTCA CLOOAUUMCS, €CIA MHOXECTBO 3HAYECHUU €ro
YACTUIHBIX CYMM OTPAHWYEHO CBEPXY; TBI' DTOr0 MHOXECTBA HA3BIBACTCI Cymmotl pama. Kciu wacTu<aHbIe
CYMMBI HE OTPAHUYEHBI, TO TOBOPAT, UTO DAL PACTOOUMCA.

M18¢6. /[JokaxuTe, ITO CyMMa MOJOKUTEILHON yOBIBAIOIMIEN OECKOHEIHOW TeOMETPUIECKOU MPO-
IPECCUU CXOMUTCA U BRIpasuTe € (ecau BBI 10 CUX MOP DTOTO He CIeIaIn) Yepes3 TMepBoe CAaraeMoe
7 3HAMEHATeIb.

M18¢7. Bepuo /1, 4T0 J1100as £€-OKPECTHOCTD JMI0O0r0 YUCAA COAEPKUT GECKOHEIHO MHOI'O PaIlro-
HAJTBHBIX Tucega’! MOXKHO J1 MOKPHITH BCEe PAIMOHAIBHBIE TUCJIA CHCTEMOW WHTEPBAJIOB, CyMMapHAas
IIWHA KOTOPBIX MEHbIIe JTI060r0 HAepe  3atanaoro € > 07

M1808 (aucio e). JoKaxuTe, 9TO THCIO € 2 Z Lr=1+1+1L9+16+1 /944 .-

k>0
a) CyIEeCTBYeT; 6) yaoBIeTBOpseT HepaBeHCTBaM 2,7 < e < 2, 8; B*) UPPAIMOHAILHO.
M18¢9 (rapmouuueckuu pag). CXoaurcs v psi: Z k=141 941941 /44 ... 7
k>1

M18¢10. CxoauThCA IU PAL, COCTABICHHLIN U3 KBAIPATOB WICHOB MapPMOHUYIECKOrO paga’

M18011" (3agaga o ctupke). Nmeercsa 10 ke rpasuworo Geabs u 10 ke wuctoun Boasl. [Ipu morpy-
KEeHUN JTI000M JacT GeJbd B M1I000e KOIMIeCTBO BOALI I'PA3bL PACIPEISIIeTca B UX OOIIer Macce
paBHOMepPHO. MOXKHO I YMEHBIIUTEH KOIUIECTBO IPsA3K B Geabe Goree yeM B a) 2,5 6) 3 B) 103
pasa?

M18012". I3 FapMOHMYECKOTO PsAJa BLIKHHYJIN BCE CIaraeMble, B MECATHUIHON 3aINCH KOTOPBIX
yaactByeT mudpa 9. [lokaxnTre, 9TO CyMMa OCTABIIAXCA caaraeMbrx He mpesbimmaeT 100.

lmogaepkuéM, UTO «Kakoe-HUGYIb» BOBCE HE O3HAMAECT «KAK MOMKHO MEHBLITIEE)
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IIociegoBaTebHOCTH

Iloce JOBATEILHOCTE SIEMEHTOB MHOXecTBa X — 5T0 orTobpaxenme N —— X. Bumecro z(n) ob6bru-
HO INUUIYT Tjp X HA3BIBAIOT €0 N-MbiM YAECHOM IIOCIECAOBATEIBHOCTH. HOCJIe,Z[OBaTeJIBHOCTB 1, T2, T3,

KOPOTKO 0003HadaeTcsa depes (z,). OrMernm, 910 nocaedosamesbocmy He CIEAYeT IMyTaTh C MHOMCECTNBOM
e€ 3HAYEHNN, ¥ HEBEPHO AYMATh O MOCIEIOBATEILHOCTH KAaK O «3aHyMEPOBAHHOM MHOXECTBe». Bciogy B sTOM

T
JINCTKE pe'ib 6y,qu UATHA O YUCAO0BLIT IIOCACTOBATECIBHOCTAX, T. €. O IIOCJICAOBATEIBHOCTAX N— R

M19¢1°. JauTe onpegeJeHns YUCJAOBEIX MOCICIOBATEILHOCTEH: a) OrpAHUYEHHON ;
6) HEOIPAHUICHHON ; B) MOHOTOHHO BO3PaCTAIOIIEH ; r) MOHOTOHHO HEBO3PACTAMIIEN.

M19¢2. U306pa3ure moCIe0BATEIEHOCTH W UCCAEIYUTE UX HA OTPAHUIEHHOCTb U MOHOTOHHOCTb:
a) r, =1; 6) T, =1n; B) ¥, = (—1)"/n; r)0,1/2,0,1/3,0,1/4, ...;
x) r,=(n—3)/(2n+5); e) r, = (n*+1)/(2n+1); x) T, =(n+1)/(2n* - 1).

M19¢3. Jaute ompegeneHne nodnocaedosamesbhocmi MOCIeI0BATEILHOCTH L1, Lo, L3, ... .
IIpegenst. Ynucao p HA3BIBAETCA NPEIEsOM TOCIEAOBATETBHOCTH (), eciu a0bad ero e-0KpecTHoCTh D (p)
COJEPKUT BCE WICHBLI DTOU IOCICAOBATEILHOCTH, KPOME KOHEIHOI'O IUCIA; 601ee (POPMAILHO STO 3AIACHIBACTCA
rak: Ve >0 INEN : Vn > N |z, —p| < e. Oboznadenwne: p = lim x, wim z, — p opu n — 0.

n—o0
[TocreqoBaTEILHOCTD, ¥ KOTOPOU €CTh Ipelel, HA3LIBACTCA CLodAwetica, a y KOTOPOU HET — pacrodsuwelicA.

M19¢4°. Be3 oTpUIAHUN CKAXKUTe, 9TO 3HAYUT, 9TO ¢ €R He ecTh lim x,, u 9T0 3HAYUT, 9TO (X))
n—o0
pacxoauTcsa. BBIBaOT M HEOTPAHUIEHHBIE CXOAAIINECA MOCIeT0BATEILHOCTH?

M1965°. MoxeT 11 DOCIef0BATEILHOCTh He IMETh HI OJHOTO WIM NMETh HECKOIBKO IIPeaeaoB”
M19¢6. Boiacaure, Kakne 3 MoCJIeJ0BATEILHOCTEN CXOAATCA W IS CXOJIANNXCA HAUAUTE MPEIea u
ABHO YKaxKUTe I IPOM3BOILHO 3aJaHHOTO £ > () Kakou-1u60 HoMep N, mOcCIe KOTOPOToO BCe T
3aBEIOMO JIEKAT B £-OKPECTHOCTH Hpegea a)l/2, —1,1/4,;-1/3,1/8, =1/5, ...;
6) 1/n;  B) (=1)"; r)2%/nl;  x) ((=1)"cosn)/n?; e)n/(n®+1); x)q", ¢€R;
3)14+q+¢+ - +¢", ¢€R; m) Vo +1—/n; x) V2 +n—n;; a) (n)/(0"); M) /n.
M1907". lokaxure, uro lim (1 + 1/n)n = e (YuCI0 e ompenenanock B 3a1. M1868).
n— o0

M19¢8°. [lauTe onpegeqeHne TOMY, 9TO DA 1. — 00 a) a, — +00, 6) a, — —00, B) a4y — 00.

Bepwuo Jm, uto (a,) — 00 <= lim a,' =07
n—oo

M19¢9. MOoXHO 9YTO-IM60 YTBEPKIATH O CXOAUMOCTH MOCIEIOBATEALHOCTEN: a, =+ b,; a, - b,
bu/Gyn; an/b, (y ABYX MOCIEIHUX MPEAMOJATAETCA, UTO dy, b, # 0V n > 0), ecan u3BecTHO,
YTO MOCICIOBATEIBHOCTE b, OCPAHUYCHA, & (1, CTPEMUTCA a)k 0 6) kK 007

IIpepenbubie TOUKH. YUCIO p HABBIBACTCA npedebroti mouKot MOCIe[OBATEILHOCTH (T, ), €CIu JT106asa ero &-
okpecTHOCTE D, (p) comepXuT 6ECKOHETHO MHOT'O WIEHOB DTOU MOCIEN0BATENLHOCTH; HHAME DTO 3AMUCHIBAETCA
rak: Ve >0, VNeEN In>N : |z, —p| <e.

M19¢10°. Y6eaurech, 9TO 3TH IBa ONpEAEIeHUI IeUCTBATENLHO dKBUBaJeHTHBI. O0g3aHa JIU mpe-
IeabHasd TOYKa OBITH mpegeaoM? A mpegen — mpenelbHOU TOUYKOU?

M19¢11. MoxeT Jiu MHOXXECTBOM BCEX MPeIeNbHBIX TOYEK MOCIeI0BATETHHOCTU OBITH:
a) g7 6) n pasaunuHbXx TOueK (n =1, 2, ...)7 B) Z7 r) Q7 x) R?
M19¢12. Y nocaegoBaTeabHOCTH (a,,) HET MPeIEIbHBIX TOYEK. BEpHO 11, 9TO G, — 007

M19¢13. Ob6sa3aHa qu CXOAUTHCA &) NPOU3BOAbHAS ~ 6) OCDAHMYEHHAA  MOCJIEIOBATEIBLHOCTH,
Yy KOTOPOHU €CTh POBHO OTHA MpeaelbHas TOIKA?

M19¢14. CreBa uiu cmpasa OT JI000T0 T € R JTeXUT IUMIL KOHETHOE THUCIO LICHOB MOCIeT0BATEIb-
Hoctu (ay,). Bepuo au, 910 (a,) 1u60 cxoquTcs aubo CTPeMUTCA K +00 7
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IIpenennl mocaegoBaTeIbHOCTEN

M20¢1 (Teopemsbr Bonbnano - Beuepmrpacca). Jl106as Ju orpaHuvdeHHas MOCIEI0BATEIHLHOCTS:
a) uMeeT MPEeJeIbHYI0 TOUKY? 6) COMEPKUT MOMOCIETOBATEILHOCTE, UMEIOIIYIO Tpexes?
B) €CIM MOHOTOHHO HEYOBIBACT (WIM MOHOTOHHO HEBO3DACTAET), TO MUMeeT mpemen’

M20¢2. ITycts (a,) u (b,) UMEIOT KOHEYHBIE MPeebl 7}1_)1(2() a, = «, 7}1_)1(2() b, = . [Jokaxure, 9T0
a)a,tb,, 6)ay, b,, B)(ay+ay+ ---+a,)/n, aecmu f#0,Tou r)1l/b,, n)a,/b,
TOXKe CXOAATCS, U BRIPA3UTe UX Ipeelsl depe3 a u 3.
M20¢3. Beraucanre npegenst (Ipu n — 00) WK JOKAKUTE PACXOAUMOCTH MOCAE[0BATEIBHOCTEN:
a) (3n3 —5n+7)/(5n> + 7% —11); 6) Vn2+3n—+vn2—>5n; B) Vn2+2n3 —/2n2 +n3;

0) Vil &%) VEVRYE /3, o) \/2+v2+---+¢5; ") (1= 1/n)"5 5%) (1+3/n)".

n PaIUKAIOB

a .
M20¢4. Byaem Ha3weIBaTh nepemewusanuem nocieqoBareabHoctu N —— R eé kommo3umuio ¢ npo-
MN3BOJBHBIM B3aUMHO OJHO3HAYHBIM OTO6pa)KeHI/IeM N —_— N BJH/IHGT JIN IepeMelinBaHne Ha CXO-
IUMOCTB/ PACXOMUMOCTE U 3HAYEHUE mpefena (B TOM 9YUCIe, KOraa a, — +00,00) 7

M20¢5 (kxpurepun Kommu). [locremoBaTeabHOCTH @, Ha3BIBAETCA Nocaedosameavrocmovio Kowu,
ecim Ve > 03INEN: |a,, — ap,| < e Vng,ny > N. [Jokaxure, 9T0 HOCILOBATEIBHOCTH UMEET
KOHEYHBIN IIpeae]l TOrAa U TOJILKO TOra, KOTIa OHA ABIAETCA MOCJAeI0OBATEILHOCTHI0 Kommn.

M2006". JIe mocregosaressrocTn Komru (a,,) i (by,) HABBIBAIOTCA 9K6U6aLCHIMMbIMLU, €CITH TIOO0E ITe-
peMelmBaHue mMoCIe[0BATeIbHOCTH 1, b1, as, by, ... TOXe ABIAIETCA MOCIeI0BATEILHOCTHIO Kotrm.
HazoBéM QercTBUTEIBHBIM YHCIOM KOIMM KIace SKBUBAJEHTHHIX PAIMOHAIBHBEIX II0CIEI0BATE b
mocren Komwu. Ompenenrnre cyMMy U IpOM3BEIEHNE TEUCTBUTENbHBIX WHCeJa KOImm m JoOKaxKuTe,
9TO MHOXKECTBO JIeMCTBUTEIbHBIX dncen Koum n3oMopdHO (¢ cOXpaHeHHeM ONMepaIui) MHOKECTBY
TEVCTBUTENbHBIX YHUCeN, ONPEeAeJIEHHBIX Yepe3 B/ Win IeIeKUHI0BbI cedenus (cM. 3a1. M1409).

AGcomoTHAas M yCJIOBHAA CXOAMMOCTBL PAAOB. Psag > a; NIpouws3BoabHBIX 4ucen a; € R HasbIBaeTCA CZo-
i>1

OAUUMCSA, €CTU TIOCAETOBATENBHOCTE €TI0 YACTHIHBIX CYMM S, = G1 + -+ + G, WMEeT KOHEYHBIN mpenen (OH

HA3BIBAETCA CYmmoti pada). CXOMAMUNCA PAL HABBIBACTCA AOCOAOMHO CLOOAUUMCA, €CIU €T0 PAT AOCOMIOTHBIX

BEJIVWYWH Y, |a;| TOXe cXOAWTCA; B HPOTUBHOM CIydae P HA3BIBAIOT YCAOBHO CLOOAUUMCA.
i>1

M200¢7. Y6enurech, 9TO M1 PATa HEOTPHUIIATEIBHBIX INCET HOBOE ONpefeJeHne CX0IUMOCTH, JTaHHOe
B DTOM JHUCTKE, COTVIACYETCA C ONpefeNeHneM W3 MO3aIPOILIOTO JUCTKA.
M20¢8. Yemy pasen lim a;, eciu psag Y a; cxoaures?
11— 00 220
M2009. Cxoxnrest m pag 1 —1/2+1/3 —-1/4+ --- a) abCoMOTHO ?  6) YCIOBHO 7

M20¢10 (xpurepunn Komm). [okaxwure, 9TO DAL Y G; CXOOZUTCA TOTAA U TOJBKO TOrAA, KOTAa
i1
Ve>0 INEN : |ap, + an, 41+ -+ + an,| < & 114 Bcex HOMEPOB ny > ny > N.

3

M20¢11 . JokaxuTe, ITO MIPU IOMOIIKA TOIXOIAIIETO MepeMeIInBAHUA CJIATaeMBIX YCJIOBHO CXOI-
IEerocsa pAfa ero CYMMY MOXKHO CIeJaTh PABHOU JIOOOMY HAMEpED 3aJaHHOMY UHCIY, a TaKwkKe
CIeJaTh PAT PACXOIATITIMCA.

M20¢12. MoxHo Ju mepeMenaTh caaraemole paga 1 —1+1—14 -+ Tak, 9T06 OH CTaJd CXOTUTHCA?

* ?
M20¢13 . Usmenserca au cymMa abCOMIOTHO CXOIAMIETOCA PALa MPU NEePEMENIuBAHUN CIAaraeMbIX !
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Maremarmaeckmit Amams, 9 kmace JlucTox Ne 201 (gomonnuTensHbIi)

Ilenubie gpo6u

M20%<>1O (mpomomxenue 3aj. M4%<>9 0 Ky3Heumkax). HapucyeM B mepBoM KOODAWHATHOM KBa-
IpaHTe Iyd i = QX C UPPayuonaibrbim « > 0 1 pacCMOTPUM JOMAHLIE, OIPAHMINBAONINE BHIITY-
KJIbIe 000J0YKHA METBIX TOYEK, JeXKAIINX, COOTBETCTBEH- Ay
HO, BBIIE U HUXKE DTOrO Jyda (CM. PHC.). 3aHyMepyeMm 1T,
BepIINHEL 1; HUXKHEHW JOMAHOU YETHLIMU, a BEPXHEH — 17
HEIETHLIME [EJLIMA HHIEKCAMH IIOAPAL CIeBa HAIIPABO A ],
Tak, 9TO0bl [TT5| OBLT nepeviM HEe8ePMUKAAbHbIM De- 29
OpOM Ha HUXKHEW JOMAaHOW, U 0003Ha4uM |epes (Pn, ¢n) 7
KOOpIWMHATH TOYKM T),, a 9epe3 a, — IUCI0 KyCKOB, Ha y
KoTopsie geautcs pebpo [T, T, rexamuvu Ha HEM 1€~
abivu Todkamu. [IycTs B 3a1. M4209 KysHeInKE cKadTyT
13 HAYAJLHOTO MOJIOKEHNA TaK, YTO KaXK LI Pas3 MpbIra-
eT KpauHNU Ky3HEeYWK, HAXOIAIIUICA [0 Ty Ke CTOPOHY
OT Iy4a y = Qx, 9T0 U cpeanni. Jokaxmre 9TO, Ky3He-
IUKY TTOOBIBAIOT BO BCEX IEABIX TOYKAX 0OEMX MPAHWYHBLIX JOMAHBIX (M TOTBKO B HUX), U 9TO

W
N

LIh %

- Y
»
>

o %

Puc. 201 - 1. ppannoHaIbHbIT Lyd.

n = GpPn—1 + Pn—
a) IoCae 10BaTCIbHOCTHN <@> n (p2n+1> MOHOTOHHBI; 6) p p ! p ?
q2n q2n+1 n = GpQn-1 1+ Qn2
n—14n — Pn4n—-1 — —1)" 1 n 1 . n
Pu-1n = Pugn—1 = (—1) ) clo_Pr| o ) lim 2o

Pn—2Gn — PnQn-2 = (_l)n_lan qn (Qn + qn-i—l) An Gndn+1 ’ n—00 (Ip,
M20%<>2. YTo u3MeHuTCA, ecan B 3a1. M20%<>1 B3ATb € Q7

M20103. s npomssoasroro a € R o6pasyem nocietosarersnocru (a,) u (r,), noraras Vi > 0

a; = [r;] (meras wacte r;), riyy = (r; —a;)™" urg = a. Kak ceasansr 1

OTU @; C OMHOUMEHHBIMY YUCIAMU U3 3aT. M20%<>1, ecam o > 07 ao + 1
Ilennaa apo6L — 5T0 KOHEYHOE Wi OECKOHETHOE BLIPDAXKEHWE Ha, PHUC. 20% - a +
2 mim 6omee KOHOMHO: ag + 1/(a; + 1/(az + ... )). Berntuner a; zHaseBaoTCa ag + -
dAEMENMAMY TETTHON Apo6u (MOCAETHUY DIEMEHT KOHETHOU IEMHON ApOo0u Beeraa Puc. 201 - 2. [Ipo6e.

npegnonaraeTca oTaudHbM oT 1). Ecam a; € R u cymecTByeT KOHEUHBIN Ipeaen
nl;rgo ap+1/(a1 +1/(a2 + ... +1/(ap-1 + 1/ay)...)) = a, To ApobHL (20% - 2) HA3BIBAETCA CLOJAWETCA, a «
HA3BIBAETCA €€ 3naueruem. BymeM Ha3LIBATH MEOHYIO APOOb KaHnowuueckol, ecan ag € Z, u a; €N mpu ¢ > 1.

M20%<>4. [lokaxuTte, 9T0 BCe O€CKOHETHBIE KAHOHUIECKNE IEMHbIe TPOOU CXOAATCS, U, COMTOCTABIIAIL
KAHOHMYECKUM IEMHbIM APO6AM (KaK KOHEYHBIM, TaK U OECKOHEYHBIM) WX 3HAYEHWA, MBI 0Ly IaeM
OMEKIINIO0 MEX Iy MHOXKECTBOM Takux apooen u R.

M20%<>5. Berancaure 14+1/(2+1/(3+1/(1+1/(24+1/(3+ --+))))) . Beakaa iu nepuogutieckas KaHo-
HUYeCcKasg APO0b yIOBIETBOPAET KBAaIPATHOMY YPABHEHHUIO C HeabiMu KodhduureHTaMn?

M20%<>6. Pas1oxnTe B KAHOHWYUECKHE Hemuble Apobu wucta a) v/3, 6) V5, B) V43, r) /57
OcTaTKy M KOHBEPIreHTHI. JI10601 HAYATBHBIN OTPE30K ap+ 1/(a1 +1/(az+ ... +1/(ap—1+1/ay)...)) uenHon
apobu (203 - 2) MOXHO (BOPMATLHO CBEPHYTb B OGBHIKHOBEHHYIO APOGb Py /(rn, MOCIEIOBATEILHO BHIIOMHUB
(6e3 «cokpalieHmily) Bce HpPeANUCAHHBIE CIpaBa HaxeBo genctsusa. Tax, po/q = ao/l, pi/¢1 = (agar + 1)/a; n
T. 1. Takas p, /g, HasbiBaeTCA N-Tol nodzodswet dpobvio (Wil Komeepeenmoti) nemHon gpotu (203 - 2). Ecu
(203 - 2) cxoaures, To wmena 1y, €R, Takme 90 ag + 1/(ar + 1/(az + ... ) =ag +1/(ar + 1/(az + ... +1/(an-1 +
1/rp)...)), HA3BIBAIOTCA €€ 0CMAMKAMY; THBIMA CIOBAMU, Iy = Ay, + 1/(ant1 + 1/ (g2 + ...)).

M20%<>7. Kaxk ¢BA3aHBI KOHBEPIeHTHl KAHOHUYECKOU LEMHOW APOOH ¢ (Pp, ¢p) U3 3a. M20%<>1?

M20%<>8. Kakune m3 cooTHOmEHNN 3a,1. M20%<>1 BEPHBI JIJIA HMEIMHBIX TPO0en ¢ MPOu3BOIbHEIME a; € R 7
[okaxuTe, 9TO €CJIn (20% - 2) exomuTes K o, TO & = (rppp_1 — Pn—2) / ("nGn_1 — qn_2) Vn.

*
M20%<>9 . [lokaxxuTe, 9TO HENHasA IPOOHL (20% - 2) ¢ nonoxuTeabHbIME @; € R cxogures Torma u
TOIBKO TOTAA, KODAA PACXOMUTCS PAT Y G;.
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KBagpaTuiHble MppaIriioHAIbHOCTH

M20§<>1. [Tycts mppanuonaabaoe o € R ABIseTca KOpHEM KBaIPATHOT'O YPABHEHUA C IEIBIMEU KO-
addunuentamu. [IpoBepbTe, ITO Bce 0CTATKHU T;,, KAHOHUIECKOT'O PA3JOXKEHUA (¢ B IMEMHYI0 Tpo06h
TaKXe ABIAIOTCI KOPHAME KBaIPATHBIX YPABHEHUU C MEeJbME KodddunuenTamu. BepHo Jau, 9T0:

a) y BCeX DTUX YPABHEHWN ONWH U TOT YK€ TUCKPUMUHAHT?
6) MHOXKECTBO KOD(PDUIMEHTOB DTUX YPABHEHUN OI'DAHUIEHO?

M20§<>2 (reopema Jlarpanxka). [[okaxuTe, 9TO BelleCTBEHHOE IUCIO TOT A W TOJBKO TOTIA ABIA-
eTCA KOPHEM KBa,IPATHOTO YPABHEHUA C HEIBIME KOX(MPUIMEHTaAMI, KO A €r0 KAHOHUIEeCKOe IpPe-
CTaBJIEHUE [EMHON IPOOBIO MEPHUOIUTHO.

MunodauTossl npubamxkenus. [lycts o« € R — npoussonsroe wucao. Pammonansuoe aucio p/q (pE€Z, g€N)
HA3BIBAETCA HAUAYUWUM NPUOAUNCEHUEM K () €CTU IIA JIOO0r0 NPYrOro PAMOHATBHOTO €wucaa m/n # p/q
(m€Z,neN) co 3mamenaTerem m < ¢ UMEET MECTO CTPOTOe HEPABEHCTBO |an — m| > |agq — p|.

]
M20§<>3 . [TokaxuTe, 9T0 JI000€ UppannoHaIbHOE (v € R 0613 1aeT HAMMTYIIIIMI TPUOINKEHUAME CO

CKOJTb YT'OTHO OOJBITAM 3HAMeHATeJIeM, a TakKXKe ITO BCe HAWIYHUIIne MPUOINKEeHNA HeCOKPATAMBI
¥ MCYEPIBIBAIOTCA MOIXOAAMMMEA TPpOOAMYA KAHOHMYIECKOTO PAa3J0XKeHUA (v B MEMHYI0 TPO0b.

M20§<>4°. [okaxuTe, 9T0 A11 J00O0T0 UPPANUOHATEHOIO IUCIA (¢ CYIIECTBYET O€CKOHETHO MHOI'O
HECOKPATUMBIX Apo6ei T,/y ¢ x €Z, y €N, yI0BIeTBOPAIONINX HEPABEHCTBY ‘a — iE/y‘ < 1/y2.

M20§<>5. Hapucynre xpusere 2 — y? = 1 m 22 — 3y? = 1. EcTh 1 Ha HUX Ieable TOYKH KPOME
(£1,0), u ecim 12, TO KOHEYHO U MHOXKECTBO TAKUX TOUEK?

M20§<>6. [ns m060oro m HATYPATBLHOTO d, He AeasaIerocs Ha KBaJIpaThl, MOXKHO moxobpaTs m €N
Tak, 9TOOB a) HepaBeHCTBO T2 — dy? < m  6) ypasHenue x> — dy?> = m uMeI0 GECKOHETHO
MHOTO TeIbIX pertenunt (z,y) ¢ z,y # 07

KBaaparuunbie pacuimpeHus, Hopma u conpsikenue. [lycts d €N He geauTcs HA KBAAPATHL; TOIOXKUIM
a—a

QW) < {z +yVd| z,y,€ Q u ZVA € {p+qVd| p,q, € Z}. Orobpaenme Q(v/d) “—+ Q(v/d), mepeo-
pamee o = © + yvVd B @ = = — y\/d HaspBaeTca conpaxcenuem, a orodpaxenne Q(v/d) N, Q, mepesonsmee
a B N(a) ©f va =22 - dy? masbIBaETCA HOPMOT.
M20§<>70. TIposepsre, w0 Q(v/'d) 1 Z[\/d] 3aMKHYTH OTHOCHTEILHO CIOKEHMA, BEITATAHNA I YMHO-
xenna. Ina o € Q(v/d) Berpasure o' wepes @ n N(a). Bepro mm, aTo:
a)y Tas=a;+a@? 6)a;-a;=a7-a;! B) N(@)=N(a)? r) N(ajas) = N(ay)N(az)?
x) V€ Z[\/ﬁ] TOrJa U TOJIBKO TOrJa OOPATHM B Z[\/&], korga N(9) = £17
e) MHOXKeCTBO BCex pieMeHTOB Z[v/d] ¢ HopMoit 1 3aMKHYTO OTHOCHTEILHO YMHOKEHMA?

M20§<>8* (ypaBuenue Ilemnsa). IlycTs memoe d > 2 e genmuTcsa Ha KBAaIpaTHI, ypashenue lleans:
2% —dy? = 1 onucerBaeT Bee umcaa w3 Z[V/d] ¢ HOpMOI 1; y Hero, pasyMeeTcs, eCTh 2 TPUBHAILHBIX
pemrernnus (+1,0), u BMecTe ¢ KaxAbIM pemenueM (x,y) peuerusamu 6yayT u Bee (+z, +y). Pemenne
(%0, Yo) € HAMYPAALHBIMU To, Yo HABBIBACTCA PYHIaMENMAIbHIM, €CIN BEIIECTBEHHOE TUCIO T +
YoV/d MuEEMAIBEHO cpexn Beex wmcen @ + yvd ¢ zopmont 1 u z,y € N. [JokaxuTe, IT0:

a) pyHIaAMEHTAIBHOE pelmenue (Xg,Yo) CYMEeCTBYeT U eIUHCTBEHHO;
6) To,/y, €CTh HOAXOAMAA IPO6h KAHOHUIECKOTO PA3IOKCHUS V/d B uenuyo 1po6s;

n
B) BCe T + yvd ¢ Hopmoit 1 u x,y € N ncaepusIBaloTCsa auciaMu (xg + yg\/@ cneN.

M20§<>9. HaiignTe (yHIaMEHTATLHEIC PEIICHUA W OMUIINTE BCE METble PEIICHuA YPABHCHNI

a) r? — 5y’ =1; 6) v —19y> = 1; B) 77 —43y* = 1; r)z? — 57y’ =1.

lecu Bel mo6uTe IporpaMMEPOBAHIE, TO MOXKETE HAIIICATH IPOrPAMMEI LI OTHICKAHIA (DYHIAMEHTAILHEIX PEIICHITH
ypapzenus Ileis n pasioxkeHus B LenHbIe pobu uucen suga x + yvd c z,y,d € Z
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IToBTOpEHUE: TOMOJOrUA YUCJOBOU IIPAMOU

M21¢1. NmeeTcsa mocaeg0oBaTeIbHOCTh OTPE3KOB, Ka¥XK I N3 KOTOPBIX COAEPKUTCA B IIPEILIIYIIEM,
7 IJIUHA OTPE3KOB CTPEMUTCA K HYJII0. /[[oKaxXuTe, 9TO mepecedeHne BCeX DTUX OTPE3KOB HEIyCTO
I COCTOUT W3 OJHOU TOYKH.

M21¢2. [JokaxuTe, 9TO B JI0O0E MOKPHITHE OTPE3Ka WHTEPBAJAMEI COMEPKUT KOHETHOE IO TMOKPHI-
THe.

M21¢3. [JoxkaxuTte, 9T0 Ja106as OrpaHUIEHHAS MMOCJAEI0BATETLHOCTE COAEPKUT CXOIAILYIOCS MO0~
CJIeTOBATETHHOCTD.

M21¢4. [lokaxkuTre, 9TO ABe MOCJICIOBATEIBHOCTH BEIECTBEHHBIX dncen (a,) u (b,) Torga u TOIbKO
TOTJA CXOIATCA K 00IeMy KoHedHOMY mpegeny, korga Ve >03n € N:Vkm > n |ag — b,| < €.

OTKpBITHIE ¥ 3aMKHYTEIE MHOXecCTBa. [l a060r0 BemecTBeHHOro £ > () mHTEepBat
def
D.(p) = (p—e,pt+e)={zcR: |z—p/<el={zcR:p—e<z<p+e}

HA3BIBAETCA £-OKPECTHOCTHIO ToUku p € R. Touka a € M HA3BIBAETCA U304UPOBAHHOT TOIKOU MHOKECTBA
M C R, ecim y Heé eCcTb €-OKPeCTHOCTb, He COAepkKalllasg HUKAKWX npyrux Ttodek M xpome a. MHOXeCTBO
Ha3BIBAETCA OUCKPEMMbIM, €CIA BCE €ro TOYKW — u3oaupoBaHHbe. Touka a € R HaswBaeTCA enympennet
Toukoun MHOXecTBa M C R, ecium y HeEé eCThb £-OKPECTHOCTH, HMEIMKOM cogepxamaicai B M. MuoxecTBo
HA3LIBAETCA OMKPbIMbIM, €CIU BCE er0 TOYKU — BHyTpeHnue. Touka a € R HaszwsiBaeTca npedeavnoti moukot
muOXecTBa M C R, ecim 410604 €€ e-OKPECTHOCTH COJAEPKUT KAKYIO-HUOYIH TOUKY & € M, OTIXIHYIO OT q.
MHOX€eCTBO HA3BIBACTCA 3AMKHYMbIM, €CIH OHO CONEPKUT BCE CBOM MPEAEIbHBIE TOYKY (B IACTHOCTH, €CIM UX
y HEro BooOme Het). [lycToe MHOXECTBO, 110 ONPEAENEHNI0, CIMTACTCA U OTKPBITHIM, 1 3aMKHY ThIM. HemycTeie
OT'PAHUYIEHHBIE 3AMKHYThIE MHOXECTBA, HA3BIBAIOTCA KOMNAKMAMU.

M2165. MoxKHO I TpeIcTaBUTh OTPE3OK B BUIE 00BEINHEHNUA IBYX €r0o COOCTBEHHBIX'

a) OTKPBITHIX 6) 3aMKHYTBIX IO IMHOXKECTB?

M21¢6. [JoxaxuTte, 970 MHOXKecTBO / C R 3aMKHYTO TOraa 1 TOJBKO TOT 1A, KOT'Ja er0o JOTOJTHEHNE
R\Z ={z€eR| z ¢ Z} orkpsiro. [lepequcaure Bce 0OIHOBPEMEHHO OTKDBITHIE M 3aMKHYTHIE
moIMHOXecTBa B R.

M2107. Jokaxure, ITO TPOU3BOJBLHOE OTKPBITOE MHOXKECTBO HA MPAMOU MPENCTABIAET COO0U 00h-
eqVHeHWe He (oJee, YeM CYeTHOro, Habopa MOMAPHO HelepeceKalmuxcs nHTepsatos (a;, b;), rie
a; < b; a; € {—OO} UR, b e RU {"—OO}

M21¢8. [Jokaxute, 9TO 00BeINHEHNE MBYX 3aMKHYTBHIX MHOXKECTB U IepecetdeHue Ja060ro Habo-
Pa BAMKHYTBIX MHOXKECTB ABIAOTCA 3aMKHYTHIMU MHOX)ecTBaMu. CHOpMYIUPYyUTE U TOKAKUTE
coOoTBeTCTBYyIOIMNE (HaKTHI 00 OTKPBITHIX MHOXKECTBAX.

M21¢9. CymecTByeT 1 MHOXKECTBO, MHOXECTBO BCEX MPEIEIbHBIX KOTOPOrO eCTh:

a) J; 6) OJHA TOUKA, B) [BE TOYKU; r) Z C R; x) {1/k| keN} ?
M21¢10. MoxeT qu 6eCKOHETHOE OrPAHUIEHHOE MHOXKECTBO HE UMETh MPEeIeIbHBIX TOYeK?
M21¢11. CymiecTByrOT Ju Ha IPAMON OE€CKOHEYHBIE TUCKPETHBIE KOMIAKTHI!

M21¢12. Kakue u3 nmepedncIeHHbIX TaJee CBOUCTB HEeImyCTOro moaMHOKecTBa /4 C R KBUBaTCHTHEBI
Ipyr IpYry: a) Z KOMIAKT 6) Z OrpaHWYeHO U 3AMKHYTO
B) J1060€ TOKPHITUHE Z OTKPBITHIME MHOXKECTBAMHI COTEPKUT KOHEUHOE MOAMOKPLITHE
r) J06asd MOCAeI0BATEIBHOCTD DJIEMEHTOB Z COMEPKUT MO AIOCIEI0OBATEILHOCTb, KOTOPAsA HMEeT
npejen, TPUHAIJIeKAIIT 7.

1S C M masmBaetcsa cobcmeennbim TOIMHOKECTBOM, ecau S # S u S # M
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IIpenen pyukium

Ipegen pyuxmuu. [lycres pyuknusa f onpenerena ua HekoTopoMm mHOXecTBe X C R m 29 € R asasercsa ero

opefeabHON TOYKOU. ducao p HasbiBaeTcsa npededom dbyukuuu f upu £ — rp (o6o3uadenue: p = lim f(z)),
T—TQ

ecau g mo6oro gucaa € > (0 MOXHO mogo6paTh ducao § > 0 Tak, 9TOOBI B KAXIOW OTAUIHON OT L) TOIKE
x € Ds(x9) N X 3mavenune f(x) npuramrexano 6u1 D, (p). Boree dpopmarso:

p=lim f(r) €5 Ve>0 3050 VaeX (a#m & |p-m|<d) = |flx)—pl<e

T—rTQ
M22¢1°. Bepuo au, uto p = lim f(x) Torga u TOIbKO TOTAA, KOTAA 1A JIOOOU CXOIAMENCA K X TI0-
T—rTQ

caenoBaTenbHocTn (a,) C X mocaegoBaTeabHOCTh by, = f(a,) cxomuresa k p? Ecan 1a, o6bacHUTE,
OYeMY, €CIH HeT, CKaXXKATe, 9TO HAJ0 UCIPABUTh, 9TOOL MOIYIMIACH BEPHAS TEOPEeMa.

M22¢2. Beraucaure (¢ SBHBIM OTBHICKAHUEM 0 110 €) a) lirr%4:1:; 6) lirr% Vo —1;
r—r r—r
F—1 k1 Vitr—1 131
B) lim ™ keN;  r)lim—— keN; ) lm YT o) lim
l‘*}lx—l r—1 l'—l x—0 x r—1 l'—l

M22¢3°. Ilycrs pyukuum f, g 06e ompenerensr Ha HeKoTOpoMm MmHOX)ecTBe X C R, 29 € R sasus-
eTCsS ero mpeIeabHoOn TOYKOH, u cymecTByorT lim f(x) = p u lim g(z) = q. Chopmymupyure u
r—To T—T0

TOKAXKUTE TEOPEMBI O Tpefenax (mpu & — xy ) HYHKIUH:
a) cf(z), rae ¢ - KoHCTaHTA; 6) f(z) £ g(z); B) f(x)-g(w); r) [(@)/g(z).
M22¢4. ITycrs dyukuusa y = g(x) onpenenena Ha HekoropoMm MHOXKecTBe X C R, x5 € R aBasercs
ero MpefeabHON TOYKOU, CymecTByeT lim g(x) = yo, U DTOT Yo ABIACTCA TPEICILHON TOYKOU s

T—TQ

Hekoero MuOXkecTBa Y D ¢(X), Ha kKoTOpoM 3amana apyras yuxmua z = f(y) ¢ lim f(y) = z.
Y—Yo

Bepuo au, uTo 2y = li_)m f(g(x)) ? Ecmu ma, ob6bsacHuTE, MOYEMY, €CIM HeT, CKAXKUTe, ITO HAI0
T—T0
UCIPABUTH, YTOOBI MOIYYUIACH BEpHAS TeOpeMa.

M2205°. [lauTe GopmaabHOe ompeneneHne ToMy, 9To f(x) — p Opu T, CTpeMAMEMCS K Ty CAe8a
win cnpasa (0603HadenHus: r — Ty — 0 win x 7 T, ¥ COOTBETCTBEHHO, T — To + 0w = ™\ Zp).

M22¢6°. [lauTe (popmaabHOe onpenenerne Tomy, 7o f(r) — p upu £ — 00, a TakKe Ipu T — +00

n T — —00, B KaXI0M U3 CIyIaeB: a) peR, 6) p= o0, B) p = 400, r)p=—00,
1
M22067. Ilycts f(x) — oo mpu & — 0. MOXHO 11 9TO-TO CKa3aTh Npo lim —=———7
T—00 (1/1,)
1 " — (1 m 21
M22¢8. Beraucane: a) lim (1 +maz) (14 nz) , vae m,n € N; 6) lim _r - :
z—0 22 1222 —x —1
Jlim L o) m (VEFRE-T-a); ) lm (e - )
B:vl)r{olo21‘2—1‘—1’ T z‘—l)r—l{loo g & t) A :EI—IH l—ﬁ 1—\?/5 ’
e) lim =z (\/x2+2x—2\/x2+x+x); x) lim (\?’/x3+x2+1— vVt — a2 +1).
T—+00 T—00

Acumnrorst. [Ipavas, 3anadHas ypaBHEHUEM Y = aZ + b, Ha3BIBAETCA (HAKAONHOL) acumnmomoti' rpadpuxa

dbyukumu y = f(z) nupu £ — +oo (cooTB. mpu £ — —o0), ecau f(x) ompemerena mpu Bcex x > 0 (coorTs.

z < 0)ulax+b— f(z)] = 0 upu z — +00 (coorB. £ — —00). [Ipamas z = ( HA3BIBAETCA BEPMUKAALHOT

acCuUMNMOMOt P T, CTPEMALEMCS K T CIeBa (COOTB. CIIPABA), €CIN lifm f(z) = oo (cooTs. li\m f(z) = o0).
x /" To T o

M22¢9. Hapucyure (¢ TOYHBIM yKa3aHUEM BCEX aCHMITOT) Ipadguku QpyHKIUM: a)z+1/y;
r+3 x> —4x+3 r+1)(z—2)(x+3
R V2T F AR s A S A | G ) PN s

2 -1’ x+1 2?2 +1
M22010". Hapucyire TpaeKTOPUIO TOUKHI, KOOP IUHATH KOTOPOU 3aBUCAT OT BpeMenu ¢ € (—oo, 0)U
(0,400) mo saxomy:  a)x=t+1/7, y=2+L74;  e)x=t1-1), y=L/-1).

1aCI/IMl'ITOTI)I ¢ a = ( HA3BIBAIOTCA TAK XKe 20PpU30HMAALHOIMU
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HenpepbsiBHBIE PYyHKITUN

Onpegenenns. llycts dyukmmas X N R ompegnerena na HekoTopoMm MHOXecTBe X C R, m g € X apagercsa
OpeneapHON TOYKOM DTOro MHOXecTBa. DyHKIuA [ HA3BIBAETCA HENPEPLIBHOl 6 mouke Tg, ecmm f(xg) =
lim f(z), T. e. ecan Ve>0 30>0: VeeX |z—zf <d = |f(r)— f(zo)| < e. Pynuua

T—T0

f y o
R —— R maswiBaeTcsa Henpepbviénot HA TAHHOM MHOXKECTBE, €ClIN OHA OIpeeNeHa W HEeIpPepBLIBHA B KaXAOU
TOYKE D>TOT'0 MHOXECTBA.

M230¢1. [IposepbTe (¢ ABHBIM OTBICKAHWEM O MO £ B KaXIOW TOYUKe), ITO GyHKIAM y = 5z’ m

3 o o
y = ﬁ/ 9 HEIPEPBIBHBI BO BCEX TOYKAX YUCJIOBOU TIPAMOU.

M23¢2. Bepno Ju, uTo f HEmpepsIBHA B Ty € X TOrIa U TOJIBKO TOrIA, KOTIa I JIOOOU CXOIAIIENCs
K T¢ HOCAeJOBATEIBHOCTH () BHIMOIHEHO paBeHcTBO lim f(a,) = f(lim a,)?
n—oo n—o0

M23¢3. Chopmymupyure Ha € - ) A3BIKE TO, ITO (PYHKIUA [ Pa3pbIBHA B TOUKE I.

!
M23¢4. Cymecrsyer au gyuknus [0, 1] —— [0, 1] xoTopas a) paspbIBHA BO BCEX TOYKAX;
6) HempepEIBHA B eIWHCTBEHHOH TOUKe To = 1,/9; B) TO €, HO MOHOTOHHO HEyOBIBAET ;
r) HempepsIBHA BO Beex Toukax 1k ¢ k€N u ToIbko B HUX;

*
M23¢5 . CymecTByeT Ju (pyHKIINAA HEIIPEPBIBHAS BO BCEX UPPAINOHATBLHBIX TOYKAX U Pa3PBIBHASI BO
BCEeX pAIMOHAIBLHBIX !

M23¢6. [Iycts dpyaknua X TR HenpepbiBHa B g € X u f(zy) # 0. Beerga aum y Touxm x
€CTh TaKasg £-OKPeCTHOCTHh D), 9T0 (GpyHKIUA y = 1/f(:1:) ompegeneHa Bcioaxy B D N X u Toxe
HEIpepBIBHA B TOYKe T !

M23¢7 (umepuma 3uaka). /[loxaxwuTe, YTO B MpeabIIYIIEN 3aqad€ OKPECTHOCTH [) MOXKHO IMOJIO0-
OpaTh Tak, 4To0bI (yHKUA f(r) umena Bo Bcex Toukax D N X ToT ke 3HaK, 9T0 U f(Tp) .

M23¢8. Chopmymupyure n J0KAKUTE TEOPEMBI O HEIIPEPBIBHOCTH CYMMBI, DA3HOCTH, TPOM3BEICHUS
7 YaCTHOT'O IBYX HENPEpPLIBHLIX (DYHKIUN.

2
M23¢9. Oyuxrua y = (f(x)) uenpepeiBaa Ha [0, 1]. Moxer au npu srom dyukuusa y = f(z)
OBITH pa3spblBHA: a) BCIOAY; 6) BCIOAY KPOMe OHOU TOYKH; B) POBHO B OJHOU TOHUKE 7

M23¢10 (Tomosoruvyeckoe onpegenenune HenpepsiBHocTn). [lokaxute, uTo dynknua U J. V

MeX Ty AByMA OTKPHITHIME MHOXecTBamu U,V C R Bclogy HempepbIBHA TOTIAa U TOJBKO TOTIA,

Kora TOMHBIN mpoo6Gpas f~ (W) o {ueU]| f(u) € W} 1060ro OTKPLITOr0 IOAMHOKECTBA

W C V OTKpHIT.

M23¢11. Bepro 1, 9T0 BCIogy HempepbiBHasA GpyHKmusa U AR V Mexmy nIByMsS OTKPBITBIME MHO-
xkecrBamu U,V C R mepeBoanT koMmmakTHBIE MOoAMHOKecTBA K C U B KOMOAKTHBIE?

M23¢12 (cBoucTBa HenpepbIBHBIX (PyHKIUU Ha oTpeske). [lycTs dyuknusa f ompenerena u He-
IpepBIBHA BO BCEX TOYKaX oTpeska [a,b]. BepHo sm, uro muOoX)ecTBO 3Havenun f([a,b)):
a) OrpaHUYEHO; 6) comepKuT CBOM TBI U THT; B) ABJSAETCA OTPE3KOM;
r) Va,B€[a,b] oHO comepxuT BCe uncaa ¢, aexamue Mexay f(a) u f(5).

M23¢13. [lokaxkure, uro ypashenue f(x) = 0, rae f — 11000M MHOIOWIEH HEYETHOW CTENEHU C
TeHCTBUTEILHEIMEA KOA((MUIMEHTAMHI, BCEMIa IMEET TCHCTBUTEILHOE DEIIeHIe.

M23¢14. MaTemMmaTuv9ecKuit MasgTHUK MPEICTABIILT COOOW TOUEIHBIN T'PY3 MACCHI M TOIBENIeHHBIN
B OJTHODOTHOM BEPTHUKATHLHOM TIOJE TAXKECTH Ha KOHIIE HEBECOMI'O abCOMIOTHO TBEPJIOrO OTPE3Ka,
cnoco6HOro 6€3 TPeHUsA BPalaThCA B (PUKCUPOBAHHOW BePTUKAJIBLHOU TLIOCKOCTH BOKPYT APYTOTO
cBOEro KoHma. MaaTHuk 6e3 TOJIKA OTIYCKAIOT U3 MOJOXKEHUs, COCTABIAIONIErO ¢ TOPU3OHTAIBIO
yroa ap. depes 5 MUH OH OKa3aJCsA ¢ TOPU3OHTAIBIO MOT YIVIOM (1. SIBISETCSA MU (v HEPEPBIBHOU
(pyHKIMER OT (vg ¥ MOXKHO JU TOXO0OPATH (g TaK, ITOOBI oy = 60°7
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I'eomeTpuyieckue 3¢pPeKThI 1 TOMOJOTUIECKHUE TTATOJOT U

M23%<>1 (Bomocoupga). Hapucyure rpaduk xakoum-auOyIb OrPAHWYEHHOW W HEMPEPLIBHOW BCIOIY,

KpoMme HyJA, GyHKmum R SN R, Takol 9TO HEH OAWH U3 OJHOCTOPOHHUX IIPEIETOB li{lr(l) f(z),
x

lim f(x) me cymectsyer.

x 0

M23%<>2 (paspbiBbl MOHOTOHHBIX (yHKknmMu). llycTh Gysknusa f ompeneneHa BCIOAY Ha OTPe3Ke
[a, b] 1 MOHOTOHHO HeyOBIBaeT Ha HEM. BepHo au, 9T0O
a) Vce(a,b) cymecTByoT (1 KOHEYHBI) 06a OTHOCTOPOHHUX MpPEIea li{n f(z) m li;n f(z);
T \(C x/c
6) MHOXKECTBO TOUYeK paspbiBa (yHkuuu f Ha [a,b] He 6oaee, dem caéTHO?

M23%<>3 (uenpepbiBHOCTE BhIMyKabx dyaknun). DyHKuud [ HazLIBaeTCA sbinykaol 6epr (co-
OTB. 6HU3) Ha WHTepBaJe [, ecim oHa ompejgeaeHa BCOAy Ha [ u pusa no6oro orpeska [a,b] C [
rpaduk f Hax WHTEPBAIOM (@, b) JEKUT CTPOro BhIIIE (COOTB. CTPOrO HUKE) OTPE3Ka, COeTUHIIO-
wero To4Ky (a, f(a)) ¢ rouxkon (b, f(b)). BepHo /1, 9T0O BBIIYKIOCTH (B JIIOOYI0 CTOPOHY) BIeYET
HEIPEPLIBHOCTH !

O «peakocTm» u «mamoctm». [logmuoxectso M C [a,b] HasbIBaeTCA 810y NAOMMHbIM, €CTA TIOOOU UHTED-
Ban I C [a,b] comepxuT Geckoreuno muoro todek m3 M. Ilogmuoxectso M C [a,b] HasbiBaeTcsa nuede e
naommbim, eciu B mobom uarepsate I C [a, b] MoxHO ykasars noguaTepsan J C I, He comepxammil TOYeK U3
M. TIpo nogmuoxectso M C [a,b], KOTOpOE MOXHO HMOKPHITH HE GOJNEe €M CIETHOU CUCTEMOU WHTEPBAJIOB,
CyMMapHasa [IWHA KOTOPBHIX CKOJb YTOMAHO MaJa, TOBOPAT, 9TO OHO UMEET MEPY HYab.

M23%<>4. NmeeT i Mepy HyJIb MHOXKECTBO: &) PALMOHANBHBIX 6) UPPAIMOHATBHBIX — IHCET?
M23%<>5. Byner i1 KaHTOPOBO MHOXKECTBO &) HUTJE He IIOTHBEIM  6) MHOXKECTBOM MEPHI HY.Ib?

M23%<>6. MoxHO 1 peacTaBUThH OTPE30K B BUAe 00BEINHEHUs CIETHOTO HabOpa ero
a) MOJIMHOXKECTB MepPhI Hy.Ib? 6) HUTJE He ILIOTHBIX [MOIMHOXKEeCTB?

M23%<>7. MoKHO /i1 IpencTaBUTh MHOXKECTBO MppalMOHAIbHLIX ducen Ha [0, 1] B Buge o0beanHe-
HUs CIETHOTrO HAOOPA 3aMKHYTBIX MHOXKECTB?
M23108. lokaxuTe, 9T0 MHOKECTBO TOUEK HEIIPePLIBHOCTY IPOM3BOILHON (DYHKINN ABIACTCA IIe-
2 ’
peceveHneM CIYETHOTO HAOOPa OTKPBITHIX MHOXKECTB.

M23%<>9. CymrecTByeT a1 GYHKINSA, HEIPEPBIBHAA BO BCEX PAIMOHAILHBIX TOYKAX U Pa3pBIBHASI BO
BCeX MPPAIMOHATBLHBIX

M231010. Cymecrsyer 1 HenpepbiBHas Gyakuus [0, 1] N [0, 1], rpaduk KoTOpOU 8C10JY NAO-
men' B e IMHETTHOM KBaapaTe?

'3
M23%<>11 (xauTopoBa aecenka). CymiecTByeT Jiu HEMPEPBIBHAS MOHOTOHHO HEyOBIBAOIIAsa (PyHK-

mus [0, 1] N [0, 1], koTOpas CIOPBLEKTUBHO OTOGpakKaeT KAHTOPOBO MHOXKecTBO Ha [0, 1]7

2

*
M23%<>12 (xpuBas Ileamo). CymecTByeT U CIOPDBEKTUBHOE U HENPEPbIBHOE~ OTOOPaXKeHUe eTu-

HraHOro otpeska [0, 1] C R ma egmamansi xpagpat [0, 1] x [0, 1] C R??
M23%<>13*. CyIecTByeT JIH Henpepviénas 6 00e cmoporbl GUeKIIA® MeK Iy OTPe3KOM U KBaIpaToM?

E3
M23%<>14 (yuuBepcasbHOE 3aMKHYTO€ MHOXeCTBO). CyIIeCcTBYeT /i 3aMKHYTO€ 110 IMHOXKECTBO
eIMHUYIHOTO KBaJApaTa, CPEeIu CEeYeHUN KOTOPOro MpAMBIME, mapamierbHbiMu ocu OX, BcTpeda-
I0TCA BCE 3aMKHYTBIE ITOIMHOXKECTBA eIUHUIHOIO OTpe3Ka’

1510 o3HanaeT, UTO MOGOH HEMYCTOH OTKPHITHIN KBAIPATUK MePeceKaeTCsa ¢ IpapuKoM

2oro6paxenne [0, 1] —= [0, 1] x [0, 1] senpepsisHO, ectu Vao €[0,1] ,Ve >0 I8 >0: |z —x0| < 6 =

lp(x), p(zo)| < e.
3HempepLIBHLIE B 06€ CTOPOHBI OUEKITUY HA3BIBAIOTCA 20ME0MOPHUIMAMU
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[lanHa OKPYXHOCTHY ¥ ILIOHIAAb Kpyra

(B 3TOM JIUCTKE 3allpPpEIleHO NCIIOJIb30BaHUE TpHFOHOMETpHH)

M24¢1. Y Kakoro m3 BBINYKJILIX MHOTOYTOAbHUKOB M C M, MeHbIe mwioma s 1 nepuMerp?
TepMmunosorusa u o6oszuadeHnus. Pasbuenve p gausou nyru A B Ha ZaHHOU OKPYXHOCTHU C meHTpoMm O —
»T0 HaGop Todek p = {Py, Py,...,P,} C AB, pacuoioxeHHbIX HA ayre Tak, uro Py = A, P, = B, u upu
Beex 1 = 1, 2, ..., (n — 1) Touka P; nexut crporo mexnay P,_; m P;yq. Jlomanaa PyP Ps ... P, nasuiBaeTca
8nUCaHHOT AoMaroti pasbuenus p, eé mqiuHa 0603HAUaeTCA Uepes £(p), a MIMHA CAMOU JJIWHOU €€ CTOPOHBI —
gepes A(p) Aranormano, maoroyronsauk OPyPy Ps . .. P, HA3BIBAETCA 6NUCAGHHbIM MHO20Y204bHUKOM Da3OneHnsT
P, a ero mwiomans o6o3HadaeTca S(p).

M24¢2. V pa3bueHunt p;, po MOCTPOUTE pa3bUeHue p, colepiKallee KaK P, TaK U Py, U JOKAKNUTE,

9TO MHOXKeCTBa 3HadeHun £(p) u S(p) IpU BCEBO3BMOKHBIX P OTDAHUICHBI CBEPXY.
def def

Onpegenenus. ((AB) = sup{(p) maseBaerca aunoti dyau, a S(AOB) = sup S(p) — naowadvio cexmopa.
P P
M2403°. [Iycts AC = ABU BC, u ABN BC = B. Buipasure ((AC) nu S(AOC) uepes ((AB),
¢(BC), S(AOB) u S(BOC).
M2404°. [lokaxure, aTo oTHomenne ((AB) K paguycy u K JIJIMHe HOIYOKPYKHOCTH, & TAKKE OTHO-
menne S(AOB) K KBagpary pajgnyca, 3aBUCAT TOJIbKO OT BeandnHbl yriaa AO B, HO He OT paguyca
OKPYKHOCTHU U TIOJOXKEHUA TYTHU Ha HEW.

M2405”. Tlokaxute, aTo V ¢ > 0 3 § > 0, Takoe uTo A1a BeAKOoro pasGumenusa p ¢ A(p) < § oGe
norpemnoctu |[((AB) — {(p)| u |S(AOB) — S(p)| He npeBbimaioT .

M24¢6. BripazuTe miomank ceKTOpa depe3 IINHY IYTH U Pajguyc.

Paauanuas mepa yriia mokasbIBaeT, KAKYI0 9aCTh COCTABIAET DTOT Yol OT pa3BEpHyTOro yria m. Todnee,
[IUIMHA, TTOMYOKPYKHOCTU €IUHUIHOrO PAIUyca 0003HAYAETCA Yepe3 7, U eCIu OTHOIIeHWe NauHbl nyru AB k
[UIMHE TOIYOKPYXKHOCTH TOT'O Xe PAJUyca paBHO ), TO roBopar, uro ayra AB (u menrpansubin yroa AOB)
cocrasastor U paguan. [loguepkuém, aro dm € R.

M24067 (apxumegoBo Bbrumuciaenmne qucaa 7). LlycTs p, — 3T0 pazbueHne moIyOKPYXKHOCTU PATH-

yca 1 Ha 2" paBHBIX AyT, 1 A, dof Apn), Oy def (pn), Sy def S(pn). Beipasure \,, ¢, u S, 1epes \, 4

1 IpeacTaBbTe A, KaK 2 — \/2 + \/2 +v o+ V2 (ckombko TYT pagukanos?). Mcmoabsys

TOIBKO deTHIpe apudMeTHIecKuX TeHCTBUA I U3BJIeUeHIe KBAIPATHLIX KOPHEH  , BEIHUCINTE THCIO
T ¢ TOYHOCTBIO IO 2-I0 3HAKA MOCJE 3AIATON.
YHuBepcalibHOE HAKPBLITHE €JUHUIHOU OKPYKHOCTHU IHUCJIOBOIO MPAMOI0. ComocTaBuM Kax oMy u-
cry t€R TOUKy HA eUHUTHON OKPyKHOCTH S def {(z,y) € R?| 22 +y? = 1}, mOTy<atouIyocs OTKIA, TEIBAHTEM
ot Touku (1,0) ayru mauust |t| no UC, ecau ¢t < 0, u nporus YC, ecam ¢ > 0. Unadue roops, IucioBas mpamas
R!', opuenTupoBanHas Takxke, kak ock QY , npucrapaserca ceoum myaéMm 0 € R! k Touke (1,0) € S' C R? u
3aTeM HaMaThIBaeTca Ha S', KaK HepacTAXMUMASA HATKA Ha KATYIKY. IIpu sToMm umcra t € R, oTimuaiomuecs
HA, TEI0€ IUCI0 060POTOB (T. €. Ha IeTble KPATHBIE 27 ), IEPEXOAAT B OMHY W Ty ke TOUKY OKpyxHOocTH. HaGop
aucern t € R, mepexogamux B gaEHyo Touky P € S', HasmBaeTca apeymenmom TOUKE P (WIH MHO203HAUHBLM
opuenmuposaunbim yeaom ayda OP c ocsio OX ); o6osuadenue: Arg(P).
M2408. B KaKo#l 4eTBepTH JeKAT TOUKH ¢ aprymMeHTaMu 017 ,/4 u 2000 ?
M24¢9. Hanummure dopMmyay, omuceBaoNyo Bee t € R, mepexoadamme npu YHUBEPCATHLHOM HAKPHI-

Tnu B TOUKE (7,y) € S, y KOTOpBIX a)rz=1; 6)y=—1; B) T = V25
Dy=1v3  my<omz>0i  e)ye|-Laviali  w)ze|-V3a |
3) € —\/5/2,\/3/2] nye[-1/9,179].

LyoxeTe, O HEMOIM CBOEH, UCIOIL30BATh TYT MAIIMHKY, KOTOPOH, OIHAKO, Y ApXuMmena He OLLIO
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TpuronomeTpus.

Tpurouomerpudeckue dpyHknun. I[IycTs qucio ¢ € R mepexoguT Opu YHEBEDCATEHOM HAKPHITHE R —» S'
B TOYKY C KOODAMHATAMY (Z,y) HA eAUHUTHOU OKPYKHOCTU. DTU KOOPAUHATEL 0003HATAIOTCA Iepes Cos t def
u sint % Y U HA3BIBAIOTCA KOCUNYCOM M Cunycom ducia t ER. Dtu nee pyuknuum, a Takxke tgt 4 sin t/costs
ctgt 4 cos t/sint, sect def 1l /eost m cosect def 1 /4int OOBIMHO HABBIBAT MPU2OHOMEMPUUECKUMU (DYHK-
OUAME JEUCTBATETHLHOTO Iucaa t. [IpAMO u3 ompeneneHnl BHITEKAIOT 0CHOBHbIE MPUZOHOMEMPUUECKUE MONHCIE-
cmea: sin’t+cos’t =1, tg?t =sec’t — 1, ctg?t =cosec’t—1.

M25¢1°. Haugure obiacTu onpenereHus u MOCTPOUTE IpapuKid BCEX TPUTOHOMETPUIECKUX (PYHK-

AW, UCCACAYUTE UX HA MEPUOAUIHOCTH U IETHOCTD.

M25¢2° (¢popmyant npusegenus). [IpercraBbTe B BuIe TPUTOHOMETPUIECKOU (DYHKIUU OT apry-
s
MeHTa ¢ CHHYC, KOCUHYC ¥ TaHreHc or a) —t; 6) (+t+m); B) (£t =+ 5) :

M2503. I[lonokuTeabHbl 1in OTpUnATeIbHbl ducaa sin(—10) u cos(100) ?

M25¢4. Hanaure Bce Y €R, misa koropeix:  a) cosd =0; 6)sind=—1; B)sind > \/5/2;
r)sind < 1/2; n) V3,9 < cos) < 19 e) |tgd| <1; x)sind <cos?; 3)tgd > ctgd.
M25¢5. [Ipu kakoMm ¢ npsamas ax + by = ¢ KacaeTca eIMHUIHON OKpyx)kHOoCcTH?! Hamaure MakcuMaib-
HOE W MUHUMAaJbHOE 3HadeHus pyHKIuM a cost + b sint ¢ 3aganusivu a,b € R.
M2506. Beerga qm |sind + cosd)| < v/2? [Ipu kakux 1) BEIIOTHEHO PABEHCTBO?
O6parHbie TpuroHomerpudeckue QyHKOuM: Gucio ¥ € [—7 /9 T /9] HABLIBAETCA apKCuHycom (COOTB.

aprmanzencom) ducaa x, ecau sint = x (coors. tg¥ = z); wucao 9 € [0, 7], Takoe 9TO0 cos ¥ = I, HABBIBAETCA
aprrocunycom mcaa . O603HAMeHMA: arcsinx, arctgz ™ arccos .

M2507°. [lnsg kaxaou u3 TPEX OOPATHBIX TPUTOHOMETPUIECKUX (PYHKIUU 3ATOMHUTE MHOXKECTBO

3HAYEHNN, YKaXXUTe 00JaCTh ONpeneeHns n nmocrpoute rpaduk. Hangnre lirf arctg x.
T—r1T00

M2508°. Haugure: a) arcsin cos 2000 ; 6) cosarctg 2000; B) cosarcsinz .

M2509 (casur no dase). Beakas au aunenHas koMOuHAINUA @ cost + b sint ¢ (PpUKCHPOBAHHBLIME
a,b € R npeacrasaserca B Buge « cos(t + ¢) ¢ mOAXOAAMUME amniumydot o u @azoti p?

M25¢10 (panuoHanbHaA MapaMeTpU3anua OKPyXHOcTH). [lyCThb TPOEKIuA eTuHUTHOU OKPYXK-
Hoctu u3 Touku (—1,0) Ha mpaMyo x = 1 mepeBoauT TOUKy (x,%y) B TouKy (1,2t). Beipasute x u
Y B BUI€ PAIMOHAJILHLIX (DYHKIUU OT ¢ M HAUIUTE Ipeaesl >TUX (pyHKuuu npu t — +oo. Bepro
JIU, 9TO >TH (PYHKINY 33a0T B3aWMMHO OJTHO3HATHOE OTOOPaKEHWE MEXKIY PAINOHAILHBIMU TOY-
kamu npsaMon ¢ = 1 u oramaabiMa oT (—1,0) TOYKaMu eIMHUYHON OKPYKHOCTH, 06€ KOOD IMHATHI
KOTOPBIX PAIMOHATBHBI!

M25¢11. TToassysce 3ax. M25010, Bbipasure sinx, cosx u tgx depes tg (T,2).

M25¢12 (mudaropossr Tpouku). I[loabsysacek 3ag. M25010, wanumure dyakuuu a(p,q), b(p,q) u
¢(p,q) Ipm MOACTAHOBKE B KOTOPBIE TPOU3BOMLHBIX LEIbIX TUCET P, ¢ OYAYT MOIYIATHCA BCE BO3-
MOXKHEIE Ielble permenns ypaBHernua [ludaropa a? + b? = ¢ u ToapKo oHM.

M25¢13. KakuMu HepaBeHCTBAMU CBA3AHHI X, sinz n tgx mpu 0 < x < T,/97

M25¢14. /[lokaxwuTre, ITO BCe a) TPUrOHOMETPUIECKUE 6) o6paTHBIE TPUTOHOMETPHYECKIEe
dbyHKIUI! HeIpepLIBHEL BCIOAY Ha CBOEH 00JaCTH OIpeIeleHns.
. sinx . sin3x . tgx . l—cosz
M25¢15. Beraucaure: a) lim , 6) lim , B) lim —=—, r) lim ————;
x—0 r—0 21‘ r—0 I x—0 {L‘Z
. arcsinz . arctg 2w 3x arctg x ) coS T
x) lim ——— | e) lim ——— x) lim ——— | 3) lim ——.
=0 T z—0 sin b z—0 1 —cosx z—7/2 x sin(22)

LcoseT: maumHUTE C CuEyCca
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KoMmmiiekcHbie uucia

KomMmmiekcHoe 9uciio — »To TOUKa 2 Ha miockocTu C ¢ pukcupoBan- o2
HOU CUCTEMOU MPAMOYTOJBHBIX KOOpAUHAT X 0Y , eIMHUIHBIE OA3UCHBIE Y =Imz{

BEKTOPHI KoTopou o6o3uagatorces { 1, 4 } (cm. puc. 26 - 1). C kaxabIM
z € C cBaxeM mapy KoopauHaT (,Yy) U paglyC-BEKTOD 0t = m-?—i—y- i,

9TO OOBIYHO BAMUCHIBAIOT MPOCTO KaK 2z = % + 1Y. [lenicTBUTEIbHBIE

\

\

\

def def def

amcna Rez = xz, Imz = y m |z| = /22 + y? HaswmBaOTCA Bewe- |
\

\

\

\

CMBENHOT, UACTMBIO, MHUMOT YACMbI0 U MOJYAeM KOMILUIEKCHOTO TUCIA
2. MHOrO3HAMHBLIN OPUEHTUPOBAHHBIA yroa' ayda 0z ¢ ockio 0X Ha-
BBIBAETCA apeymenmon z u obosHadaeTca Argz. Kommmekcubie wucia
MOXHO CKA4GJbl8aMb U NEPeMHoAHcamy. 110 OIpeneseHunio, Ipu 0K HIN
KOMILIEKCHBIX 9UCEI WX PAJUYC-BEKTOPHI CKIAABIBAIOCA (IO MPABUILY 0 1 r=Rez X
NapaLIeorpaMma), a Tpu yMHOXKEHNN KOMILIEKCHBIX TMCET WX MOLyJIH

EePEMHOXKAIOTCS, & APTYMEHTHI CKIAJBIBAIOTCA (TaK 9TO YMHOXEHUE HA

Z—az
dukcuposannoe kommiekcaoe duciao ¢ : C —— C ects nosopomnas Puc. 26 - 1. KOMILIEKCHOE HCIO.

eomomemus Ha yrox Arg(a) ¢ nueaTpom o u kodddunmerToM |al).
M26¢1°. Hairanre? a) i?; 6)i%; B) L/ —1; r) (1+ Z')5/(1 —i)%;
. 30 , 90
x) (\/§+l/1_2'> ;e) (Z—\/§/¢_1> : x)Beezczi=-1; 3)Bcezczd=—i.

_ def . . .
M26¢2° (conpsixkeHue). Z = T — iy Ha3BIBACTCA CONPANCEMHBIM K 2 = T — iY; NPOBEPbTe, UTO

CONPSIZKEHWE MePEeCTAHOBOYHO CO CIOKEHMEM M YMHOXKeHWeM U Bblpasute 1/z depes Z u |z|.

M2603°. [IpoBepbTe, UTO KOMILIEKCHEIE HTHCIA COCTABIAIOT nose’, B KoTopoe mole R ¢ coxpaHeHH-

eM OIepanuyl BKIATBIBAETCA B KA4eCTBe 4ucI0oBoU mpamon (0X). Beraucanre nedcTBUTEIBHYIO U
MHUMYIO 9acTu ducen 1/z, z +w u zw, eciu z = xq + iy, W = Ty + iys.
M2604. Haitmure: a®) (5+14)(7T—=61) /(34 ); 6) (L+it),/(1 —it) c teR.
M2605°. Pemute yp-a:  a) 22+ (20 —7)z+(13—i)=0 6) (z+i)>+(2—4)>=0 B)zZ=23
M26¢6°. Ilycts 2z = cos a+1 sin o, w = cos B+ sin 5. Beraucanre reoMeTpudeckn u myTEM PacKpbl-
THA CKOOOK TeMCTBUTEIBHYIO I MHUMYIO 9acTh 4ucen a) zw 6) 22 B) 2° r)2* un noxyunre
OTCIOIa, TPUTOHOMETPUICCKIE (POPMYJIBL «CIOKEHUA apryMeTOB)» U «KPATHBIX YIVIOB).
M2607. Pemure B C ypaBHenne 2° = 1 u BLITHCIHTE COS (27/5) u sin (27T/5) B paInKaJaax.
M2608. Kyga oTo6paxkenua a) z — 22 6) 2 — 1/z TepeBogaAT AeKAPTOBY M TOJAPHYIO KO-
OPAMHATHYIO CeTKU, OKPYXKHOCTH |2 + 7| = 1 u komeuky c puc. 17 - 27
M2609. Beraucaure cymmer:  a) sinz +sin2z +---+sinnz n 1+ cosz + cos2x + -+ + cosnx
n n n n n n n n n
9 (0) ()< () s D()-()()- 9 ()() ()
g) 2sinz +3sin2z+---+nsin(n— 1)z u 1+2cosxz+3cos2x +---+ncos(n— 1)z
e) 1+2C+3C+ -+ +n¢"!, rae ( = cos (27T/n) + i sin (27T/n)
M26¢10. [l1a kaxgoro n € N BLIYUCANTE CYMMY U IPOU3BEIEHNE S-THIX CTEMeHeN BCeX KOMILIEKCHBIX
KopHen ypaBhenus 2" = lnopu s =1,2,3 ....

lHaHOMHI/IM(CM. Jlct.Ne 24), 9T0 ¢ TOYHOCTBIO 10 JII0G0T0 LEJAOT0 IUCIa 060POTOB OH PABEH OPUEHTUPOBAHHON JIMHE
OyTHU, KOTOPYIO HAIO IPOUTH [0 eAUHUIHON OKPYKHOCTHU OT ay4a [0X) no ay4a [0z), T. e. Argz = {¢@+27k| k€Z}, rne
(0 — 2TO paJuaHHAA Mepa OPUEHTUPOBAHHOIO yIa T0Z, a k — J000e Ie10e YuciIo

2B BTOM JIMCTKE (HARIATE 2»O3HAYACT (HAPUCYHTe u Beraumcute Rez, Imz, |z| u Argz»

37, e. 9TO CIOXKEHWE U YMHOXKEHUE IO TIUHAIOTCA IePEeMECTUTEILHOMY, COUeTAaTeILHOMY I PACIpeIeTuTeTLHOMY 3a-
KOHAM, & YpaBHeHUA a + 2z = b u ¢z = d npu M00LIX 3a1aHHBIX a, b, d 1 ¢ # 0 eIUHCTBEHHBIM O0PA30OM DPa3PEITUMED
OTHOCUTEIBHO 2
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Maremarmaeckmin Anamns, 10 krace JIncTok Ne 26% (croBapuk)

Kouabiia u mouas

(mamarka rpagymum Baacreannam Komen n Ilapunam IToaen)

KoMMyTaTUBHOE KOJIBIO C €IUHULIEM — DTO MHOXECTBO C AByMA ONepanuamu: caoxcenuem (a,b) — a+b
u ymuoxncenuem (a,b) — a - b = ab, KOTOpLIE MOAUUHAIOCA CIEAYIOMUM TPEM HAOOPAM AKCHOM.

1) AxcuoMmbl CrOXeHus

=

a) KOMMYTATUBHOCTH (I€peMecTUTeNbHBIN 3akoH): a +b=b+a Va,b;
6) acconmaTWBHOCTL (codeTaTelbHBIR 3aK0H): a + (b+c¢) = (a+b) +¢ Va,b,c;
B) CyLIECTBOBAHUE HEUTPAILHOrO sneMenTa (Hyaa): 30 : a+0=a Va;

cymecTBoBanue nporusononsoxuoro: Va I (—a) : a+ (—a) =0.
2) AKCHMOMBI YMHOXEHUSA

a) KOMMyTaTUBHOCTB: ab = ba Va,b
6) accommarusrOCTE: a(bc) = (ab)c Va,b,c

B) cymecTrBoBaHue equEnne: 11 @ a-1=a Va
3) Akcmoma gucTpubyrmBHOCTH (pacupemeruTenbubii 3akoH): a(b + ¢) = ab+ ac Va, b, c

IMote — 5TO KOMMYTaTHBHOE KOABLO C eguHmuen, B kotopom V a # 0 Ja ' : a-a ' = 1 (akcuoma

cymecTBoBanusa obparuoro) u 0 # 1 (akcmoma HeTpuBmATbHOCTH). BTOpas akcmoMa 3ampemaeT HA3LIBATD
noneM mpusuaavhoe koavyo K = {0}, a nepsas roBopuT, U4TO BCAKUU HEHYJIEBOU DIEMEHT IO 0OPAMUM.
B mpom3BOIBHOM KOJBIE AOMYCKAIOTCA HEOOPATHMBIC DIEMEHTHI U TAXe 0eAumet nyas — DIeMeHTH a # 0,
Takue 910 a¢b = 0 maa mekoroporo b # 0.
M26%<>1. MoxeT qu geruTenb HYJAA WIX caM HYJIb OBITH 0OOpATUM B KAKOM-IUOO0 KOJIbIIE?
IIpumepst noxen: Q, R, C, Z/pZ (BuI9eTHI IO NpoCcmomy MOLYIIO ).
IIpumepsr konew: Z; Z/nZ (BerdeTst no moxyaio n); C[0,1] (menpepoiBubie dynxmuu Ha oTpeske); K|z]
(MHOTOWIEHBI ¢ KOd(hdunmenTaMu u3 106010 KoMMyTaTuBHOrO Koabua K ¢ exmaunen); Qz]/fQ[z] (sbraerst
o Mogymo f € Q[z], HasEIBaeMbIC TaKXKe atzebpauueckumu ducaamy BIAa agd™ +a 9™+t am 19+ am
c f(9) =0,m < degf, a; € Q u obo3maaemoe B Taxom kouTekcre epes Q] ¢ f(9) = 0 ; manpumep, Q[v/2] =
{a+pv2]a,p € Q = Qlz]/(2” - 2)Qlz] mam Q5] = {a + V5 +7V25| o, 8,7 € Q} = Qlz]/ (2 - 5)Qlz]).
M26%<>2. BepHo a1, 9TO KOIBLO BbIYETOB Z/NZ SBIAETCS TOJEM TOLa W TOJIbKO TOTAA, KOUIA 7
npocTo?
M26103. Bepuo an, 1o kxorbuo arredpamitecknx ducer Q] ¢ f(J) = 0 asasercsa motem Torga u
TOJBKO TOTa, Korga [ mempuBogum Hag Q7

M26%<>4. Bepuo au, 4T0 B J060M mOJIE: a) HyJb eUHCTBEHEH; 6) eIUHUIA eIUHCTBEHHA,
B) (—a) OJHO3HAYHO ONPEEISIeTCA 110 a; r) a”' 0IHO3HAYHO ONpeeIaeTcA Mo d;
x)a-0=0Va; e) (—1)-a=(—a) VYa; x)ab=acua#0=>b=c?

M26%<>5. Kaxue cBoucTsa u3 3an. M26%<>4 BBEIIIOMHEHB @) B JIOO0M KOMMYTATUBHOM KOJbIe ¢ 17

6) B KO/Ible Ge3 JeuTenen HyIsa!

def
Beranranue u genenune. B ao6om koabue ects svivumanue: (a,b) — a—b = a+ (—b), a ecim b o6paTuwm,

To u deaenue: (a,b) — a/b Ly 1.

M26%<>6. MoxKHO 1 OTIpefeInTh ¢ — b KaK eIMHCTBEHHBLIN »JIEMEHT, TAIOUINN ¢ B CyMMe ¢ b7
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Maremaruaeckuit Amamms, 10 krace JIucTok Ne 27

MHuoro4ieHsbI.

O6Go3nauenus. Beiogy B oToM nuctke depes k obo3uadaerca moboe us nogeti Q, R, C, a gepes k[x] — xoavyo
MHOTOWIEHOB OT IMEPEMEHHON % ¢ KO3 dunmeHTamMu B moue k. MHOrowieH f Ha3BIBAETCA HENPUEOIUMbIM, €CITT
f # gh c degg,degh < deg f. Muorowien co crapmmM Ko3gdumueHToM | HA3BIBAETCA npusedénubim. Ecim
f(x) = (zr — a)™g(z) n g(a) # 0, To @ HABBLIBAETCA M-KPAMHbIM KOpHem f.

M27¢1°. Moxet au HenpuoguMbin MEOrOWwIeH u3 Q[z] 6uTh npuBogumevm B R[x] win Clz]?

M27¢2°. [lokaxxuTe, 9TO MId JOOBIX ABYX MHOTOWIEHOB f,g € k[x] cymecTBYIOT eIMHCTBEHHBIE
MHOPO4IEHE! ¢, 7 € k[z], Takue uro f = g- ¢+ r u aubo degr < deg g mbo r = 0.

M2703°. [lokaxure, 9TO A1 J1I060r0 HAGOpa MHOTOMIEHOB f1, fo,..., f, CYIIECTByeT e TUHCTBEH-
HBIW OPUBEIEHHBIN MHOTOUIeH HOM( f1, fa, ..., fn), KOTOPBIN JeaWT BCe f; U DeIUTCA HA OO0 Ipy-
rou obumn geaurens Beex f;. Chopmyaupynre u JoKaxuTe aHaitorudnoe o HOK(f1, fa, ..., fa), &
rakxke, 910 HOL(f1, fo, ..., fn) = g1f1 + 92fo + - - + gnfn ¢ HOAXOMAMIIAIME g; € k[z].

M27¢4°. ChopMyaupyuTe U JOKaKUTe arropuT™ EBkauga nas oTeickanus HOJ(f, g) u cupobyure
ero, npeacrasus HOM(z® — 1, 2% + 22 + 1) B Buge f(z)(2® — 1) + g(z)(z* + 22 + 1).

M2705°. Ilycts HOA(f, g) = 1. Bepuo au, uto f memut gh Toabko xorga f mgeaut h, u 410 ecau h
nenuTcsa Ha [ u Ha g, TO h gemurcsa u Ha fg?

M2706. Haitgure Bee f€Q[z] ¢ ocrarkom 1+, 1+ 23, 1+ 2° oT gerenus ma 1+ 2%, 1+, 1428,

M2707. Haugure octarok ot nerenua v2°°° ma: a) (v — ), e o€k 6) 22 +r+1 B) 22 + 2 —1

M27¢8. Ilycrs f, g € Q[z| nenpusogumser u deg f # deg g. Moryr au onn umers 06mun kopers B C?

M2709. MoryT Jiu 1Ba pa3inIHLEIX MHOTOWICHA CTENeHe, MEHBIINX 7, IPUHAMATH O TMHAKOBLIE 3HA-
qeHus B n Toukax? CKOJBKO KOpHEN MOXKET OBITH Y MHOTOWIEHA CTEMeHH 7 7

M27¢10. Ilycts uncaa o, qq,...,q, € k nonapuo pasindusl. Hanumure Mmuorouten f(x) cremnenn
N C KOPHAME (1, (g, . . ., Oy , PABHBIN | pu & = rg. MHOTO /11 TAKUX MHOTOYJICHOB?

M27¢11. Toxcrasum B MHOrOWIEH [ € k[x| BMecTo x cymmy x + ¢, pacKpoeM Bce CKOOKM U CTPYII-
mEpyeM pe3yabTaT 1o crernenam ¢ caexyiomum obpasom: f(z+1) = fO(z) + fO(z) -t + g(a,t) - 12
Bripasure kospdunmentsr O (2) u f1)(x) wepes xoadbdpunuenTer f(1).

IIponsBoauasa. Muoro«wien f(l) u3 3a4. M27011 mazwiBaeTcsa npou3sodnot ot f u mo-gpyroMmy 0603HATAETC

f'(z) mm %f Moxoxum, garee, f(2) = f" of (fH = j—; f, u Boobme, f*) of (f(kfl)), = ;i—kk f.

M27012. O6o3naunM depe3 Af(ty,ty) TAHTEHC yrila HAKJIOHA MPAMOM, IEPeCceKalomen rpaduK MHO-
rowieHa f B TodYkax ¢ abcumccaMu ty U to, BEIPAXKEHHBIN B BUJIE MHO20UAeHa OT by, to. [JoKaxkuTe,
9ITO TaKOe BEIPAXKEHWe JeNCTBATeNbHO mMeercs n 9To Af(x, x) = f'(z).

M27¢13. Buipasure 1epes f(z), g(x), f'(z) u ¢'(x) npoussoguee: a) (f +¢g)'; 6) (ag), a € k;

B) (@) v) (f-9)s m) (F/g), ecm [/geklz]; ) (f™)'; =) (f™)5 3) (f(9(x)))-

M27¢14 (nupaswmio Jlen6uuna u dpopmyaa Tewropa). [[okaxkuTe TOXIECTBA:

k ) ) deg f
2) (f9)® = 2 () /O 6) flatu) = 3 L ™)y

M27¢15. Byaer jiu m-kpaTHbsil KopeHb f kopuem f', u ecau ga, TO KaKOU KPATHOCTH?

M27016. HaiiauTe Bce (KOMILTIeKCHBI®) KpaTHbIe KOpHHA 2 + 7 2° — 36 2 + 15 2% — 216 2% + 92 — 324.
M270617. Moxer a1 HenpuBouMbii MEOrO4wIeH [ € Q2] mMeTh KpATHBIN KOMILIEKCHBIN KOPEHb?
M27018 (dbopmyasr Buera). Kaxos xoaddunuent mpu 28 y f(1) = ag (x—aq)(z—a) -+ (x—ay,)?
M2719. MoXHO /I TMHEHHOH 3aMEHOU TTePeMEeHHOT0 B agL” + a1 2™ ' +- - -+ @y 1T + @, YHUITOXKATH

n—1 n—1 n—2 9

a) “WIeH ¢ T 6) nBa wieHa ¢ "' mwC X

M27¢020 (guckpumunanT). B 3azx. M27018 qucio Dy o ag"? [T (e — a;)? maseBaeTca duckpumu-
i<j
nawmonm f. BeIpasuTe IUCKPUMUHAHTHL a) 22 +pr+q 6*) 2 +pr+q tepes puq.
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Maremarmaeckmin Anamns, 10 krace JIucTox Ne 271 (pomomHmTenbHbIN)

KopHu MHOro41ieHoB.

M27%<>1. Paznoxure 28 + 128 B IpousBeIeHne BeNIECTBEHHBIX KBA,IPATHBIX TPEXTICHOB.

M27%<>2. [Iycrs 2 = x + iy € C aBaserca kopueMm f €R[z|. Bymner m Z = x — iy xopuem f 7

M27%<>3. BepHo au, ¥T0 y 106010 Kybudeckoro muorowiena f € R[z| ects m6o Tpu BemecTBeHHBIX
(BOBMOXKHO, KPATHBIX) KOPHS, MO0 POBHO OIUH BEIIECTBEHHBIN U [BA HEBEIIECTBEHHBIX KOMILICKC-
HO CONPAXKEHHBIX KOpHA. Kak pasmminTs 5Tu ciydan raagd Ha Dy ?

M272104°. Tlycrs F — mo6oe none, 22 — d € Flz] menpusognm vax F, u F(d) = {a+ 8Vd| o, 3 € F}
— readpamuunoe pacwupenue noasa F, Kak B JUCTKE 17%. Byner sm F(d) noxem?

M27105. Ilyers B 3ag. M27304 mexmit kybmaeckuit f € F[z] uveer B F(d) xopers a + bv/d. Bepro
JH, 9TO: a) a — bv/d Toxe xopens f; 6) f npusoaum Han F; B) v f ecTb Kopenb B F7
M27106. [JokaxnTe, 9T0 KyOUIeCKHI MHOTOWICH C HEIBIME KOO (GUIMEHTAME, KOTOPEIA IMEET KO-

PEeHb, BEIPAKAIOIMINANACA depe3 | KOHeIHBIM THCJAOM CAOXKEHUU, YMHOKEHUN, BHITUTAHNN, TeJeHU 1
U3BJICYCHUN KBAaIPATHBEIX KOPDHEH, UMEET U PAIMOHAILHLIN KOPCHD.

*
M27%<>7 . EcTe sm yroua, He pa3sbuBaiomuucsa NUPKyIeM U JUHEMKOW HA, TPU PABHBIX TACTH!

*
M27%<>8 . MoxHO i UpKyJIeM u JUHEUKOW MOCTPOUTH MPABUIBHBIA CEMUYTOJBHUK !

M27%<>9 (pemieHnne KyOGu4YeCKOro ypaBHEHUs B TpPUroHoMeTpuueckux byHkuuax). [lonb3ysace
(bOpMYION I KOCHHYCAa TPOHHOTO YI.Ia, BHIPA3UTe KOPHE MHOTowieHa 42° — 37 —aca€R u
la| < 1 gepes TpuronomeTpudeckue HyHKIUU. [Ipr KAKUX YCIOBUAX HA JUCKPUMUHAHT U KOdPU-
IUEHTH MHOTOWIEH 2° + px + ¢ MOXKHO TIOIX0IAIIeH 3aMeHOR T — o ¢AeJaTh TPOIOPIIOHATLHEIM
muorowteny 42° —3x —aca€Ruja| <17

M271010. Pemmre ypasrenus: a)z’* —3z+1=0, 6 ) +22-22-1=0.

M27%<>11 (pemenue Ky6uueckoro ypasHeHmsa metogom Kapgawmo). [IpmaymanTe kBampaTHOe
ypaBHeHMe, KODHU 21, 2 KOTOPOI'O TaKOBEI, YTO /Z1 + /2y ABIAETCA KOPHEM KyOMYecKoro TPex-
warena f(z) =z + px + ¢. Kakout sHax gomken 6bITb y Dy, 9TO0BL 9UCIA 21, 2 OKA3AMUCH:

a) BEIIECTBEHHLI U PA3IUIHBI? 6) KOMILTIEKCHO COTPAKEHBI?

M27%<>12. HajituTe BemecTBeHHBIe KODHE MHOTOWICHOB: a) > — o + 1; 6*) 4222+ +1.
M271013. Beraucaure B pagukatax: a) cos(r/9), 6) cos(r/12), 8") cos(m/7).

Tononorus nmons C. Ilox e-okpectrocThio wmcaa zg € C mbr morumaem D, (2g) o {z€C| |z — 2| < €},
T. €. OTKPBITHIA KPYT' PAIUYCa £ C IEHTPOM B 2. lIpeesasl KOMILIEKCHBIX TOCIE0BATEILHOCTEN 1 (DYHKIIUN,
menpepeiBHOCTE GyuKIIU C — C 1 C — R, mpegensuble 1 M30IUPOBAHHBIE TOYKHA KOMILIEKCHBIX MHOXECTB,
OTKDPBITBIE 1 3aMKHYThIE TIOAMHOXECTBA B C 7 T. II. OIpeAeadoTCAa TOCIOBHO TaK X€, KaK B R.

M271014°. ChopmyaupyliTe u T0KaxKUTe TEOPEMBL O IPeJeTe CyMMbl U IPOU3BEIEHHA IBYX CXOIA-
IIIXCA KOMILIEKCHBIX TIOCJAe0BaTeILHOCTEN. BepHo am, 910 2, = T, + 1Y, — 20 = Tg + 1Yy B C
TOrIa U TOJIBKO TOTIA, KOTAA Ty, — To U Yy — Yo B R?

M271015. [lycts f € Clz] — IpOM3BOIBHBLL MHOTOWICH, OTINTIHELL OT KOHCTAHTEL. BepHO 1u, 1T0:

a) V samxuyroro kpyra D C C Iz, 20 € D : |f(z1)| = infp |f(2)] u |f(22)| = supp | f(2)];
6) |f(z)] »ocompuz —o00;  B)I2€eC : |f(20)] = infc|f(2)[7

M27%<>16 (mremma Manam6epa). [lna moGoro f € Clz], Takoro uro f(zy) # 0, HauguTe BOIU3U Zg
Touky 2, e |f(2)] < |f(20)| (mogckaska: samummre f(x) M0 BO3pacTaHWUIO cTemeHen (T — 2p) Kak
f(z) = f(20) + am(x — 20)™ + @py1 (T — 20)™ + -+ | DIe m — MIaImAaA U3 CTENeHen ¢ a,, # 0,
BosbMuTe ¥ € C Tak, 9Tobsl a, 0™ = — f(2¢), u umure z B Bujge 2y + t Y c tER).

%
M27%<>17 (anmre6pamyueckasa 3amkuyTocTh moaa C). /JokaxuTe, 9TO J0000U MHOTOUIEH CTEIEHN
n u3 Clz] umeer (¢ y46TOM KpaTHOCTEN) POBHO 7 KOMILIEKCHBIX KODHEN.

M272018. Onnmute Bee Henpupognvbie MEorodrensl B Clz] u B Rlz].
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Maremaruaeckuit Amamms, 10 krace JIucTtok Ne 28

dopmanbHBIE CTeIIeHHbIEe P IbI

Onpepenenus. Beckoneunoe Beipaxenue a(t) = ag + ait + agt? + - - - , DJe a; — YUCIa U3 HEKOTOPOI'O IOJ
F (y mac F = QR,C), a t — mepemeHHas, HA3BIBACTCA HOPMaAbHbIM cmenenmbim padom. [lo onpenenermio,
IBA PANA PAGHbI, €CIU PABHBI BCE WX COOTBETCTBeHHBbIE Kod(dduumeHTH. COBOKYMHOCTL BCEX (HPOPMAIBLHBIX
CTEeIeHHBIX PANOB ¢ Koxddunuentamu u3 F o6osunadaerca F[[t]]. MuOrowIeH — 5T0 pAl ¢ KOHEUYHBIM HHCIOM
HeHy/eBbIX Koo dunmentos, Tak aro F[t] C F[[t]]. Comocrasrenne pagam f1, fa,..., fn HOBOro psaga g Ha-
3BIBACTCA POPMAAbHOT aseebpaudeckoli onepayueti, eCIu KaX b KOX(POUIUEHT ¢ BBITUCAAETCA KOHETHBIM
9UCIOM apupMETUIECKUX AEUCTBUU HAJ KOHEIHBIM YUCIOM KOIMPUIUEHTOB PAXOB  f1, fo,..., fn . Caoxe-
HUE U YMHOXEHUE PALOB ABAA0MCA POPMATLHBIMEA OMEPAIMAME, 4 (BLITUCICHUE 3HAYEHWUA PALA MPU TAHHOM
YUCIOBOM 3HAMEHUW by — Hem (I TIOTOMY He ONpPedeseno).

M28¢1°. HanumuTe aBHOE BhIpaxkeHue 111 KodduimeHTa mpu " y CYMMBI Uy TPOU3BEICHUA TBYX
pPAI0B depe3 KOdMPPUIIMEHTHI CaMUX 3TUX PATOB.

M28¢2°. [lns mo60oro kKoneurnoro Muoxectsa M nomoxum Chy(t) o 3" ept®, Tae ¢, — aT0 WHCTO

k>0
BCeX k-DIeMEHTHBIX MOAMHOXKeCTB B M. [l1a IByX HellepeceKalomuXCsa KOHEYIHBIX MHOXKECTB A u
B suipasute Cy,p(t) u' Cuyp(t) vepes Cu(t) u Cp(t)

M2803 (aenenune). Pan a(t) HasBIBaCTCA 06pAMUMbBIM, €CIA CYMIECTBYET pAX a (1), Takod 9ITO
a(t)at(t) = 1. Moxkaxure, 910 a(t) = ag+ ait + ast? + - -+ 06paTUM TOrga U TOIBKO TOTAA, KOTIa
ap # 0, npuaém ' (t) exuHCTBEHEH, U ero OTHICKaHUE eCTh (hOPMAIbHAA OTepAIUs.

M28¢4. Haiigure n-Thiil Koaddunuent paga:  a) (1—t)'  6) ((1- t)Z)f1 B) ((1-— t)m)f1

r) (E=1)(t+2)(t=3)) " &) ((t+ 12t —2)(t+3)%) " e) (P+t—1)" x) (2+t+1) "

M2805° (3amena mepemeHHOro). flBagercsa qu GOPMATHLHOU AJITeOPANTECKON OTEepAIMen MOICTa-
HOBKa BMECTO t IPOU3BOILHOTO PALA C HYJAEBBIM CBOOOTHBIM LICHOM?

M28¢6. [loacrasum t + ¥ Bmecto t B pag f(t) € k[[t]], crpynnupyem pesyibrar mo crenensm ¢ u

1
samumieM ero B Buge f(t + ) = Z Ef(k)(t) . 9% . BripasuTe K03 (PUIIEHTH KaiKIOTO U3 PALOB
k>0
f*)(t) qepes xoaddunmenTH HexogHOro paga f(t).
d

Ipoussoauasn. Pax f(V)(t) us sag. M2806 masbisaeTca npoussodwoti f u uHade oGosHadwaerca [ wmm Ef

M2867. CormacyioTcsa au OnpeneneHus TPOU3BOIHON 1A PATOB M MHOT'OYJICHOB, U BEPHO JH, UTO B
! d¥
sa. M2806 f) = (f=1) = 2 f
M2808. [okaxkure, 4To i aoboro psaga f(t) € k[[t]] pag f(t1) — f(t2) € k[[t1,t2]] merurcs B
k[[t1,t2]] HA (1 — t2), ¥ IpU MOJCTAHOBKE B YacTHOE t; = ty = ¢ moayuurcsa pag f'(t).
M2809. [lycts f(t) = ag + a1t +agt?> +--- u  g(t) = by + byt + bot?> + - - -. Bripasute uepes f, g,

ffug IPOUEO THELC: a) (f+g) 6) (af(t))l, rge o = const  B) (tmf(t)), r)(f-g)
x) (g) ,apu by #0  e) (f(at)),, rge o = const k) (f (tm)) 3) <f(g(t))) , mpu by = 0.

M28¢10. Brraucaure m-tyto npoussoanyio ot (1 —¢)~! u comocrasbre 270 ¢ 3amx. M28o4.
M28¢11. Paznoxure B ¢popmarbubill cTenenuon pag (1 — ¢)~™ ¢ npousBoababM m € N.

M28¢12. ChpopMmyaupyure W TOKaXKWUTe IIA pAI0oB mpasmio JlemOuuma m ¢dpopmyry Temropa us
3a1. M270147

Ynpouseedenue A x B muoxecTs A m B npenctasasger co6oi MEHOXKeCTBO Beex map (a,b) c a€ A, be B
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Maremarmaeckmin Anamns, 10 krace JIucTox Ne 281 (neoGasarenbubrit)

dopmanbHBIE DKCIIOHEHTAa, JorapudM u 6MHOM

M28%<>1O (nepBoo6pasnsbie). Y6eauTech, 9TO Aad a060ro paga f € k[[t]] cymecTByer equncTBEH-
HBI pAT g € k[[t]] ¢ #yaesvim cBOGOIHBIM WieHOM, TaKol 9TO ¢' = f (g HA3BIBAIOT NEP6006DPAZHbLM

ms f w numyT g o f dt). Boipazure xoodpdunmentsr g depes koodduuuentsr f. Jokaxure,

aro: a) /(fig)dt:/fdti/gdt; 6)/)\f(t)dt:)\/f(t)dt,me)\:const;

B) /f'g dt = fg— fogo — | fg' dt, vae fo, gy € k cyThb cBOGOIHEIE “LICHBI PAIOB f T (.

M28102" (morapudm). Pax In(l + t) o / Ha3bBaeTcsa aozapugmom (1 + t). Boraucaure

1+1¢
ABHO BCe ero KOd(ppunumeHTol. Yoenqurech, 9T0 (OPMATLHBIA P ln(f(t)) omnpejeneH 1A JI000T0

!/
dbopmaabHOro paga f(t) ¢ eqMHUIHBIM CBOGOJHBIM WIEHOM. Bhipasure <ln(f)> gepes fu f'.

1
M283¢3. [lycTs f m g — MpOM3BOMBHEIE PALBI C CAUHUTHBIM CBOOOIHBIM tieHoM. Kakme n3 mepe-
YUCJIeHHBIX HUXKE PABEHCTB PABHOCUIBHBL IPYT APYIY:

a) f=yg 6) f'=¢ B) f'/f=4g r) (Inf)’ = (Ing)’ a)Inf=lIng
!/
M28%<>4. ABnasgerca mu aozapudmuueckas npouzsoonas f — <ln(f)> OUEeKIMen MeXK Ty MHOMKe-
crBoM N C k[[t]] pAgoB ¢ eIuHAYHBIM CBOOOIHBIM WIEHOM U MHOKecTBOM k[[t]] Bcex psamos?

M28%<>5O (excmonenTa). CKOIBKO CymecTByeT PgoB exp(t) ¢ eIMHUIHBIM CBOOOIHBIM IEHOM,
rakux 4To exp’(t) = exp(t) ? Haugure Bce KodppumenTs Takoro psaga u seraucante In(exp(t)) .

M28106°. Yoequrecs, aro exp(h(t)) onpererena a1 mo6oro paa h(t) ¢ HyIeBBIM CBOGOIHEIM tie-
HoM 1 Beraucaure exp(In(l + ¢)).

M28%<>7. [lokaxurte, 9T0 dKCHOHEeHNMpPOBaHue N P, Un JgorapudmupoBanue U N CyTh
B3anMHO oGpaTHble Oueknun Mex 1y MEOXKecTBoM N C k[[t]] pAIoB ¢ HyIeBBIM CBOGO THBIM HICHOM
u MHOKecTBOM U C k[[t]] pAmoB ¢ e IMHUIHBIM CBOGOIHBIM WIEHOM, IPUYEM CJIOKeHUe pAaoB B N u
YMHOXKeHne pAgoB B U mepeBoaATCA DKCIOHeHIUPOBAHIEM U JOrapudpMUPOBAHUEM APYT B Apyra,
T. €. exp(hy + hy) = exp(hy) exp(he) u In(fifo) = In(f1) +In(f2) Vhi,ho € NuV fi,fo€U.

M281¢8 (6mmom Heioroma). [l moGoro a € k pax (1 + t)° o exp(aln(l + ¢)) maseBaerca

6unoMOM C TIOKa3aTeIeM «. Brraucanre ko>dduimeHTs 6HHOMA ABHO. PazBepHuTe B (hOpMAIBHLIE
creneHubre psagbl /1 + 2t uw 1/y/1 — 3t.

M28%<>9. Y6enurech, aTo pan f* onpexenen pasa aobbix f € U, o € k u gexut B U. Bepno Ju, 9To
forfor = fortor y (fo)®2 — fere2? fqprgerca qu pang f 1 oOpaTHBIM K paxy f7

M281010. Bripasure (f)" uepes a, f u f'.

T, ILIFOCOB

M28%<>11* (umcna Karanana). [Ipu npaxTudeckoM BBIYUCICHUM CYMMBI G + - -+ + Gppq 13 (n+ 1)
claraeMblX, B Hell PeaqbHO BCEra PacCTABIAITCA CKOOKM TaK, 9TOOBI TOYHO 3a(pMKCUPOBATH IO~
CJIeJOBATENBHOCTD BBIMOMHAEMBIX CJIOKEHUN (110 O THOMY B KaXK b MOMEHT BpemeHu ). KommdecTBo
BCEBO3MOXKHEBIX TAKHX PACCTAHOBOK HA3BIBACTCA N-THIM uucaom Kamasana c,. Ilo ompenerenuo,
co = 1. Hamummre peKKypeHTHYI0 (OPMYIy, BEIPAXKAIOMIYIO €, 9€pe3 Cy,Ci,...,Cn—1 , IPOUH-
TepIpeTupyuTe eé Kak KBajpaTHOe ypaBHeHue Ha paf c(t) = > ¢,t”, pemnre ero (B Q[[t]]) u
NOTy9IMTe ABHOE BBIPAXKEHUE dmcea KaramraHa depes moaXOqANINe TUCAa, COTeTAHUM.

%
M28%<>12 . CkoapkuMu cioco6aMu MOXKHO Pa3pe3aTh BBHIMYKIBIA N-YTOJIbHUK HA TPEYTOTBHUKH IO
HETePeCceKaoIMMCSI HUT e KPOMe BEePIITUH IUarOHAJIIM !

M281013. Beerga m Cy, gemmrea ma (n+ 1) ?
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Maremaruaeckuit AHama, 10 knace JIucrok Ne 282 (gomoOIHUTENBHBIN
3

IIpousBoasiue pyHKIIUN

MeTo npousBoAAmmX (MYHKIUU 111 U3y IeHUA TOCISI0BATETLHOCTH (Gy,) C k COMOCTABIACT €1 Npou3eo-
dawyro Pynkyuro A(t) = > ant™ € K[[t]] , nepedopmyrupyeT cBOMCTBA MOCAEAOBATEIBHOCTH B BULE HYHKUUO-
naavubiz (anrebpamdeckux, Aud@epeHIuaIbHbIX, ... ) COOTHOmEHNN Ha A(t) ¥ UCHOAB3yeT MId WX W3Y<UeHUs
NCYNCJIEeHUE (I)OpMaJI])HI)IX CTEIICHHBbIX DAMOB.

PekkypeHTHOE ypaBHEHHE k-TOr0 MOPALKA — DTO COOTHOIIEHAE Y = G1Yp 1+ *** +0kYn_k , B KOTOPOM
ai,az,...,a; — 3amaHEbE YucTa (mpwaem af 7# 0), a (y,) — HEM3BECTHAA MOCAEIOBATEIBHOCTD. JIF060U HAGOD
u3 k qucern cy,cy,...,Ck_1 OJHO3HAMHO IMPOIOMKACTCA A0 yAOBICTBOPAIONIEH YPABHEHUIO MO CASI0BATEILHOCTH
(yn) ¢ HAYATBHBIME 3HAMEHUAMHA Y, = ¢, npu v =0, ..., (K —1).

M28201. [lonoxnm Y (1) = Yyt € C[[t]], A(t) =1 —ait — -+ —aqpt" " € Clt], B(t) =Y (¢)A(%).

Breuicuure, apiasercsa au pag B(t) MHOrOYWIEHOM M BBIPA3uTe ero KOd(POUIUEHTHI Yepe3 a, U C,.
M28§<>2. [Moab3yAch OpeabIyInen 3a1aden, HauauTe Y (¢) u «pOopMyIy n-TOTO WIeHay [JIA MOCIeT0-
BATEIBHOCTEH: ) Yn = Yn1 +Yn2C Yo =0, 11 =1; 6) yn =4 (Yn—1 — Yn2) c Yo =3, 41 = L.
M28§<>3*. Mycrs 2% —a 2= — -+ —ap jx—ap = (x—A)™ -+ (x—Ay)™, rae Bee )\, € C nonapuo

N m;
def
pasamansl. [Jokaxure, 9T0 ¥, = Y. > Vi fij(n), nae dyuxnum f;;(n) = (T:) A7, a 7 € C — mexko-
j=1i=0
TOpBLIe KOHCTAHTHI, OJHO3HATHO ONpeJeIdeMble k HAYAIbHBIMEA 3HAYCHUAME IOCIeJ0BATEILHOCTH.
YHucao pazbuenuu p(n) — 3TO IUCIO BCEBO3ZMOXHBIX MPEACTABICHUN 7 B BAE CyMMbI HEHYJIEBBIX HEYTIOPA-
MJOYECHHBIX ClaraeMbIX, T. €. IMCJIO0 BCEX T-KJIECTOYTHBIX AUarPaMM }OHFa.

M282¢4. Berancaure p(n) mua n < 10.

M28§<>5. Y6enurecs, aTo B Q[[t]] KOppekTHO ompeneneHo GeCKOHEUHOE TPOU3BEICHNEe DeOMEeTPHIe-

ckux nporpeccunt P(t) o [T(1—#*)"! u Brrpasure xonbdurmentrr P(t) uepes qucia pazoueHui.

k>1
2 ~ A~ A~ ~
M282¢6. Jokaxure, aro 1/P(t) = [[(1 —t*) = 1+ 3 (pa(n) — Pu(n)) - t*, rae pu(n) u pu(n)
k>1 n>1
CYTh KOJUYIECTBA N-KIeTOYHBIX guarpaMM HOHra, KOTOPBIX AJUHBI BCEX CTPOK PA3JIUIHBL, a 001Iee
YHUCJI0 CTPOK YETHBIM U, COOTBETCTBEHHO, HEIETHO.

M28207. PaccMOTPIM MHOKECTBO Y, Beex n-K1eTouHBIX Amarpamy FOHTa, CTPOKH KOTOPBIX MMEIOT
IOMAPHO PA3HYIO AINHY. By1eM HA3BIBATE MOpPY0M TAKOU TUATDAMMEL €€ IIPABYIO BEPXHIOK KIETKY
W Bce KITKH, UAymme OT Heé mox yraom 45° mo mmaromarn Breso BHE3. [lompoGyem 3agaTh Ha
Y, orTobpaxkenue, KOTOpOe, B 3ABUCUMOCTH OT TOT'O, YTO y AMATDAMMBL [JIMHEE — TOPEl WIN
HIKHSAS CTPOKA, MO0 OTpe3aeT €€ TOpel W MPUPHUCOBBIBET €r0 HOBOW HUXKHEW CTPOKOW, JuOO,
HA060POT, OTPe3aeT HIKHIOI CTPOKY U MPUPHUCOBBIBET €& HOBBIM TOPIOM. BHIACHUTE, 11a KaKmx
IUATPAMM BTO OTOOPAKEHUe He ONMpPeIeJIeHO, U IPU KAKUX 7 OHO YCTPAUBAET B Y, OUEKINIO MEXKIY
IuArpaMMaMU U3 YETHOTO U U3 HEYETHOIO YHUCAA CTPOK (& ¢ HEW — PaBEHCTBO Py (n) = py(n)).

M28208 (nemraronarsrnas Teopema Direpa). 1/P(t) =1+ > (—1)* (t(3k2_k)/2 + t(3k2+k)/2) u

k>1
p(n) =p(n—1)+pn—2)—p(n—>5) —p(n—"7) +p(n—12) +p(n —15) — - -+ (goxaxure).
M282¢9. fIsraerca mm P, (t) o > Pm(n) - t", rae pp(n) — TO UUCIO N-KIETOYHBIX IHATPAMM

n>0
FOura usz < m ¢TPOK, panuoHAIbHON (yHKIHen ot t7 Boipazure p,,(n) gepes py,_1(n) u p,(n—m).

M282¢10 (rayccosnr 6unoMuarbHEIe Kodddummentsr). [Iycrs F, () = (1—t)(1—t2) --- (1—1t").

Asaaerca mu GE(t) o F,.(t)/ (Fg(t) - Fr—k(t)) mOrOutenom? Borauciaure lin& Gk (1).
—

M28§<>11. Bripasure depes rayccoBel 6mHOMUAIBHBIE KOX(MQGUIMEHTH MTPOU3BOIANIYIO (DYHKITHIO

PE(t) = go pk (n) - t" wmcen pk (n) n-xaerounerx amarpamm FOura Bercoter < m u mupusb < k.
n/
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Maremarnueckuit Anamus, 10 knace JIucrox Ne 282 (ans skcmepTos)

HMeuctsue Q[[d/dx]] na Q[x].

Pa3sHOCTHbIE OMEPATOPHLI HA KOJIbIle MHOro<wieHoB. Jl1a moGoro dopmarsioro paga F(t) = S apth €
Q[[t] oupeaemnm oToGpaxerue F def F(d/dx) : Qz] — Q[z], xoTropoe conocrasuser MHOrOWeHY g € Q[z]
MEOTOIIEH Fg def Y ar(d/dz)*g, rae (d/dx)fg = ¢¥) — 570 k-1 npomsBogras ot g. Mockomeky Vg € Q[z] Inc
N : g(”) = 0, cymma cnpasa KoHeuna Vg, u F'g gercTBuTensHo ABAgeTCa MHOrOWIEHOM. OTOOpaXeHus TaKOTo
BHU/Ia HA3LIBAIOTCA PAZHOCTIHLIMU ONEPAMOPaMY HA KOIbIE MHOTOMWICHOB.
M28§<>1O (anmeneBbr muOrowrensr). [IpoBepbTe, UTO pa3HOCTHBIE ONMEPATOPHI AUHEUHDbL, T. €. ITO
FOAf+pg) =AFg+puFfVfgeQul uVApu€Q udaro nencrsue F BIOIHE ONpefesseTcs 3a-
def 7~
TaHUeM MOCJIeJOBATEILHOCTH MHOTOWIEHOB Fy, () = Fa™. Bripasure koxdduumentsr F,(r) depes
koo punuersr F(t) u, Haobopor, Boccranosure F no F,.
M28362°. Ilycts F(t)G(t) = 1 B Q[[t]]. ITo MOXKHO CKa3aTh IPO OTOGPAKEHN FuG?

M282¢3 (dbopmyrna Teitnropa). Kax geiicrsyior va Q[z] omeparoper exp(d/dt) m exp(—d/dt) ?

3 v A

M28%04. Asnaorca m orobpaxenus f(z) —— f(z) — f(x — 1) n f(z) —— f(z + 1) — f(x)
PA3HOCTHBIME OMEPATOPAMU, U eCAU J1a, TO KAKUM PIIaM OHU OTBEYAIOT?!

M28%<>5. [TocTpouTe MOCIEI0OBATEILHOCTD MHOTOYMICHOB ¢y, (), B KOTOpOU ¢o(x) = 1, mpu n > 1 Bce
¢y () He uMeT CBOGOAHOrO WIeHA U YIOBJIETBOPAIOT COOTHOMEHUIO V¢, = ¢ 1.

M28%<>6 (uesnoznaunnie muorowienst). Muorowren f(r) ¢ pamuoHATEHBIME KO>(DQUIMEHTAME Ha-
BBIBAETCS UYEAO3HAUNBIM, ecau 3Haderune f(z) € Z YV 2 €7Z . BHBAIOT JU HeJ03HAYHBIE MHOTOYIEHBI
¢ meneabiMu KoddduiuenTamu? YKaxuTe Kakou-HuOyIb Ha60p u3 (n + 1) Hero3HAYHBIX MHOIO-
<w1eHOB  fo, f1,..., fn , TAKOW 9TO JIOOOU IEJO3HATHLIN MHOTOWIEH [ cTeneHn < 1 eIMHCTBEHHBIM
o6pa3oM sanuceiBaeTcsa B Buge f = mofo + mifi + -+ my,fn ¢ m; € Z. CylecTBylOT 1 TaKue
HaOOpEL ¢ deg f; =4 Vi u ¢ deg f; = n Vi?

M28%<>7*. [IposepwTe, uTo omeparopsl A u V u3 3a. M28%<>4 CTPOr0 MOHMXKAT CTEIeHN MHO-
TOWIeHOB, W MOTOMY M1 Kaxgoro paga F € Q[[t]] ompemerener oTobpaxkenns F2 def F(A) :
Qz] — Q[z] u FV o (V) : Qz] — QJz]. Jokaxkure, auro MHOXKecTBa omeparopos Q[[A]],
Q[[V]] n Q[[d/dz]] conagator. Passepuure d/dx B popmanbubie crenenubie psaisl o A u or V.

M28268 (cymmuposanme creneneit). [IycTb MHOrOWIEH S, () TakoB, 910 1" 42™+ - - - +(n—1)" =

$sm(n) ¥Yn €N . Berauncaure As,,(r) n vangure B Q[[t]] dyukuuio, xis koropon s, (x) ssasercs
AIIEJeBBIM MHODOWICHOM (cM. 3a1. M28301).

t b
Papg Toxna u uucaa u mHOrowiensl Bepuymwmm. B(t) def  * s
exp(t) — 1 k!

k>0
Bxogamme B ero ko>hpuumeHTH Guciaa by HA3BIBAIOTCA wucAaMU DBepHysqu, a ero amnmnereBbl MHOIOWICHBI
B (z) = Bx" massBaioTcs muozousenamt, Bepryaau.

M28%<>9. Breipasure a) b, aepes by, by,...,bp1 6) B, uepes By, Bi,..., B,

M28%<>10. Bripasure Ko>pOUIMEHTH MHOTOUIEHA Sy (T) U3 3a. M28%<>8 Jepes dmcaa Bepryim.

t* maseaerca padom Todda.

M283011. Haitaure euérhyio cocrasamiomyior B(t) — B(—t) u Bee wucaa by 1.

M28%<>12. Beraucaure mepsbie 11 qucen u maOrowieHoB Bepuymmn u cymmy 10-X cTemeHen mepBbIX
1000 HATYpAIBLHBIX YHCET .

ly fIxo6a Bepry/m, o ero co6CTBEHHOMY IPI3HAHMIO, HA, 3TO YILIO (MEHbIIIe OJOBUHLI IeTBEPTH Taca)
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Maremaruaeckuit Amamms, 10 krace JIucTok Ne 29

IIpousBoanas nu auddepeHITNAI.

Onpepaesnenusa u o6o3navenus. [lycts dynkuua y = f(z) ompenereHa B HEKOTOPOU £-OKPECTHOCTH TOYKM
xo. Pynxnua f waswiBaeTca Juddepenyupyemoti B Touke xg, ecam f(z) = f(xo) + a- (z — z9) + o(x — ), rae
( — HEKOTOpas KOHCTAHTA, a HYHKIUA o(t) TaKoBa, ITO %g% o(t)/t = 0. ToBops medopmaabHO, auddepeHnn-
PYEMOCTH 03HAMAET, ITO C TOTHOCTHIO A0 «GECKOHETHO MAJOW» 1O CPABHEHUIO C (I — Zg) dyHKnmm o(x — o)
pasuocTs f(z) — f(xo) BegeT cebs Kak aunetinas 00nopodnas Pynrkyui « - (x —xo) ot (z — xp). Koaddunuent
Q. HA3BIBAETCA NPOU3600n0ti pyrkuuu f B Touke xo u obozHaxdaerca f'(xg), a muaerHAs 0qHOPOAHAA PYHKIUA
a(x —xy) ot (r — xp) Has3BIBaeTCA Jufdepenyuanom dyuxkuuu f B TOUke o u ob6o3HadaeTca df (zg). Hampu-
Mep, yHKIuA y = x AuddepernmupyeMa B Kax o Touke o € R, eé npomssoguas ¢’ = 1, a auddepennuan
dz(zy) = (x—x0) B Kax 01 TOUKE T. [lopTOMY, JOMYCKASA U3BECTHYIO BOIBHOCTD, IIPOM3BOJHYIO IPOU3BOIBLHON

nuddeperuupyemon byukuuu f(z) gacto momumo [’ o6o3HATAIOT Uepes iz
z

M29¢1°. [lokaxure, 4ro musa auddepeHIupyeMocTu B To4YKe Ty GyHKIuu f(r), onpeneréHHON B
HEKOTOPOU €€ OKPECTHOCTHU, HeOOXOIUMO U JOCTATOYHO CYIIeCTBOBAHNE KOHETHOI'O Iperena,

lim L@ = f(@0) _ o Fzo 4 ) = f(2o)

T—To T — To t—0 t

)

IpUIEM DTOT mpefen, Oyae oH cylnecTByeT, pased f'(1g).

M29¢2°. [Ipavas HasbiBaeTCA kKacameavhot K rpaduky Gyukimun y = f(x) B Touke A = (g, f(x0)),
eCaM OHA, ABIACTCA MPEIEIOM KAKOU-TUO0 MOCIeAOBATENBLHOCTH TIPOXOIAIIAX [depes A Cexymmx
npamveix (A, By,), rae B, = (zp, f(x,)) u z, = xy. Jokaxure, 910 ecau f muddepeniupyema B
Ty, TO KaCATeIbHAA CyIIeCTBYeT U eIMHCTBeHHA. HamummTe 114 Heé ABHOE ypaBHCHHE.

M29¢3. Ha puc. 17 - 1 6611 n306paxén rpaduk dyukuun y = f(z). Hapucyire rpadux GyHKImun:

a) y= f'(z), 6) y = F(x), rakou aro F(0) =0u F'(z) = f(x) V.

M29¢4°. Besakas qu nudpdepeHnupyeMas B TOUKe T GYHKINAA HEIPEPBIBHA B TOYKE T !

M290¢5°. Besakas in HempepsIBHASA B TOUKe Ty (DYHKINSA, OMPEIeIEHHAS B HEKOTOPOU €€ OKPECTHOCTH,
nuddepernupyemMa B xg 7

M29¢6. ITycts f(z) u g(x) auddepennupyemsr B Touke xy. Juddeperuupyemsr au B £y GyHKIUI:

a) f(x) £g(x), 6)Af(x), rae A=const, B) f(z)g(x); r) f(x)/g(z), rae g(zo) # 0.
Ecau ma, To BbIpazuTe uX MPOM3BOJAHBE B Ty depes f(xg), g(xq), f'(xo) u ¢'(x).

M29¢7. ITycts h(z) = f(g(x)), npuaém g(x) nuddepenuupyema B TOUKe Tg, a f(x) auddepenmupy-
eMa B Touke (o). Jokaxure, uro h(x) muddepenunpyema B TOUKe T U Beipasute h'(xq) depes
fr9 ffmyg.

M29¢8. ITycts f nuddepenmupyema B Touke xo u f'(19) > 0. Hamgérea am y Touku xy Takas
£-0KpecTHOCTh, rae f(x) > f(xg) mpu > xo u f(x) < f(xg) mpu x < o7

M29¢9 (Teopema @epma). [lycTs Gyukuus f(x) onpeneneHa B HEKOTOPOU £-0KpecTHOCTH U TOYKH
To, muddepenmupyema B Touke ro u f(z) < f(zg) VaeU . Beraucaure f'(xp).

M29¢10 (Teopema Pouansa). [lycrs ¢yukuus f(z) onpenereHa u HempepblBHA Ha OTpeske [a, b],
nuddepenmupyema Bo Beex Toukax (a,b), u f(a) = f(b). CymecrByer au touka xy € (a,b), B
koropou f'(zg) =07

M29¢11 (Teopema Jlarpauxa). [IycTs pyukmus f(r) onmpenenena u HempepsIBHA HA OTpe3Ke [a, b| u
audpepenupyemMa Bo Beex To4Kax (a, b). Beerga i mangéres Takas Touka o € (a,b), B KoTOpOu
£ (o) = (f(b) — f(a))/(b —a)?

M29¢12. BepHo 1, 9T0 [ 10601 AudHEepeHnupyeMon B HEKOTOPOH OKPECTHOCTH [a, b] hpyHKIunI
f, makoi aro f'(a) >0, a f'(b) < 0, cymecTByeT ¢ € [a,b] Takoe, aTo f'(xy) = 07

M29¢13 (reopema [MapOy). [Ipuaumaer qu mpomsBogHas npousBOAbHOU Au(PEPEHIUPYEMOU B
HEKOTOPOU OKPeCTHOCTH [a, b] dpyukuuu f Bee sHauenus, dsexamue mexay f'(a) u f'(b)?
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Maremaruaeckuit Amamms, 10 krace JIucTok Ne 30

IIpuioXeHus Npou3BOAHLIX K UCCACJOBAHUIO (DYHKIIUN.

dyuknuu, auddepeHnupyembie Ha oTpeske. [Ipemxeasr lim M z lim M
z /'xo T — X z\Zo r — X

OHU CyIIECTBYIOT W KOHETHBI) HA3BIBAIOTCA 4601 U Npasot mpou3BogHbIME GyHKIMA f B TOUKe Lo. PyHKnmsa
f(z) maseBaerca duddepenyupyemoti na ompesxe [a,b|, eciu ona muddepeHnupyema B Kaxn0u Touke (a,b)
U UMeeT JeBYH NPOU3BOAHYIO B TOUYKE b W mpaBylo B TOUKe a. [oBopaT, uro yHKmua f(x) mpuHAIIERUT
kmaccy 7 *[a,b], ecim cama f m eé mepsbie (k — 1) npomssoguex f, f" ..., f* 1) 1udpdepenumpyemsr Ha

[, b], npuaém k-Tas npomssogmaa f*) = (f(k’l))l HenpepsiBHa Ha [a, b]. [lepeceuenne 7°[a, b] o kgo “*la,b]

(ecmm

HA3BIBAETCA MPOCTPAHCTBOM Oeckoneuno 2aadkur GYHKIUM HA [a, b].

M30¢1°. [Iycts dyukuun f u g guddepenuupyemsl Ha [a,b] u [’ = ¢’ Bcrogy Ha [a,b]. Bepuo .mu,
9TO PA3HOCTHL [ — ¢ MOCTOAHHA HA [a, b] 7

M30¢2. ITycts f muddepenuupyema ua [a,b] u f'(x) > 0 Vz € [a,b] . Bepuo au, aro f cTporo
BO3pacTaeT Ha [a,b] 7 UTo usMeHUTCA, ecan 3aMeHuTh HepaBeHCTBO f'(x) > (0 HA HEPABEHCTBO:

a) f'(z) =207 6) f'(x) <07 B) f(z) <07
M30¢3. IIycTs f crporo y6eiBaeT Ha [a, b]. Bepuo au, uto Vx€la,b] a) f'(z) >0;6) f'(z) =07
M30¢4. YTo u3MeHUTCsS B IPeALIAYIIEN 3a1ade, ecin: a) f ¢TpOro Bo3pacTraer;
6) f MOHOTOHHO HEYOBIBAET; B) [ MOHOTOHHO HEBO3PACTAET.
JlokanbHbIE 3KCTpEeMyMbI. To9YKa %) HA3BIBAETCA TOYKOU A0KAAbHO20 MAKCUMYMG (COOTB. MUMUMYMG)
dbyukumu f, eciu cymecTByeT e-0KpecTHOCTH U TOUkHU T, Takad, Ito f(z) < f(zg) (coors. f(z) > f(zg))
Vz € U. Bkyre, 1okaibHble MAKCUMYMBI I MUHUMYMBI HA3BIBAIOTCA A40KAAbHLIMU IKCMPEmymamy pyakuun f.
Touku z, rae f muddepenmupyema u f'(x) = 0 HABBIBAIOTCA CNAYUOHAPHLIMU MOuKaMy DYHKIAA f.

M30¢5°. BepHo au, 9T0 JOKaIbHBIE SKCTpeMyMbl nuddepeHiupyemMon (hyHKIUU SABAAIOTCA €€ cTa-
nmuoHapHEIME TouKaMmu? Bepro au ob6paTHOoe?

M306". CymecrByer au a) Kakag-HUOyab 6) HempepbiBHas B) auddepeHuupyemas (YHKIUA C
HEMYCTHIM MHOXKECTBOM JIOKATbHBIX MAaKCUMYMOB, YCTPOEHHBIM TaK, 9TO B JIOOGOU OKPECTHOCTH
JMI060r0 JTOKAILHOIO MAKCHIMYMa, UMEIOTCA IPYTHe JOKAILHBIE MAKCUMYMBI?

M30¢7. Ilycrs mpousBoguas guddpepeHnupyeMon (hpyHKIUN HEMTPEPHIBHO BO3PACTAET B HEKOTOPOU
OKPECTHOCTU TOYKU Ty, MEHAA B To 3HAK C MUHYCA Ha ILIIOC. SIBIAIOTCA au Ty €€ JOKATLHBIM
MuHEMYMOM? ECTh JI1 aHAJTOIMYHBIN KPUTEPUH NI JOKAJILHOIO MAKCUMyMa?

Hanpasnenus Boinykiaoctu. DyHkuusa [ Ha3BIBAETCA cmpozo ebinykaoli 66epr (COOTB. 6Hu3) Ha OTPE3Ke
[a,b], ecmu V [o, B] C [a, b] rpadux f(z) Hag (a, f) rexuT cTporo Boime (COOTB. HAXE) OTPE3KA, COAUHSIIOLErO
touku (a, f(a)) u (B, f(B)). Ecimm f crporo Bemmykaa Ha [a,b] u cTporo BeIyk/Ia B APyl CTOPOHY Ha [b, ],
TO TOUKa b € [a, | Ha3BIBaeTCA Moukol nepezuba rpaduka GyHKIMA f.

M30¢8. [Tokaxure, 94To guddepeHnupyeMas Ha OTpeske [a,b] GyHKImA [ ¢TPOro BBIMYKJIa BBEPX
TOra U TOABKO Toraa, koraa f'(x) youiBaeT Ha [a, b], 1 AHAJIOTUYIHBIN KPUTEPUH BLIMTYKIOCTH BHU3.

M30¢9. ITycrs aBax sl quddepenuupyemas Ha [a, ¢] Gynkuns f umeer neperu6 B Touke b € (a,c).
Asaserca au b TOKAIBHBIM dKCTpemyMoM s f' 7

M30¢10. TTycrs y aBaxasl auddepenuupyemon Ha [a,b] dyuxkumu f'(zo) = 0 u a) f"(xy) > 0
6) f"(z9) < 0. Umeer im f B o JOKATBHBIN DKCTPEMYM, U €CIN Ja, TO KAKOIO THUHa?

M30¢11 (mepaBenctso WUencena). Ilycts f"” > 0 Bcriogy Ha [a,b]. [Jokaxkure, 9To mis JH0ObIX
zy € [a,b] m A\, > 0 BBIIOIHEHO HEPABEHCTBO f<<z )\kxk) : (E )\k)> < (Z )\kf(xk)) : (E )\k) )

M30012 (ueparenctro Komm - Bynakorckoro). [lokaxute, 94To (T1y; + ToYz + -+ + Tnln)> <
(224234 -+ +22)(y? + Y2+ -+ + y2) u onmmETe BCe CIyYaW, KOTJA NMEET MECTO PABEHCTEO.

M30¢13. Tlycrs ¢yuxkumsa f Beiogy auddepenuupyema Ha [0, +00) u liril f'(x) = a € R. Bepno
T—r+00

au, 970 rpaduk GpyHKuun f umeeT mpu r — +00 ACUMITOTY Buaa iy = ar + b7
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Maremaruaeckuit Amamms, 10 krace JIucTok Ne 31

YupaxHeHus B guddepeHInpoBaHNNA

M31¢1°. Berqucanre mpoOM3BOAHYIO OT Ka¥KIOW TPUTOHOMETPUIECKOU (DYHKITUH.

M31¢2° (Teopema 06 o6paTron dyuknuu). I[lycts [ muddepenuupyema Ha [a,b], f' > 0 Bciogy
Ha (a,b), u f(a) = «, f(b) = . Mokaxure, uro f oTobpaxkaer [a, b| Ha [, §] B3aUMHO 0THO3HAYHO,
npuuém obparHas K f ¢yHkuma g : (o, 5] — [a, b] auddepenuupyema, u V€ [a, ] BbIpasuTe
g'(7) epes f'(g(7)) -

M3163°. I[Ipoaudgdepernupynre: a) 2%, aeQ 6) arcsin B) arccos r) arctgx

sinx + cosx

M3104°. [Ipoauddepennupytite: a) zv/1— 22 6) "/(1 —z)™(1 + )" B8) arctg—
sinx — cosx

1 3 1— o4
r) ¢ % ) \/1+ 1+ Yz e) sin (cos? z) - cos (sin’ z) %) arcsin ﬁi
—x T
M31¢5°. Beruncinre Bce NpOU3BOIHBIE OT: a) sinx 6) cosx B) 1/x r) V1+ax
8 9 10
M3106. Beraucanre 9-10 mpousBoIHYIO OT: a) [[(z+k) 6) [[(z+Fk) B) [[(z+Fk)
k=1 k=1 k=1

0 0+ T ) Va@t1) oL a2-1) x)Laze1) o) L 2tat)

M3107°. Haitaure inf, sup u Bce Jokaabubie dKCTpeMyMbl GyHKImi: a) [v2 — 3z + 2| ma [—10, 10];

1+ 22 )
6) 1 1 i4 ma [0, +00) B) : _:;2 Ha BcéM R n Ha [—1, 2] r) zv/x — 1 Ha [—2,5]

M31¢8. Bepro au, uro: a) sinz >z — ® /g mpa x> 07? 6) tgx >z +2° /3 apn 0 < z < /47
M3109°. Halimure KpaTyaiimee paccToaame oT Toukn (7,6) no mapaboant y = 2 +x + 1.

M31010. CobepéTcs m, OTPA3MBIINCH OT MapaboIbl Y = ax’ 4 br 4+ ¢, B 0JHON TOYKe MapalLie bHEIN
My90K Jyden, MaTalolun Ha Heé Mo BepTuKaIu ¢Bepxy? Ecam ma, To B Kakon Touke?

M31011". Tunep6oaa npegcrasisger co6oit I'MT, pasHOCTb PACCTOAHMI OT KOTOPHIX 4O IBYX JaH-
HbIX TOUeKk Fy m F, nocrosuHa n paBHa §. [[okaxuTe, 9TO MOTOK Jy9ed OT TOUIEIHOTO UCTOTHUKA
csera B F}, oTpasuBImck 0T runepOoIbl, TPeJICTaHeT CTOPOHHEMY HAOII0JATE 0 KaK MOTOK JIyIen
OT TOYETHOrO UCTOYHUKA B Fh 1 HAOGOPOT.

M31012". Dumne npegcrasaser coboir IMT, cyMMa PaccTOAHMIA OT KOTOPHIX A0 ABYX JAHHBIX
Touek Fy u F, nocrosuHa u paBHA 0. UTO NPOU3OUIET C OTPAKEHHBIM OT DJLIUICA MOTOKOM JIyIen
OT TOYEIHOr'O MUCTOYHUKA cBeTa B F 7

M31013°. Haitaure ma srmunce 4 22 + 9y? = 36 ToUKy, KacaTelbHad B KOTOPOH COTABIAET BMECTE
C OCAME KOOPAMHAT TPEYrOMbHUK MAKCUMAJIBHO BO3MOKHOU TLTOIIAIN.

r+1

x?2+1

M31015°. TlocTpouTe (¢ MOTHBLIM UCCICTOBAHUTEM ') rpaduKu:

M31¢14°. Ckoabko meperu6oB y rpaduka y = ? Jlexxar nm OHU HA OJHOUW MPAMOU !

1—2x+4a? arcsin x s/ CoS T

1—-2x+ 222 B)y:\/1—x2 r)y= x+1 'q)y:cost
2

a) y=cxarctgr 6)y=

M31016°. [Tog KaKuM YIIIOM MEPeceKaloTca KpuBble: a)y =z’ umx =y> 6) y=sinx my = cosx

M31017. Touka ABMKETCA MO KOOPAMHATHOW IIOCKOCTH 1O 3akoHy = = x(t), y = y(t). Bexrop

dx dy
v(t) = %(t), E(t) HA3BIBACTCA CKOPOCcMblo TOYKHU. [lokaxkure, 94T0 ecau v(t) CymecTByeT un

x
HEMPEepHIBEH 0 ¢ B OKPeCTHOCTH ty U — (tg) # 0, TO I OKPECTHOCTD ty, TJe TPACKTOPHSA ABIAETCH

dt

d,
rpadukoM auddepentupyemon gyukuuu y = f(z). Bepasure d—(t) qepe3 KOMIOHEHTHI ().
T

11, e. KaK MOXKHO 60JIee TOUHEIM YKA3aHIEM 00JACTH ONpeIeIeHnsa, MHOKECTBA, 3HAUCHUH, IPOMEKYTKOB BO3PACTAHUI
- yOLIBaHUA, JOKAMBHLIX DKCTPEMYMOB, HANPABICHUN BLITYKJIOCTY, TIEPErUOOB U ACUMIITOT
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Maremarmaeckmin Anamns, 10 krace JIucTox Ne 311 (neoGasarennubrit)

JlomosHUTe/IbHBIE 3a4aYM [IPO IIPOU3BOHLIE

M31%<>1. Bceerjga am Mex [y ABYyMs BeMIECTBEHHBIMM KOpHAME MHOrodieHa [ € Rlx] sexur Berme-
CTBEHHBIM KOPEeHb MHOrowIeHa [ 7

%
M31%<>2 (reopema [lexapra). O6Go3naduM depes N (f) IUCIO TMOJOKUTEIBHBIX KOPHEN MHOTOMWIE-
ua f €R[z|, a uepes L(f) KoauIecTBO mepeMeH 3HAKA B MOCIEIOBATEILHOCTH €10 KOX(D(PUIUEHTOB.
Bepuo au, uto:  a) L u N He Mensorca or ymHoXkenus f ua +2™  6) L(f) = N(f) (mod 2)

B) L(f'") < L(f) r) N(f) < N(f') +1 8) L(f(x)) + L((=1)%8/ f(~=)) < deg f
e) N(f) < L(f) x) N(f) = L(f), ecn Bce xopru f B moxe C BelmecTBeHHEL

M31103. Ckonbko BemecTsenHbIX Kopreit y: a) #° — 32% — 9z 4+ a 6) 3z* — 42° — 627 + 122 — 20

1
M31504 (IIpaswro Jlonurans). [lycts dbynxumm f u g onpegeneHsl n 1udepeHIupyeMsl BCIOLY
B HEKOTOPOU OKPECTHOCTHU TOYKH T 3a UCKIIOUCHUEM CAMOUM >TOU TOYKHU, U MPHU T — Ty OTHOIIE-
uue f/g npeacrasiser co6on HeonpegeaéuHocTh Buga a) 0/0 6) co/oco. [oxkaxure, 9T0 ecan

lim (f’/g’) cymecTByeT u paseH pER, To lim ( f/g) Toxe cymecTByeT u pase p.
T—T0 T—T0o

M31%<>5. Ocraéresa au npasuiao JIOMUTALA B CUIE, €CIU Lo U/WIA P PABHBL £00 WK 00 7

rtgxr —1 Jtgx —1 arcsin 2x — 2 arcsin x
M31%<>6. Brraucanre: a) lim rheT— - 6) lim %7 B) lim
z—0 x? e/t 28in”x — 1 20 x2

M31%<>7 (dbopmyna Tewmopa - Jlarpamxka). [lokawxute, ato V f € Z*a,b] u V 2, 29 € [a,b]

k-1
1 1

f(z) = ] B (0) - (z — 20)* + E o FW(x0) - (# — x0)” 11 HEKOTOPOro ¥ W3 OTPE3KA ¢ KOHIAMIL
’ v=0 '

B 2o u 2. (CoBer: maunure ¢ k=1,2, 3, ...)

*

M31%<>8 . 3aMeHssA UPPANUOHATLHOCTHU MOAXOMAMMMI TeNIOPOBCKUME PA3I0KEeHUAME (MIM KaK-TO

emg) peramcamre:  a) lim 232 (Vr+14++or—1-2yx) 6) lim (vab+ 25— Vab — 1)
T—+00

Tr——+00
B) lim sin(sinz) — o V1 - 22 r) lim 11 x) lim (1o ctg
70 5 z—=0\x sinx z—=0x \x

M31%<>9. [Tycts ¢pyuknua f 6eckonedno auddepeHnupyeMa B e-oKkpecTHOCTU U TOUKH T, U CYIIIe-
cTByeT Takag KoHcTaHTa ¢ € R, uro |f™(z)| < ¢ Yoz €U u VYneN. Ilocrpoiire cTenennoi pas

suga Y. ay(z — 10)* € R[[(x — x0)]], xoToperit Vax €U abeomorro cxoures ¥ f(z).
k>0

M31%<>10. Haugure B Q[[z]] 1Ba cTenmenHBIX psaga, KOTOPBIE OIPU KaXKI0OM & € R aGCOTIOTHO CXOAATCA
K sin(z) u K coS(Z) COOTBETCTBEHHO.

M311011. Pacemorpum pagst sin(z) u cos(z) u3 mpegpraymein 3agaan kax saemenTsr m3 C[[2]], a
Takxe pag e = > 2F/k! € C[[z]]. ByayT . Bce Tpu paga aGCOTOTHO CXOJUTLCA MPH THOOOM
2€C? Moxaxure @opmyay Iiaepa: ¥z, y€ER €% = cos(x) + i sin(y) Kak KOMILIEKCHBIE TUCTA.

M31%<>12 (KauToposa secenka). CymiecTByeT Ju MOHOTOHHO HeyOBIBAIOIIAS CIOPLEKTUBHAS He-
npepbiBaasa Gyuxnusa f: [0, 1] —— [0, 1], y KoTopon BCIO1y 3a UCKIIOYEHNEM, Pa3Be 4TO, HUT e
He IIOTHOIO TOAMHOXKECTBa Mephl Hy b f'() cyluecTByeT u paBHA HY.IIO.

*
M31%<>13 (JIen6mmnesa mmra). [locrponre HenpepwiBHyO GyHKIuo Ha [0, 1], He quddepenun-
PYIOMYIO HU B OJTHOU TOYKE.

M31%<>14*. [Iycrs f'(x) € R cymecrsyer YV € [a, b]. Moxer au f' 6bITh Bciogy paspbiBHa HA [a, b] 7

*
M31%<>15 . Oyuknua f : R —— R 6eckoneuno aguddepenmupyema 1 Ve €R dn €N, Takoe 4T0
n-Tas Npou3BOIHAA OT [ oOpalraeTcs B HyJ b B TOUKe x. BepHo jm, aTo [ — MHOTOWIEH?

ol



Maremaruaeckuit Amamms, 10 krace JIucTtok Ne 32

CxoamMoCTh pagos’

Hanomunanusa o cxoaammxcs pagax. CyMMon 9ucioBoro psaga y | ¢, (BemeCcTBeHHOr0 WX KOMILUIEKCHOTO)
HA3BIBAETCA TPENeI ero uacmuunbir cyMMm  lim (co + ¢y + - -+ + ¢,). Ecam oH cymecTByeT, psajg Ha3bIBAETCSI
n—oo

CTOOAUUMCA, €CTA HET — PACLO0AUWUMCS. PAN HABBIBACTCA aOCOAOMHO CLOOAUUMCSA, €CIT BCE KOHETHBIE CyM-

MBI BUAR  |¢i|+|cip1|+ -+ +|citm| orpanmtuens cepxy. Cxonammics psaji, KOTOPBIU He ABIAETCA abCOMIOTHO
CXOIAMAMCS, HABBLIBACTCA YCAOBHO CTOOAUNUMCA.

M32¢1. [IpuBenure npumMep KaKOro-HUOYIb YCJIOBHO CXOAAMEr0CA Psga. MoXHO Ju mepeMeniaTh ero

cIaraemMble Tak, ITOOBI a) CyMMa U3MEHUIACH 6) pAI mepecTaln CXOIUTCA

3
M32¢2" . MoXHO Ju TepeMeInraTh claraeMble TPOU3BOJBHOTO YCIOBHO CXOIAMIETOCA PaIa TaK, ITOOBI
OH CTAl  a) PACXOAUTHCA  6) CXOAWTHCA K JIOOOMY HAmepén 3a aHHOMY 4ucay (B T. 9. £00)?

M32¢3. Jokaxure, 9TO0 BCAKAU aOCOMOTHO CXOMAMIUUCA PA CXOAUTCA, TPUIEM €ro CyMMa HE Me-
HAETCA NMPU TePEMEMMBAHNT CJIAraeMbIX.

M32¢4 (xputepuin Komm). [Jokaxure, 9T0O M1 aOCOTIOTHON CXOAUMOCTY PAAA Y | ¢, HEOOXOAUMO
u JocTaTo4Ho, 9To6el Ve >0 IneN || + k1| + -+ +|chim| <eVE>nuVmeN

M3205. [lokaxure, 9TO pafg » . a,b,, COCTABICHHBIN M3 BCEBO3MOMKHBIX MOMADHBIX [IPOU3BEICHUN
(BCE paBHO B KAKOM HOPAIKE) WIECHOB IBYX aOCOMIOTHO CXOIAMUXC PATOB Y | a4y U Y | by, aGCOMOTHO
CXOTUTCA K HIPOU3BEJEHNUIO CYMM PsAJ0B-COMHOKUTEICH.

M32¢6 (npusnaku A6ens u dupuxae). CXoAuTcs Ju pang | a,b,, ecan:
a) pan > |a,| cxogures, a qucaa b, orpaHudeHsr? "

6) YACTUIHBIE CYMMBI a1+ - + - +y, OTPAHAIEHBL, & b, MOHOTOHHO CTPEMATCS K HYJIIO TIPH U — 007

M32¢7 (npusrak Komm). [lokaxkure, 9T0 psajg Y ¢, aOGCOMOTHO CXOAUTCS, €CIU CYIeCTBYeT (Be-
mecTBenHoe) ¢ < 1, Takoe uro {/|c,| < ¢ mpu Beex v > 0.

M32¢8 (mpusnak Jamnam6epa). [lokaxure, ITO pAxg Y ¢, aGCOIOTHO CXOTUTCH, €CIN CYIIECTBYeT
(BemecTBenHoOe) ¢ < 1, Takoe 4TO |¢,41/¢,| < ¢ mpm Beex v > 0.

1 . n(n—1) n+1
M3209. Cxogarcsa au: a) Z <2:> 6) Z \/T B) Z <Z+ 1) r) Z
n>1

n>1 n>1 n>1
M32010" (paguyc CXOAMMOCTH CTEIeHHOro paga). [JOKaXuTe, ITO PALI > apz™ abCOMIOTHO CXO-
IUTCA TpU TH0O0M |x| < ¢ U pacxoauTcsa opu abom & ¢ |x| > g, rae o € R — 510 qucao, o6paTHoe
K TBI' MHOXKeCTBa’ MpeAeIbHBIX TOYEK TMOCIeNOBATEILHOCTH {/ |dy,|.

M32011". CpaBHuTe pagrychl CXOAMMOCTH (POPMATHLHOTO CTENEeHHOro paga f m ero GpopMaIbHOrO
npou3BogHOrO paga f'.

M32012". IlycTs dopMarsnblil cTenennon pat f(z) = Y. a,z" UMeeT HeHy.IeBOH PaJUyC CXOTIMO-
CTU 0. 3aJaIUMCSA NPOU3BOJABHBIM YUCIOM 1, TakuMm 410 0 < r < p. [Jokaxure, aro V ¢ >
I m € N. rakoe 4To ¥V n > m uepaBescTso |f(z) —ag— a1z — -+ — a,2"| < € BHIIOTHAETCS Cpa3y
IUIA BCEX T ¢ |x| < r (9TO sABIEHUE HA3BIBAETCA PasHoMepHol (10  : |z < T) CXOAUMOCTHIO).

M32013". [MokaxuTe, 9TO CyMMa CTEMEHHOTO pAla ¢ HEHYJIeBBIM PAIAYCOM CXOIUMOCTHU O ABIAETCS
GeckonedHo muddepernupyemMon GyHKIUen B obracTu |r| < o (MOACKA3KA: PABHOMEPHO TIO T
npubausbre f'(x) u f(r) 9acTUIHBIME CyMMaMU, ¥ O JHOBPEMEHHO — 10 (POPMYJIe I HPOU3BO THOM
KaK Tpepera TPUPAIIeHN — OPUOIU3bTe YaCTUIHYI0 CYMMY MPOU3BOMHOIO PsAla OTHOIIEHUEM
IPUPAIEHAN TACTUIHON CYMMBI CAMOT'O PATA).

M32014". [IycTs umcaa r uw R oOpaTHBI, COOTBETCTBEHHO, TBI' 1 THI MpeaeTbHBIX TOYEK IOCJIe-
TOBATEIBHOCTH |Gy y1/Gy|. Cxogures u cremeHHON Pax » | a,x™ upu |x| < r u |x| > R? Kakue
HEPABEHCTBA CBA3LIBAIOT r, R u paguyc cxogumocTu? BuiBator qm oHu crpormvu?

133184 3TOro MMCTKa MOXKHO pemaTh B R, B C, wim u Tam u TaM
2eCu 5TO MHOXKECTBO HEOTPAHIYEHO, IOIAra0T o = 0 ; YICIO 0 HA3BIBACTCA Paduycom cToOUMOCMY CTEIEHHOTO PALA
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Maremarmaeckmin Anamns, 10 krace JIucrox Ne 321 (pomomnmrensub)

MeTpudeckue ImmpocTpPaHCTBA

MeTpuyeckoe HPOCTPAHCTBO —— DTO MHOXECTBO ./ , HA KOTOPOM A KaXIOU Taphl DIEMEHTOB (P, q)
3aaHO HeOTpHIATEIbHOE paccmoanue o(p,q) = 0(g,p) € Ryo, obpamaomeecsa B HylIb TOC4a X TOILKO TOTIA,
KOT/Ia P = ¢, U yAOBIETBOPAIOWEE Hepasencmsy mpeyzoavrura: o(p,q) + o(q,r) = o(p,r) ¥V p,q,r € 7.
M32%<>1°. Kakue u3 nmepeducieHHBIX HUXKE MHOXKECTB C «PACCTOAHMEM» ABIAIOTCA METPUICCKUMU
IPOCTPAHCTBAMME: a) HempepeIBHEIE QYHKINHN Ha oTpeske [a, b] ¢ o(f, g) = sup,c(qy |f(2)—g(7)|

6) Qco(z,y) = |z — vy B") OTPE3KH <HCIOBON MPAMON C Q( la,b], [c, d]) =la—c|+|b—d|

£) R o (w1 osma)s (s swn) ) = /8@ w2 m) o e, w0 0 = max;|a; — yi

e) OrpaHWYeHHBIE TOCTeI0BATeIbHOCTH (a,) C R ¢ g( (a,) , (bn)> = sup;, |a; — b;|

x*) { (an) C R| pag a2 cxo,u;HTc;{} ¢ g( (an) | (bn)) = /S (an — bn)?

IMMapser u Tomoaorus. B MeTputdeckoM mpoCTpaHCTBE ./ misA JI060r0 BEIECTBEHHOTO £ > () MOAMHOXECTBO
D.(p) = {x €.7| o(p,r) < e} maswBatoT™Ma omxpoimbim, a D (p) = {x €.7] o(p,x) < e} — 3amEnymoim wa-
pom pammyca € ¢ IEHTPOM p (06A3aTENLHO TPOAYMANTE, KAK YCTPOEHBI MAPHI B TPOCTPAHCTBAX 3a,1. M32%<>1).
OrxpoiTein map D, (p) Takxke HABBIBAIOT £-0KPECTMHOCMbIO TOIKU p € .7/. IlpenensHbie, BHYTPEHHUE W W30JIH-
poBaHHBIE TOYKHU TOAMHOXKECTB X C .7/, OTKPBITHIE U 3AMKHYThI€ MHOXECTBRA, IIPEIeabl MOCIeI0BATEILHOCTEN
(zn,) C.#, HenpepbiBHBIE DyHKIUN .7/ — R OmpesessioTcs B IPOU3BOILHOM METPUYIECKOM IMPOCTPAHCTBE .7
TOCJIOBHO Tak Xe, Kak B.# = R. Hanpumep, mocaeq0BaTerbHOCTE 2MeMEHTOB (1)) C ./ HA3BIBAETCA NOCAEIO-
sameavrocmvro Kowu, ectm Ve >0 IneN : oz, zx) <e Vm,k>n. Merpmaeckoe npocTpancTBO
HAa3BIBAETCA NOAHbLM, €CIU BCE MOCIS0BATEIHLHOCTH Kol UMET B HEM TpEeIebl.

M32%<>2°. MoxeT 1 uMeTh Tpenen MOCaIeI0BATETLHOCTD, HE SABIAIONIAACA MOCIeI0BATEIHLHOCTHIO

Kommm? MoxeT Jin mocaegoBaTeI5HOCTh Ko nMeTh HECKOABKO TIPeIenoB?

M32%<>3. [MogmuOXKecTBO M C .# HasbIBaeTCS oepanuyuerHbim, ecau cymecTsyioT C' € R um € .7,
rakue 910 o(m, ) < C' V€ M. Beakas i orpaHudeHHAA MOCIEI0BATEILHOCTE COAEPKUT O ITI0-
caemoBaTenbHOCTL Kortn: a)sR"? 6) B IPOU3BOJIBHOM METPHYECKOM IPOCTPAHCTBE?!

M32%<>4. Kakwue u3 MmeTpudeckux mpoCTPaHCTB 3a. M32%<>1 TOJTHBI !

M32%<>5. [oxaxxnuTe, 9TO mepecedeHne KOHEIHBIX U 00heuHeHne JI00BIX HaOOPOB OTKPLITEIX MHO-
’KE€CTB OTKPBLITO, M AaHAJOTUYIHLIE CBOUCTBA 3aMKHYTHIX MHOXKeCTB. Bepuo au, uro U C .# 0TKPBITO
<= /' \ U 3amkuyT0? OTKDPBLITHL JU OTKPBITHIE MAaPbI! 3AMKHYTHI I 3aMKHYThIE?

M32%<>6 (Teopema 0 BIOXEHHBIX mIApax). PaBHOCUIbHA /U MOTHOTA METPUIECKOTO MTPOCTPAHCTBA
TOMY, UTO J00asg MOCIeI0BATETHLHOCTD BIOKEHHBIX 3AMKHYTHIX IIAPOB CO CTPEMANIIMUCA K HYJIIO
paguycaMm uMeeT B HEM HemycToe mepecedenue? Bcerga am 5To mepecedenne — OgHA TOYKA?

M32%<>7 (Teopema o HenoasmxkHOU Touke). OTOOpaxeHue A -2 # waspBaerca CHCUMAOULUM,,
ecmIceER : 0<c<luo(F(zx),F(y)) <c-olz,y) Va,ye€ 7. Nokaxure, 9T0 ecau . TMOJIHO,
TO M000€e CKUMaoee oToopakenne F' nMeeT e TMHCTBEHHYIO HEIOIBUKHYIO TOYKY, IPUIEM K HEU
cxXoaUTCsA JMobas MocIeIoBaTelbHOCTs Bujga x, F(x), F(F(z)), ...

M32%<>8. [Mycrs X C .7 ynosrerBopser ycaosuto Boavyano - Betiepwmpacca: 1obas mocaegqoBa-
TeJbHOCTDH daeMeHTOB X mMeeT B X mpemeabHYIO TOUKY. /[okaxuTe, 9TO
a) Ve >0 X NOKpBIBAETCA KOHEUYHBIM MHOXKECTBOM IIAPOB PATUYCA < €
6) ¥V OTKPBITOrO MOKPHITHA X MOXHO ykKaszaThb £ > ( Tak, 94TO BCAKMU LIap paguyca < £ ¢
IEHTPpOM B X HEeJINKOM COIEPKUTCA XOTA OBI B OQHOM M3 MHOXKECTB IMOKPDBITUA
B) B JTI000M IMOKPBITUU X OTKPBITBEIMM MHOXKECTBaMU COACPXKUTCA KOHECIHOE IO ANMOKPBITUEC

M32%<>9 (xomnakTHbIe TogMHEOXecTBa R?). [lokaxkure, 9To mia nogmuoxkectsa X C R" (¢ aro-
60U METPUKOU M3 3a. 1\/[32%01) ycaoBue Boabnano - Bemepirrpacca, ycIoBHe OTHOBPEMEHHOU
OI'PaHUYEHHOCTUN U 3aMKHYTOCTHU, U YCJIOBUE HAJNYIUA B JI000M OTKPBITOM HOKPBITUN KOHETHOI'O
MMOAMOKPBITUA MOIMaPHO 3KBUBAJECHTHEI.
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3

Mepa HA IpAMON

MNamepumsbie mHOX)ecTBa. HanoMmuuM, 9T0 mpomsBoabHOE OTKpHITOEe MHOXecTBO U C R mpexcrasiaser co-
0010 00BEIUHEHNE KOHETHON WA CIETHOU CUCTEMBI MOMAPHO HEMEPECEeKAIIUXCA WHTEPBAIOB, KOHIIAMEA KOTO-
PBIX MOUYT OBITH f+00. CyMMapHas AIMHA BCEX STHX MHTepBaIoB obosHadaerca 4(U) um HasbIBaeTCA Mepot
def
oTkpeITOro MuOXectsa U, T.e. p | U(a;, bz)> = Y |b; — ai|. Ecim pax pacxoamrea mim cpeaw a;, bj BeTpe-
: .
7
qaeTcsa oo, momaraoT (U) = oco. Jaa npouwsBoabHoro muoxectsa M C R THI mep p(U) Bcex OTKPBITBHIX

U D M o6osragaerca u*(M) n masbsaerca geprueti mepoti M. MuoxecTBo M HA3BIBAETCA USMEPUMbLM , €CIH
Ve>0 3 orkpmroe U C R, Taxoe aro! u*(M A U) < e.
M322¢1. Tlycre U C V oTkperTer. Bepro am, aT0 a) U # V uV orparndeno = p(U) < p(V)
6) 1(U) < oo = U orpanudeHo B) U orpanndeno = u(U) < oo
M32§<>2. CocTaBaAiOT 1 OrpaHUIeHHBIE OTKPLITHIE moaMHOKecTBa U C R MmeTpuieckoe mpocTpaH-
CTBO OTHOCUTEIbHO «paccTosaumy o(U, V) = p*(U A V)?
M322¢3. Beerga mn p*(My A My) = p* (M} A M3) npw p*(My A M) = 0w p*(My A M) =07
M32§<>4 (mepa mamepumoro muoxecrtsa). llycts M wmamepumo. [loxaxkwute, uTo V mocaemoBa-
TeIbHOCTU OTKPHITEIX MHOXKecTB U, Takon ¥ro pu*(M A U,) — 0, 3 OqMHAKOBBIN A1 BCEX TAKUX
nocregosarenbHocren lim p(U,) (on o6o3uadaercs (M) n HaszbBaerca mepoti M).
n—o0

M322¢5. Bepno mm, uaro p*(M) =0 = M n3amepumo u pu(M) = 07

M32§<>6. Mycrs p*(My; A M) = 0. PaBHocwibHa u w3mepuMocTh M uamepumoctu Ms? Bepro
au, 9ro (M) = p(M,), ecin 0b6a M; nzmepumsr?

M322¢7. Tlycre My C M, usmepnver. Beerga am a) u(My) < p(My) 6) (M) < pu(My)

M32§<>8. [Iycte My N My = & m M3 = M, U M,. BepHO 11, 9TO ecam KaKue-TO IBAa U3 MHOXKECTB
M; wamepumer, TO u3Mepumo u Tperbe, npudaeM p(Ms) = p(My) + p(My)?

M32§<>9. Namepumo s a) MyN M, 6) MiUM, B) My A My, ecin M; u My uamepumsr?

M32§<>10. PaBunocunbna au mamepuMmocTsb M TOMy, ITO a) 3 orkpeitoe U : p*(M AU) =07

6) Ve >0 3 msmepumoe M’ : p*(M A M') <e?

*
M32§<>11 . meeTca GeckoHedHAs TMOCIENOBATEILHOCTD U3MepuMbIXx MHOKecTB M; C [0, 1]. BepHo
JH, 9TO a) UN M; wamepumo u ero Mepa pasua lim pu(M; UMy U --- U M,)?
1€ n—00

6) n M; wamepumo u ero Mepa pasha lim u(MyN My --- N M,)?
1€ n—00
B)eciuVe >0 IneN:py* (Mg A My,) <eVmyk>n, o3 lim u(M;)?

n—o0

'3
M32§<>12 . UTo usMeHUTCA, €cau B MPeAbIAYINen 3agade ycaosue «sce M; C [0, 1]y :
a) 3aMEHUTH YCIOBUEM «Kaxkaoe u3 M; orpaHuvaeHo» 6) oTGpoCUTH BOOOIIE?

*
M32§<>13 (Toncroe KanToposo muoxecTBo). [locrpoure Ha [0, 1] Hurge He IOTHOE 3AMKHYTOE
I3MEPUMOe [0 IMHOXKECTBO MOJOKATETHLHON MEPHI.

M32§<>14*. HauaB co BcexX OTKPBITHIX M 3aMKHYTBHIX MHOXECTB, CTPOSAT HOBbIE MHOXKECTBA IeTasd 3a
1 mar nepecedenue uim oObeIUHEHHAE a) KOHEYHOT'O 6) He GoJee YeM CIETHOrO ceMen-
CTBa yXe MOCTPOEHHBIX MHOXKeCTB. MOXKHO JU TOCTPOUTH HEM3MePUMOe MHOXKECTBO 33 KOHETHOe
YUCJIO0 TaKuX maros? A 3a cueTHoe?

M32§<>15* (mpumep Hemamepumoro mHoxkecTBa). Hazosém xaaccom Q-aksusasenmuocmu Berre-
crBernoro umcaa a € [0, 1] muOXKecTBO Beex b € [0, 1], Takux uro b — a € Q (ybemurecs,
970 J0OBe 1Ba Kiacca Q-DKBUBAJEHTHOCTH WIU He mepecekaioTcs win coBmagaioT!). Tloabsyacs
AKCHOMOU BBIGOpA, mocTpouM MHOKecTBO M C [0, 1], comepxainiee poBHO MO OTHOMY DJIEMEHTY
3 Kaxa0ro kiaacca Q-oxsuBamerTHocTr. Moxer nmu M moaydIuThCs U3MEPUMBIM 7

def

lgamomanm, uTo cummempuueckas pazwocms M AU = (M \U)U (U \ M)
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ODKCIIOHEeHTA | jJorapudm’

M3301. I[lycts dopmatbrsni crenerroi pag f(x) = Y. apr® yrosrersopser auddepenmmarsaoMy
k>0
ypasuenuo ' = f. BupasuTe Bce KOdHQUIMEHTHL a; 9€Pes3 ag.

def
M3302 (sxcnonenTa). [Jokaxwure, 4To pag e” = Y x”/v! aGCOMOTHO CXOAUTCA DU BCEX .
v>0

M3303. [lokaxure Va,b 0OCHOBHOE SKCIIOHEHIMATLHOE TOXKIeCTBO?: et = ele?,

M33¢4. [lasa 100bIX MOTOXKUTEIBHEIX €, 0 € R moxbepure n € N Tak, uTobsl V k£ > n HepaBeHCTBO

1+ 2+ 22/2+ -+ +2F/k! — €¥| < & 6b110 BLITOTHEHO Ccpa3y das 6cer T ¢ |x| < o
T __ 1 " n
M33¢5. Brrancante a) lime” 6) lim ¢ B ) lim (1 + E) (22 :13810)
z—0 r—0 xT n——+00 n

M33¢6. [loxkaxute, 9T0 GyHKIUA € Bcioay auddepeHnupyeMa 1 BEIYACIUTE (e"”)'.

£ 3 o
M33¢7 . Bepuo s, uro so60u pag f(x) uz 3ax. M33¢1 abCOMIOTHO CXOMUTCA OPU BCEX T K BCIOIY
muddepermupyemon Gyaknma? OmumuTe? Bece auddepernupyemele (GyHEKINA Ha THTEPBAIE (a,b),
yIoBIeTBOpsmonme guddepennuansaomy ypasuennwo f'(x) = f(x) npu Beex x € (a, b).
O6o3uauenne. Yepes R0 C R mb1 0603HAYAEM MHOXECTBO BCEX NOLOHCUMEALHLIT BEIIECTBEHHBIX UHCE.
OTMeTI/IM, 9ITO OHO 3aMKHYTO OTHOCHUTEIBHO onepaunfl YMHOXECHUA U OEJICHUA.
M33¢8. Jokaxure, 9T0 (PYHKOUA Yy = e ABAACTCA MOHOTOHHO BO3pacTaromen omexiumen um3 R B
R>°, u mocTpoiTe eé mpuMepHBIN Ipaduk.

M3309". JIro6as 11 HEIOCTOSHHAA HEIpepLIBHAL dyukmua R N R>?, yroBreTBopsIomas TOXKIe-
ctBy f(a+b) = f(a)f(b) V a,b € R, nepesoaur 0 B 1, Bcroay auddepeHimpyema u yI0BIeTBOPIET
nuddepennuanbaomy ypasaennio f'(r) = f(z)? Onumure Bce Takue QyHKIUHN.

M33¢10 (smorapudm). Pyukuus y = Inz, obpaTHas Kk GpyHKIUN y = €*, HA3BIBACTCA HAMYP AAbHbIM

r—Inzx o
noeapugfimom4. ,[[OK&}KI/ITG, 9TO (I)YHKHI/IH R>0 R gaBasgeTcsa MOHOTOHHO BO3pacTarlen

Bcrogy nudQepeHiupyeMon OUeKIuer 1 yI0BIeTBOPAET OCHOBHOMY JOrapupMUICCKOMY TOXKIe-
crBy In(ab) =Ina+1Inb Va,b € R*Y. Tlocrpoure eé npumepnsiii rpaduk u seraucaute In'(z).

!/
M33¢11 (morapudmMmyueckas nNpousBogHAs). Bhipazure (ln(f(x))) gepe3 f u f' u BuramcaInTE
npoussonyio npomssetenua (1 +3x%)3 - (1 — 5212 (21 + 725).
M33012". Jlio6as 1M HEmOCTOAHHAA HeIpepHIBHAA byrknua R>0 . R, ymoBaeTBOpAIONAg TO-

waectsy f(ab) = f(a) + f(b) V a,b € R, mepesogur 1 B 0, B3auUMHO OJHO3HAYHA U BCIOMY

mudpdepennupyema’ Onuimure Bce Takue (PYyHKIIUH.
z—re?

* o 5
M33¢13 . fABisgerca mm pyukmus C C nepuoauaeckon? Ecan ga, kakos nmepuox! Hauaure
MHOXKeCTBO e€ 3HadeHun n ykaxure B C kakyio-HuOy b 001aCTh, B3AMMHO OJHO3HAYHO 0TOOpaXKa-
eMyI0 Ha 3TO MHOXKECTBO.

M33014" (kommiexcusiir gorapudm). [ycrs Ln (2) ' |z| + i Arg (z) (mamomumMm, aro Arg(2)
— 270 MHo203naunas GyHkuus). Hangure Bce 3HaYeHUA: a) Ln(—1) 6) Ln (ie)
8) ") nre 2 #£0 r) Ln(e?)

M33015". Kaxos pazmyc cxoqumMocTn ¢ y cremessoro paga In(1+xz) = Z(—l)”“x”/n ? lokaxwure,
n>1
9TO PU BELIECTBEHHBIX X C |T| <  mpaBas 9acTh W B CAaMOM jeje abCoMOTHO cxoaures K In(14x).
Yro mpoucxoaut npu x = +07

laagamu 1 — 5 moxuo permats B R, B C, mwin u TaM u TaMm

2moacKasKa: IPOBEPLTE CHAYAJA, ITO DTO TOXKICCTBO BHIIOIHEHO NI (GOPMATLHEIX CTEHEeHHEIX PAJOB OT @, b, IOTOM
NOKAXKUTE, 9TO BCE PAIEI AGCOMIOBHO CXOIATCA U TpuMeHnTe 3a1. M3265

3nonckaska: mycts f' = f; mangure (fe~%)’.

‘umade roBops, Inz — 5TO cTenmeHb, B KOTOPYIO HAJO0 BO3BECTH HUCIO €, ITOOBI MOTYIUTH T
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Crenennble, MOKa3aTeJbHbIE U Jorapudmuideckue QyHKIIUN

Onpegenennsa u oGozuavenusa. i1 mobeix ¢ € R7? u b € R uepes a’ o6o3HAUAETCA JEHCTBUTEILHOE
aucno e?"¢. TIpu ¢pukcuposansom b € R dyukrma ¢ — ¥, 3aganmas #a nogmuoxectse R™0 C R, masmBaeTca
cmenennoti Pynryuet ¢ nokazamenem b. Ipu duxcuposannom a € R0 pynxnua z — o, 3ajanHas Ha BCEM
R, Ha3BIBaETCA Mokazamesbnot Gynkyuet ¢ ocnosanuem a.
M3401. Bepro 1, uto a) ala® = " Va € R*?, Vb,c € R 6) b%* = (be)* Va € Ru Vb, c € RO
B) a™/" = {/am Ym,n € NuVaec R r)a’=(1/a)?=1/(a’) Va e R*°, Vb€ R.
x) (ab)c =a*VaeR VbceR
M3402. Kaknm HepaBeHcTBOM cBasanbl npu € R™’ n o € (0, 1) dynxuunm:
a) In(l + ar) u aln(1 + x) 6) l+arwu(l+z)”

M3403. Beraucinre TpOU3BOIHYIO CTeNeHHON (pyHKINT § = 2°

1 TOCTPOUTE €€ rpaduK TPU PA3HBIX

T—T
b € R. IIpn kakwx b crenennas ¢pynkoma R0 —— R>0: a) B3AMMHO OTHO3HATHA
6) cTPOro MOHOTOHHA ~ B) BBIIYKJA BBEPX T) BBIIYK/JIA BHU3  J) BO3pacTaeT e) yObIBaeT

M34¢4. Boraucanre TpOM3BOAHYIO TMOKA3aTeAbHON (BYHKIUU y = @° U MOCTPOUTE €€ rpadpuk mpu

T—a®
pasubx a € R>Y. [Ipn kakux a mokasarenbHas pyEkmua R —— R>0: a) CTPOr0 MOHOTOHHA
6) B3aMMHO OJHO3HAYHA B) BBIIYK/JA BBEPX T') BHINYKJIA BHU3 J) BO3DACTaeT e) yObIBaeT

M3405 (aorapucdm mo mpousBoabHOMY ocHoBauuio). [okaxure, uro Vo € R u mo6oro mo-
JOKUTEIBHOTO ¢ # 1 CyMmEecTBYeT eIWHCTBEHHOe 4ucao y € R, Takoe 4To ¢ = x (»TO 4UCIO

HA3BIBACTCA A02aPUPMOM T N0 0croBanuI0 ¢ 1 0bo3HadaeTcs log, ). Beipasure log, x 1epes Inc u

r—log,
——+ R>° opm pasnbIX

In z, BeraucauTe npomsBoanyto log, r m mocTpouTe rpaduk Gyrkmmm R
c € R”?. TIpn xaxux ¢ oHa a) CTPOro MOHOTOHHA 6) B3aMMHO OJHO3HAYHA
B) BBIIIYK/IA BBEPX r') BBIIYK/IA BHU3 &) BO3pAcTaeT e) yObiBaeT

log,.b

M34¢06 (dopmyas 3amenbl ocHoBaHus). [Ipu kakux a, b, ¢ BEImoamHAIOTCA paBeHCTBA log, b = 1
0g.a
n a® = ?1°8c ¢ ? CripaBeuBHL a1 114 GYHKINT § = log, z m y = a” ¢ npomssoabEEIM a € R0\ {1}

TOXIecTBa u3 3a1. M33¢3 u 3a1. M330107

M3407. Haiignre npomsBogsbe or GyHKmumi: a) e % 6) ze*™? B) log, (a7 /e”) T) 2™ x)

M3408. Beraucanre: a) lim (e”/2™) Vm €N 6) lim (ln(x) / ’{’/E) VmeN B) lim(zlnzx)
T—00 x

r—+00 —0
11 1 1 X .
3 - : - : /(1—z) . ¥ —1 . x
F) :}cl—r)r(l) (x eT — 1) A) :}cl—rg (lnx T — 1> e) il_rg:c X) 91ﬁ1—r>r(l)x 3) 9101—I>I(1)(1n(1/x))

M3409. I[TocTpoure (¢ moaHbIM uccaegoBanweM) rpaduku GyHkmuin: a) xlnx  6) e * - (3z — 1)

e’ In(x) ‘
- A\ 1 1 2 1 — e 22 1/x 1 1/x
Dty DN WREIER) OVIseT s wies
M34¢10. Kakyto KpuByIO OMUIIET HA MIOCKOCTHA TOYKA, KOOPIUHATHI KOTOPOU MEHSIOTCS MO 3aKOHY:
t ~t it —it
x(t):(e —1—26 ) x(t):(e —|—26 )

6") ,rae i =+—1€C?

(6it . 6—z't)

y(t) = 5
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ITepBooGpa3ubIe

Omnpegenenue u o6o3uauenua. Oyuknua y = F(z) maszwmmaerca nepsoobpasnoti byakmum y = f(x) ma
HeKOTOpOoM umHTepBate (orpeske), eciu F'(x) = f(z) Bcrogy ma sTom maTepBate (orpeske). O6oznadeHue:

F(z) = | f(x)dx. 9To 0603HaYMeHNE HE BHOIHE KOPPEKTHO, MOCKOAbKY V C' € R dyukuua F(z) + C Takxe
ABISETCS MEPBOOOPA3HON Ais [, M TOYHO TaKkKe MOXKHO HAIKUCATH, ITO / f(z)dz = F(z) + C.

M35¢1. EcTb un pyHKINE, Y KOTOPBEIX HET MEePBOOOPABHBIX !
M35¢2. ITycts F'(x) = f(x). Haugure Bce ocTanbHble epBOOOpPa3HbIe OT f.

M35¢3. Haugure Bce mepBoOOpa3Hble OT: a) MPOU3BOIBLHOTO MHOTOWIEHA 6) sinx B) cosz r) e”

n)r*, a#0,1 e)VI+x x)1/z 3)(1+2>)"" u)(1-22)"1Y2 k) (1-2?)7"!
a)sin"?x  wm)cos 2z m)(r+b) ' o)(ax+b) ! m)(ax+b)?* (Bciomy a,b€R, a#0)

M35¢4. ITycts F'(x) = f(x). Haugure Bce mepsoobpasusie ot g(x) = f(ax +b), a,b € R, a # 0.

M35¢5. B mpuBoInMBLIX HIXKe paBeHCTBAX MPEANOIAraeTcsa, ITO BCe HANMCAHHBIE B IMPABBIX JacTAX
mepBooOpasHeie cymecTByioT, a C' € R — npouwsBoabHas KOHCTaHTa. BepHble paBeHCTBaA TOKAXKH-

T€, HEBEPHLIE —— OMPOBEPTHUTE: a)/ z)+g(z )) de+C = /f ) dx + /g(x) dx
6)/f ¥ dr+C = /f dx-/ (z) dx B)/)\f(a:)dx+C:)\/f(x)da:V)\€]R
r) (MHTerpupoBaHue MO JACTAM) /f'(:l:) (x)dr+C = f(zx /f

M35¢6. Beraucanre mepBooOpasHbe:  a) /xe‘” dx 6) /er‘” dr B) /lnxdm r) /coslnxdx

x) /m cos x dx e)/sin2xdx m)/arctgxdx 3)/\/1—x2dx n)/e“cos(i%x)dx

M35¢7 (aamena mepemennoro). IlycTs ¢pyukuus x = z(t) nuddepenuupyema, a hyuknus y = f(x)
ABIAETCA TPOU3BOAHON OoT pyukumu y = F(z). Bepno am, aTo /f(x(t))x'(t) dt = F(z(t)) + C ¢

npou3BoIbHEIM C' = const?

-1
M3508. Beraucaure mepBooGpasHbie!: a) / d 6) /33@ dx B) / vd

2-3z 2 -5z

r) /63“72 dx x) /25‘”3 dx e) /log5(1 — 3z)dx x) /sin(5x+1)dx

3) /sin(?x) cos(3z) dx n) /tgxdx K) /ctgxdx Ja) /sian cos® z dx

)/ dzx *)/ dzx )/x+1 ) dx )/ dzx
. 1+sinz " sin® x ?+r+1 " Vr+1l—yo -1
xrdx * dx
_ & V33— 922d
p)/ 1+ 22)? c)/(1+$2)2 T)/\/l—x2 y)/ ; o

!B xauecTse (TpyaHOro) TpmMepa HAHIEM

/ ———. Paccmo aKoe ol+ .’L'2 = y? Ka (S} as
. MOTPpHUM TaK qaT . K 1 €INHUIH
/—1 ) P Y, )
OKPYXHOCTB, anep6ona y2 — 372 = 1 umeer PallOHAJBHYIO TTapaMeTPpU3aluio y(t) = (1 + t2)/2t, ZL'(t) = (1 - t2)/2t

d
(B cmty Toxmectsa (1 + t2)2 — (1 — )2 = (2t)?). MosTomy moactasaas ¢ = (1 — t2)/2t, momyamm T

, V14 22
1 /2t 1+t dt
— 2 (t)dt = — ———dt = lnt—ln‘w—i— 1+ 22

, TIe t BBIDAXXEHO Yepe3 T U3 KBAPATHOI'O
1+ 2 . P P AP

ypasuernuns t2 + 2tx — 1 = 0 (o6a3aTeTsHO TPOBEPLTE OTBET AU depeHmmpoBanuem! ).
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Ouaepossl pazaoxkenuna nu (-pyHknua Pumana

M35%<>1 (dbopmyanr Buera — 2). [lokaxute, 9T0o MHOro4aesH 1 + ayx + -+ + a,z" ¢ KOpHAMHI

n
21,29y .., 2, DackIamgbiBaeTcsa B mpomssenenue Buga |[ (1 — axr) U BBIpasuTe KOHCTAHTHL (v,
k=1
Yepe3 KOPHU Z,, U KOO(PPUIUEHTHI 4y — YePe3 KOHCTAHTHI ;.
M35102. Kax npu meaéraom n € N BEIpasuTs a) cos(nz)/cosx B BUAe MHOMOUIEHA OT Sin
6) sin(nx) B BUJIe MHOTOWIEHA OT Sin & B) sin(nz)/sina B Bue MEOrOwIeHa OT sinx ?  Haii-

IUTe CTeleHb, KOPHM, CTAPIINA U IBa MIAIIIAX KOX(DPUITEHTa STOr0 MHOTOWICHA.

1 . sin nx
M353¢3. CrpaBe uBbl 1 TP HEIETHOM N TOXK IECTBA: a)
n—1

= sin? x
Ty 1 >
sin x ,,1;[1 ( sin? (7w/n)>
sin nx 2

6) — = (—él)nT_1 [1 (sin®z — sin*(27v/n)) B) (—1)"7_1 sinnr = Qn—lnﬁl sin (x + 27%)

sin x 1 v=1
OWIepOBO BLIYMCJIEHUE CYMMBbI KBAAPAaTOB ApDMOHMYECKOr'0 PAJA BHINIALENO MPMEPHO Tak. V3 pas-
JOXEHNA CHHYCA B CTeNeHHOU paAf ciexyer, uro (mz)~!sin(rz) = 1 — (72/6) - 2 + (7*/120) - z* — ---. Dror
«MHOIOYJIEH OECKOHEYHOM CTEIEeHW» MMeeT KOpHU T = *+n, rae n € N, u «mno Teopeme Buera» packiagbiBaeT-
ca B mpomssenenme | [(1 — 22/n?). Cpasrmsas koaddunmenTs: mpu z2, nomyaaem Y. (1/n)? = 72/6. Onnaxo,
«pasnoxenue 1o Teopeme Bueray He ABigeTcsa dopmasvroti onepayued u mo cemy TpebyeT yTOUHEHM.

Beckoneunoe npoussegenue [[(1 — a,), B koropom n upoberaer N, u a, € R, HasbBaeTcsa crodsuwjum-
n
ca, ecmu cymectsyer lim [ (1 + a,), Ha3BIBaeMBII 3HaueHuem GeCKOHEUHOrO mpousBegenus. [Ipoussenenue
n—oo
v=1
HA3BIBAETCA AOCOAOMHO CLOOAUWUMCS, ecar naa n > 0 onpenerén m abcomoTro cxogurca pan ». In(1 + ay).
HeabcomoTHO cX0oaammecs MpOU3BEACHUA HABBIBAIOT YCA0BHO CXOIAIIAMUCA.

M35104. Paprocuibaa i cxogumocTs npousseternd [[(1 + a,) cxogmvoctn paga Y. In(1+ a,)?

M35%<>5. [okaxuTte, 9T0 abCOMIOTHO CXOAIIECECS MPOU3BEIEHNE CXOMAUTCA, TPUIEM €ro 3HaeHWe
HE MEHAETCA MPU MePEMEINBAHIUN COMHOXKUTEIEHN.

M35%<>6. [TycTs ¢ > 0 — npomsBoabHas KoHCTaHTa. CXOAATCA JIM, U €CAU Ia, TO KaK, MPOU3BEICHU
(Berioay n € N):a) [I(1 = (¢/n))  6) [I(L+(¢/n))  ®) [I(L = (¢/n?)  r) TI(L+ (c¢/n?))
sin(rz) nﬁl (1 B sin?(rx/n)

n sin(rz/n) v=1 sin®(rv/n)
npeensl 06erX 9acTell YTOr0 PABEHCTBA MPU HEIETHOM 1 — OC.

M35%<>7. Joxaxure, 4TO ) MIA HEIETHBIX 7, W BBIYUCJIUTE

M35%<>8 (Ounepossnl paznoxenusn). [lokaxuTe, ITO B CIAVIONNX NaJee DABEHCTBAX MPABbIE TaCTH
abCOMIOTHO CXOMATCA K JeBBIM mpu Ja00oM © € R, rae onu ompegeneHsbr:

x? 1 2 T
i =rz [[(1-5 6) ct - N
a) sin(rz) = nx ( n2> ) ctg(mx) — 3 R
nz1 n>1
z? 1 2 T
») sh(rz) =ma nI>11 <1 * n—> r) oth(me) = 2+ 5 ZM e

M35%<>9 (¢-dbyuxnus Pumana). [Tokaxkure, uro pag ((s) o > n~° abCOMIOTHO CXOOUTCS HPH

BCEX MEUCTBUTEIBHBIX S > 1.
M35%<>10 (umcna Bepuymwiu — 3). Onpenemum wucaa Bepuyaau by, kak KosdduimeHTH GHOpMaIb-

1 def .
Horo cremensoro paga z(1 —e®) t = S bpa®/(k!). Bepro 1, 9To 4ucia Bepryimm ¢ 9éTHBIME
HOMEPAMHU COCTABIAIOT 3HAKOIEPEMEHHYIO MOCIeN0BATEILHOCTL? Bhrauciure nepseie 5 u3 HUX, a
TaKXe BCE UNCIA C HEIYETHBIMU HOMEpaMMu.

M35%<>11 (Teopema Duaepa). [okaxure, ato 2((n) =

n (2m)"
(—1)1*’5@ b, npu 9éTHBEIX N € N.
n!

o8
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KBa,Z[paTI/I‘IHaH B3aMMHOCTb

CornamieHue: BCIOAY B 3TOM JUCTKE Uepe3 p U ¢ 0003HATAIOTCA HATYPAIbHEIE Npocmblie TUCIA.
2,.1° _
M35z01 . Cnpasegmso s B Z/pZ Toxaectso (z + y)? = xP + yP?

M35§<>20. Yemy paBHO NPOM3BEJEHUE BCEX HEHYJIEBBIX ducen B Z/pZ?

] [
M35§<>3 . CKOJIbKO pelieHnii MOXeT UMeTh B Z/pZ ypaBHeHue 1>

CKOIBKO B Z/pZ xBagpaTon?

= @, C IPOU3BOJILHLEIM a #* 0 u

M35§<>4. Beerga mu B Z/pZ paszpemmumo ypasaenue 2 + y? = 17
M35§<>5. Kaxkne 3uadenna MoxeT npuanMarh Gyukmua y = rP~1/2 g 7./ pZ ua MHOXKeCTBe
a) BCEX HEHYJIEBBIX DJIEMEHTOB 6) BCEX KBaIpATOB B) BCEX HE KBAIPATOB

M35§<>6 (remma Taycca). Beimuirem Bce snemenTs! nons Z/pZ moapsji B BUIE:

—p-1),9, ..., -1,0,1,...,(—1)9.

Kak cBf3aHbI YETHOCTD UMCIA TeX MOJOKUTENIbHBIX YUCEJT DTOU 3AMUCH, KOTOPBIE KOTOPBIE CTAHO-
BATCA OTPUIATEILHBIMYA OT YMHOXKEHU Ha JaHHOe a € Z/pZ, co cBOUCTBOM 4uciaa a € Z/pZ GbITh
KkBajgpaTroMm B Z/pZ?

M35§<>7. Bepuo sm, uro —1 kBaapar B Z/pZ Torga u To1bKo Torjaa, korga p = 1 (mod 4) wiu p = 27
M35§<>8. Bepno a1, uT0 2 KBaapatT B Z/pZ Torga u TOILKO Torja, Korga (p? — 1)/8 uéruo?
Cumpoa Jlexanapa - fIko6u. ComocTaBum KaxaoMy n € 7, TuCIo

0, eciz n meauTca Ha p,

(ﬁ> def 1, ectmn (mod p) HeHyneBOM KBAIPAT B Z/pz,
p
—1,ecmm n (mod p) me kBagpar B Z/pz.

n
M35§<>9. [okaxwute, 9T0 Tpu PUKCUPOBAHHOM P CUMBOJ <—> MYJbTUILIAKATABEH B TOM CMBICTE,

mn m n
9TO <—> = (—) . <—> A TIOOBIX B3AMMHO MMPOCTHIX 1M, 11
p p p

p—1
9 n
M35§<>10. Berauncanre Z (;)

n=1

-1/2 . Qi
m sin (m - 477

M35§<>11. Kak cBa3an 3Hak | — | cO 3HAKOM TTPOU3BEICHUA H ( - /p) ?
P ; sin (27TJ / p)

*
M35§<>12 (golden Satz T'aycca'!). [JokaxkwuTe, 9TO IIA JMIOOLIX HPOCTHIX YUCEX P, ¢ BLIIOJIHACTCA

paBeHCTBO? <£> : <2> = (—1)”%1%_
q p

57
M35§<>13. Haungure (4—3) .

M352¢14. fergerca mm 2001 KBaIPATOM IO MOAY.TIO a) 2 6) 43 B) 57 r) 91

l3Ta Teopema Tak:Ke M3BECTHA KAK K6AJPAMUUNDIL 30%K0H 630UMHOCTIUL
2moacKasKa: IPIMEHUTE 34,1, M35%<>11, PA3/I0KMB BCE OTHOMICHUA CUHYCOB IO (OpMyIaM U3 3a. M35%<>3

29
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ITocregoBaTenbHOCTH (PYHKIIUN

PaBHOMepHasA U MOTOYEYHASI CXOAUMOCTb. PacCMOTPUM MOCIENOBATEIBHOCTD MYHKIUN [y (), 38 aHHBIX

Ha oguoM u ToM xe mHOXecTBe X C R. Dymknma X N R HA3BIBAETCA NOMOUEUHbIM TIPELEIOM TIOCIEIT0-
BaTeabHOCTH [y, eciu VYV € X  f(x) = lim f,(z) (o6o3navenune: f, — f npu n — oo). Nuaue rosops, f,
n—oo
norouedHo cxogarca K f,ecmm Ve >0uV ez € X AN € N: |f,(z) — f(z)| <e Vn > N.Iro N, Boobue
T'OBOpPA, 3aBUCUT KaK OT INOI'PEUIHOCTH! £, TaK U OT TOYKHA I. ECJII/I 3aBUCUMOCTH OT TOYKHU I OTCYyTCTBYET, TO
CXOAMMOCTH HA3BIBAETCA pasHomeprot (obosuadenume: f, = f mpum n — o0o). Hade rosops, f, paBHOMEPHO
cxogarca K f,ecm Ve >03IN €N |fy(z) — f(z)] <eVn> N cpasy mus Bcex z € X.
M36¢1. TTocTpouTe MOTOYETHO, HO HE PABHOMEPHO CXOAAInyocsd K f(x) = 0 mocienoBaTenbHOCTD
a) kakux-HuOy b Qpynkuun Ha [0, 1] 6) HenpepblBHBIX QyHKuu Ha (0, 1)
M36¢2. Cxogurcsa au (u ecau ga, TO Kak u K demy) Ha [0, 1] mocaegoBaTeabHOCTH (YHKIUIM:
a) fu(z) =2'" 6) fu(x) =2" B) fu(z) = (L+2")/(1+27") 1) ga(z) = (L +2>)/(1 +2™")
M36¢3. [lycTh mocaenoBaTeILHOCTH f,, U ¢, PABHOMEPHO cXoaaTca Ha BcéM R. By e au paBHOMEpHO
CXOJUTHCA a) fo+gn? 6) fn-gn? B) 1/fp, ecu V¥V x,n f,(zx) 07

M36¢4. Ob6s3aH 1 OBITH MOTOYEYHBIN MPEIe] MOCAe[0BATETEHOCTH
a) MHOTOYWICHOB CTeneHn < d MHOTOWIEHOM cTemeHn < d?
6) HEmpepBLIBHBIX Ha [a, b] GpyHKIUN HempepwIBHOU HA [a, b] dpyHkunen?
M36¢5 (remma 0 paBHOMEpHOUM HenpepbiBHOCTH). [lokaxure, 9T0 ecau GyHKIUSA f HEIpepHIBHA
Ha [a,b], ToVe > 03§ : |f(x)) — f(x2)| < e cpasy mas Bcex map xy, Tz ¢ |x] — 23] < 4.
M36¢6. ITycTb mocie0BaTeIbHOCTD GYHKIUA [, TTOTOYeYHO cXoauTcs K ¢pyukuuu f Ha [a,b]. O61-
3aHA M 3Ta CXOAUMOCTH OBLITH PABHOMEPHOU, €CJIM
a) Bce f, u f HempepwBHEL U [, 1(x) = fu(z) BCrogy Ha [a, b]
6) TO XKe, HO (€3 YCJIOBUA, YTO f HEMpEpPLIBHA
B) BCe f, HENPePBIBHBI 1 MOHOTOHHO HEyOBIBAIOT BCIOLY Ha [a, b).
r) Vz f,(x) MmoHOTOHHO HeyGBIBAIOT 1O N u VN f,(2) MOHOTOHHO HEyOBIBAET IO X

M3607. [JokaxxuTe, 9TO paBHOMEPHBIN MpeNe] HeIIPePLIBHLIX HA OTPe3Ke (PYHKINK TOXKe Hempephl-
BEH HA DTOM OTpE3Ke.

M36¢8 (Ctynenuarsie dpynkmun). DPyHkuus [a, b] T+ R wasemaercs cmynenuamoti, ecan cyiie-
cTBYeT paszbuerne a = ay < a1 < ag < -+ < ap_1 < ap, = b oTpeska [a, b], Takoe 4TO f MOCTOSAHHA
Ha KayKIOM W3 UHTEePBAIOB (a;_1,a;). BepHo /n, 9T0 BesAKasa a) HeyObIBaloImas 6) HempepbIBHAS
byHKUUA Ha [a, b] ABAAETCA PABHOMEPHBIM MPEIEIOM MOAXOIAIIEH TOCIEI0OBATEILHOCTH CTYIeHTa-
THIX (DYHKIUU?

M36¢9. MoxeT a1 paBHOMEPHBIU IpeIeT HOCIe0BATEILHOCTH CTYICHIATEIX (DYHKIIN

a) OBITH HEOTDAHUYIEHHOU (DYHKIUEH 6) uMeTh GECKOHEYHO MHOTO Pa3PBIBOB

M36010" (reit6unmesa mmaa — 2). Pazo6bém [0, 1] Ha 2" paBHBIX 9YacTell U 0GO3HAMHM Hepe3
fn HEOTpPHUTIATEIBHYIO HempephiBHYIO HA [0, 1] QpyHKIUI0, rpaduK KOTOPOU HAZ KAXK IBIM OTPEe30U-
KOM pa3bueHnsa 06pa3oBaH O0KOBLIME CTOPOHAMH IPABIILHOIO TPEYTOILHUKA C 3TUM OTPE30TKOM
B KadecTBe ocHoBaHusi. [Jokaxure, uro cymecrByer s(x) = lim (fi(z) + fo(z) + -+ + fu(2)).

n—oo
PasroMepen s >ToT npepea? Bymer au s(x) wenpepwisua? [uddepuuupyema au s() X0Th rie-
HUOY b7

M36011". CymiecTByeT i1 paBHOMEDPHO CXOIAIMIAACA MOCIeI0BATEIbHOCTE BCIOAY Au(pdhepeHnpye-

meix Ha [0, 1] pyuxuui, npegen koropou auddepenuupyem ua [0, 1] a) e Bciogy 6) Hurme.
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3aMbIKaHUE, «IIPOIOJXKEHNE II0 HEeMPEePbIBHOCTW» U MOMOJHEHUE

M36%<>1 (3ambikaume). [JokaxwuTe, 9TO A1 TFOOOTCO MOIMHOXKECTBA X B MPOU3BOJBHOM MeTpPHUIE-
CKOM MPOCTPAHCTBE. 7 HAWIETCA eINHCTBEHHOE 3aMKHYTOe ToaMHOXKecTBO X D X, coepxkaireecs

B JIOOOM TPYroM 3aMKHYyTOM moaMuoOxkecTBe Z DO X. [ogurca au B kadecTBe X MHOXKECTBO BCex
npeaerbHBIX ToOYeK X 7

M36%<>2. CymecTByeT 11 Ha Ha kBajgpaTe () C R? paspeBHasg B menTpe () dyukmua Q —— R ¢
HEIPepPLIBHLIM OCpAHMYEHNeM Ha JI00YI0 MPAMYIO, KOTOpas
a) BePTUKAJIbHA WM [OPU3OHTAIBHA 6) mpOXOAUT HYepe3 HeHTp ()
M36103. CymecTByeT a1 Ha OTKPBITOM KpyTe D c R? menpepeBHas dynkmua D C R?, koropyio
HeIB3s MPOJOIKATE 10 HelpepeBHOU (Gyaknmm D — R2?
M36104. 3apukcupyem TOUKY p METPHIKCKOTO IIPOCTPAHCTBA. # ¢ PACCTOAHUEM 0. By et mm dyHk-
mus r — o(p, ) BCioay Ha.# a) HENpephIBHOW 6) PaBHOMEPHO HEMpEepPHIBHON' 7

M36%<>5 (usomeTpun). OTOOpaKEHNE METPUIECKAX MPOCTPAHCTB. /1 L. Mo HABBLIBAETCA U30Me-
mpuueckum, ecan o1 (z,y) = 02(f(x), f(y)) Ya,ye#1 (0; ob6o3HadaeT paccroanue B.7;). Besakas
JU M30METpUs a) HempepblBHA? 6) PABHOMEDHO HeNpepLIBHA? B) SABIAETCSA BIOKEHUEM?

M36%<>6. [IycTs Ha moagmuoxkecTBe X C ./ 3aJaHO PABHOMEPHO HEIPEPLIBHOE OTOOPaXKEHNE B IMOJ-

HOE MeTPHUIECKOe IIPOCTPAHCTBO ./ . Beerma /m OHO MpPOJOMKAETCA MO HENPEPLIBHOCTH Ha X !
EquucrBenno au Takoe mpogomkenune? OO6A3aHO 1 OHO OBITH PABHOMEPHO HEPEPBIBHBIM !

- ¢ — p
Onpegenenne nomoaHeHus. Mzomerpudeckoe Broxenwue ./ —— 7/ METPUIECKOTO MPOCTPAHCTBA .7/ B

NnosAHOoEe METPUIECKOE IIPOCTPAaHCTBO _#/ Ha3BIBACTCS nonoaHeHuem, eCin aioboe N30METPUICCKOE OTO6pa)KeHI/Ie

s [ P .
M —— /7B MOMHOE METPUIECKOE TPOCTPAHCTBO ../ eIUHCTBEHHBIM 06pPA30M MPOJIOIKAETCA 10 U30METPHU-

9eCKOTO 0TOOPaXKeHus 7 . A
M36%<>7°. Paccymorpum 1i06bIe 1Ba IOMOIHEHUA //i>/_//1 I/I///i’/_//g MEeTPHUIECKOTO IPO-
crpaHcTBa ./ . BeiBenuTe u3 onpeneseHus MOMOJHEHUI, 9TO CYULECMBYEm eJuHCMEENHAA T30Me-
TpudecKas GUeKIu .7 —ﬁ>/_//2, TOX IECTBEHHAS HA .7 B TOM CMBICIE, 9TO Cy = [JoCy.
M36%<>8°. [IycTh m3omeTputdeckoe BIOXKeHUE ./ <! . 4 8 nommoe MeTPUIeCcKOe MPOCTPAHCTBO
./ TaKoBO, 4TO 3aMEIKanue f (/) =./ . fprgerca m f momosnenuen . /7

M36%<>9 (cymecTBoBaHME M €IUHCTBEHHOCTHL IMOMOJHEHMA). UTOOBI 10Ka3aTh, 9YTO BCAKOE Me-
TpPUIECKOEe IPOCTPAHCTBO MMEeT IONOIHEHHE, eIMHCTBeHHOE B CMBICTe 3a1. M36307, Ha30BéM ABe
nocaenosarenbuoctu Komu (a,) u (b,) B METPUIECKOM TPOCTPAHCTBE .7 9KEUBAACHIMHBIMU, €CIT
X IepeMemMBAHUE a1, by, Gy, by, ... TOXKe ABIAETCA MOCIEAOBATEILHOCTHIO Komm. [Iposepwre,
9T0 a) 5TO YCJIOBHE He 3ABUCUT OT CIOCOOA TepeMennBaHus

6) KIaCCHI DKBUBAJIEHTHBIX TOCAEI0BATENLHOCTEN TUO0 He MEPECeKAIOTCA, MO0 COBIAIAIOT;

_ def .
B) 0| (an), (bn) ) = Jim 0(an, by) cymecTByeT m KOHEYHO IS JTOOBIX JABYX MOCIEI0BATENBHO-

cren Ko (ay,), (b,) 1 He MeHAETCA TPU 3aMeHe KaXKIOW U3 HUX HA DKBUBAJCHTHYIO;
r') MHOXKECTBO ./ KIaCCOB DKBUBAIEHTHBIX MOCJenoBaTensHocTeln Komm ¢ paccrosauem 9 ABL-

€TCA MOTHBIM METPUIECKUM MPOCTPAHCTBOM;
z— {z,z,2,.}

x) oToGpaxkenue ./ C > ./ ABJAETCA TOTOMHEHUEM . 7 .

s I
M36%<>10. [lokaxkure, 9T0 JI000€ PABHOMEPHO HEIIPEPLIBHOE 0TOOpakenne. 7/ —— .#o e [MHCTBEH-
HBIM CIIOCOOOM MTPOJOIKAETCA 10 HEMPEPHIBHOTO 0TOOpaKeHWs MexX 1y monoaneHusamu. Beerma m
DTO MPOJOMKEHNE PABHOMEPHO HEMPEPBIBHO?!

Lz, —f>d//2 pasromepro nenpepuisro, ecmm Ve >0 IJ - (Ql(w, y) <d) = (@(f(a:), f(y)) <9d)
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ITpuMepsl DOIOJMHEHUN

M36§<>1 (crenennnie pagbr). COCTABIAIOT JU MHOTOWIEHBI METPUIECKOE MPOCTPAHCTBO OTHOCH-
Teabuo paccrosuua o f,g) = e~ 98U~9 (ypr momaraem deg0) = —oo u dege = 0 ara 06O
KOHCTAHTHL ¢ # (), 1 ecium 1a, TO KaK YCTPOEHO ero MOMOJIHEeHne?

M36§<>2 (p-aaguueckoe paccroauue). [lns ao6oro mpocroro umcia p € N onpereanm p-aduuec-
kY10 HOPMY HecoKpaTmmon 1pobm ¢ = pFa/b € Q, y KoTopo# p,a,b TOTAPHO B3aMMHO TIPOCTHI,

k,a € Zub e N, paerctsoM |q|, def p~ ¥ n monoxmm |0, L, [okaxure, 9T0 p-agudecKas HOPMa
06/1a,1aeT CBOMCTBAMIU: a) (MyabTHILIMKATUBHOCTB) |q7|, = |¢|,|7],
6) (meapxumenoBocTs) |¢+ 7|, < max (|g|y, |r|,) ¢ obs3aTerbHBIM paBeHCTBOM IpH |¢|, 7# ||,

M36203. I[IpoBepbTe, 9T0 Q ABIAETCA HEMOMHEIM METPUICCKEM IPOCTPAHCTBOM OTHOCHTEIBHO P-
def
aduueckoeo paccmosnud 0,(q, 1) = |q¢ — 7p-

2
M36304 (p-aguueckue uucaa). Ilomornerne Q) mora Q mo p-agmaeckomMy pacCTOAHMIO HABBIBACTCA
noaem p-aduueckus wuces, a ero MOIMHOKECTBO Z, = {z € Q, : |z|, < 1} Ha3BIBaeTCA KOIBIOM
Yeabls p-aaudecKux ducen. [Jokaxure, 9To:
a) MOYMJIECHHOE CJIOXKEHUEe, YMHOXKEHNE, BBITUTAHUE N JeJeHUue HOC.HeﬂOBaTeJIbHOCTeIZ KOHII/I KOp-
pekTHO omnpenenseT Ha (), omepanuu, yI0BIETBOPAIOIINE AKCHOMAM IOJIA;
6) Z, C Q, ABILETCA KOIBIOM U COBIAACT ¢ 3aMbIKaHueM Z B Q, ;
B) Q, MHAYE OMUCHIBACTCA KAK IIOJIE CTEIEHHBIX PATOB Y a,p” , HAIHHAIOIINXCA ¢ IPOU3BOIBHON
(BO3MOKHO, OTPUIATEILHON) HEI0N cTeneHn’, ¢ KoadpuImenTaMn B KOHETHOM TI0.Ie BHIYETOB
Z/pZ ={0,1, ... ,(p—1)}; Broxerume N —— Q, conocrasiser aucry m € N ero p-m4nyo
3ammch m = mg + myp + - +mpf, rme 0 < m; < (p — 1), ¥ TPoAOIEKACTCA IO BJIOKEHHA
Q —— Q, mocpeaCTBOM BEIMUTAHUA U JeJCHUA;
r') ONUIIITe B TepMUHAX pAI0B 00pas3sl Q, Z u Z, B Q, (cp. ¢ onucannem Q B R Ha s3b1Ke BAM).

M36§<>5. Hener mu 1/6 u 1/7, m m3Brekaorea 11 /5 u /7 Bmotax a) Qy, 6) Qs, B) Q57

M36§<>6* (zemma Temsens). Ilycrs F(x) € Z[z] u ay € Z rakosel, uro F(ay) merurca Ha p, a
F'(ap) mer. ITocTporTe mOCIAOBATENBHOCTD LEABIX HUCET (1, G2, (3, ... , TAK YTOOBL G = A1
(mod p*), 0 < ar < p**!' u F(ax) = 0 (mod pF*!), u moxaxwure, uro 3 exmncTsennoe @ € Z,,
rakoe 4T0 F'(a) =0 n o = ap (mod p). Bepro 1 To xe camoe mus F € Zy[z| u ag € Z,,?

%
M36§<>7 . [loxaxure, 910 Z, roMeMop(dhHO? KaHTOPOBY MHOXKECTBY (M B JaCTHOCTH, KOMIAKTHO, B
TOM CMBICJE, YTO J000€ ero OTKPHITOe MOKPHITHE CONEPKUT KOHETHOE MO AMOKPHITHE).

M36§<>8 (m3amepumbie muOxecTBa). Hazoém nBa moamuoxkecTBa X,Y C R sKBUBaJeHTHBIMU,
ecan p*(X A'Y) = 0. Bepro au, 410
a) KJaCChl DKBUBAJCHTHOCTHU ABYX OTKPBLITBIX MHOXECTB UJIN HE IMMepeCeKarnTCa UIn COBIIadal0T
6) MHOXK€ECTBO e/// KJIaCCOB 3KBUBAJCHTHBIX OTKPBITHBIX MHO2KECTB ABJAACTCA METPUICCKUM IIPO-
crpancTBoM ¢ paccrosaueM o(Uy, Us) = p*(Uy A Us)

B) ero MOMOJHEeHUe .7 COCTOUT U3 KJIACCOB N3MEpUMBIX MHOXKECTB

Urspu(U — .
r) QyuKysa 2 _ o) | R paBHOMEpDHO HeNpepHIBHA U €€ MPOTOIKEeHNe Ha ./ 3a1aéT Mepy

Ha U3MEPUMBIX MHOXKECTBaX

Le0xKeHne, BEIMITAHNE U YMHOKEHIE TAKIX PALOB OIPeIeIaeTcs 0OLIMHBIM 06pa3oM, a PAJ OOPATHEIR K (POPMATEHOMY

pany p™(ag + a1p + azp® +---), rae n € Z u ag # 0, onpegenserca kax p~"(ag + a1p + asp® + -+ ) 7! (moneayemcsa e,
YTO PAL C HEHYJEBLIM CBOOOMHBIM WICHOM U KO3(MQMUINEHTAME B MOJIE MOXKHO OOEPHYThH); 0OpATUTE BHUMAHUE, ITO BCE
STH PALEL abcomomuo crodames B Q!

220Me0MOPPHUIMOM HABBLIBACTCA B3AMMHO OJHO3HATHOE ¥ HEIPEPEIBHOE B 00€ CTOPOHEI OTOOPAKEHIEe
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MuTerpan mo opueHTUPOBAHHOMY OTPE3KY

b

NuTerpan f f(x)dx — »TO «OpmeHTHMpOBaHHAA ILIOWALL, OrpaHWYeHHas TpadukoM (yskumu f(r) HAZT
a
OPMEHTUPOBAHHBIM OTPE3KOM [a, b] », rlie «OpMEHTHPOBAHHOCTE) O3HAYAET, BO-IIEPBLIX, 9TO IpHu ¢ < b Ta 9acTh

rpaduka, rae f(z) > 0, yIuTHIBaeTCA € IIOCOM, a Ta 9acTh, rae f(z) < 0, yIuTBIBAETCA ¢ MUHYCOM, & BO-
b

a
BrOpEIX, — 9T0 [ f(2)dr = — [ f(2)dz, T.e. npumpoxoae OTpesKa CHpaBa HAIEBO y BCETO MHTETPANA CIEAYEeT
a b

CMEHUTH 3HAK. [[pUAaThL TOYHBIN CMBICA CIOBAM « ILIOIIA, b, OCPAHUYEHHAA IPAPUKOM PYHKIIUA » MOKHO He 044

gcer GYyHKIUU. B 5TOM IUCTKE MBI CIETAEM HTO TOJLKO IS HEKOTOPOTO KIACCa Lopowur pyHkiumn. Hadauém
C TOTO, YTO MHTETPAJI OT KOHCTAHTHI — DTO ILUIOUIAIhL COOTBETCTBYIOUIET0 TPAMOYTOJBHUKA, 8 WHTErpaa OT
CTYIIEHYIATON (PYHKIUM — 3TO CyMMa ILIOMALEN MPAMOYTOIBHUKOB, T.€. €CIH 6 = Gy < a1 < ag < -+ <

f
ap—1 < ap = b, u crynendaras Gyukuus [a, b] — R npunumaet Ha (a;_1,a;) IOCTOAHHOE 3HAUEHUE ¢; € R, TO

b
def

[ f(z)dz = 3" (ai — ai—1) - ¢; (pasymeeTcs, HAZO IPOBEPATD, UTO OH HE 3ABUCAT OT BBIOOPA TOUEK ¢, TAKAX

a

i=1
f .. .
aro f = const Ha (a;_1,0a;)). Pyakuumio [a,b] — R HA30BEM Zopowseti, €CAM CYMIECTBYET MOCIEIOBATEIBHOCTD
crymenvaTbix GyHKmun ¢ () = f(z) (cormacro 3an. M3608 Bce MOHOTOHHBIE W BCE HEMPEPHIBHBIE (DYHKIIAN

b b
ABrmoTca xopomnmu). [na xopomen ¢ysknun noroxuM [ f(z)dz ' im [ ¢n(z)dz (pasymeerca, mago
n—oo
a

a
IPOBEPATH, UTO MpeJe] CYNIeCTBYeT W 3aBUCAT TOMLKO OT f, HO HE OT BEIGOPA MOCIEIOBATEILHOCTH 0, = f).
b a
Haxonen, npu ¢ > b nonoxuwm, no onpegenenmo, [ f(z)de = — [ f(z)dz.
a b

M37¢1°. [lokaxuTe CIeqyioe CBONCTBA MHTErPAJOB OT CTYMEHYIATHIX (PYHKITM:

b
a) [ f(z)dz me 3aBucuT OT BEIOOpA pasOHMeHH, HA KOTOPOM f CTYNeHIATA
a

b

6) ff(x)da::fcf(x)dx+fbf(x)dx Vcela, bl

a

B) eciu Vr€la,b] |f(z)] <A rme A €R 1o

8~

() dx‘ <A b —a

r) ecin f(z) < g(x) Vz€la,b], To fbf(x) dr <

a

g(x) dz

8~

R) fb(Af(fr) +ug(:c)) dr = Afbf(x) dz + ,ufbg(x) dz V¥ \ i € R.

b
M3702°. Ilycrs f(x) — xopomas ¢ynkmusa. Joxaxure, aro lim [ ¢, () dz cymecrByer mus mo-
n oo
a

GOU TOCJIeOBATEILHOCTH CTYMEHIATHIX (DYHKIUU ¢, (2), pAaBHOMEPHO cxomsmencsa K f(x), u ero
3HAYEHNUE He 3ABUCUT OT BLIOOPA MOCIETOBATEIBHOCTH o ().

M3703°. Y6enurech, uTo at0basd cTymeHdaTas (PYHKIUA XOPOIIasg, — TaK 9TO MBI UMeeM JBa IO-
PA3HOMY OMpPENeTEHHBIX WHTerpaaa OT Hee, — DABHBI JU UX 3HATCHUA?

M37¢4. Kakue cBoucTBa 3a1. M37¢1 ocTaloTCs CpaBeIuBBIME /IS JTIOOBIX XOPOUHX (PYHKITUH?

M37¢5. Ilycts f, = f Ha orpeske [a,b], u Bce f, — xopoumme ¢pyuxuuu. BepHo 1u, 910
b

b
a) f Toxe xopomaa?  6) ecan f xopomas, To [ f(z)dx = lim [ f,(z)dz?
a n—o0 a

1 1 1 1
M3706. Boraucaure: a) [zdr 6) [22dx 8") [2"dx ) [e®dx.
0 0 0 0
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Maremarnueckuit Anamus, 11 knace JIucrox Ne 371 (ana skcmepros)

N3mepumbie pyHKIIMU 1 nHTerpana Jlebera

IIpocThie U n3Mepumble PYHKOUHM. B 5TOM JIMCTKEe MBI OyIeM pacCMATPUBATHL (DYHKIIUAHU, ONPEICICHHBIC
noumu 6ctody Ha (UKCHPOBAHHOM oTpeske [a,b]. CroBa «mouTH BCIOAY» O3HAYAIOT «BCIOAY Ha [a,b], 3a wuc-
KIIOYICHUEM, PAa3Be ITO, HEKOTOPOTO MOAMHOXECTBA, MEPHI Hydby. [[Be (byHKIIY HABBLIBAIOTCA K6UGAAEHTHbLMU
(o6o3HaueHME: [ ~ ¢), €CAM OHU MOYTH BCIOAY COBIagatoT. Mul 6ynem mucats fy,(x) - f(x), ecau mocrenosa-

o !
TEIbHOCTD (DYHKIWHA f,, IOUTHU BCIOAY nomoueuno cxoqurcsa K Gyukuun f. Oyuknus [a, )] — R mazwsiBaercs

. f
uamepumoti, ecmn ¥V c€R moamuoxkecTBo {z € [a,b]| f(z) < ¢} wamepumo. Dyukuusa [a,b] —— R HaseBaer-
ca npocmoti, ecam OTPe3oK [a,b] MOXHO pa3sOUTH B AU3BIOHKTHOE 00BbeAWHEHNe CIETHOIO IMCAa M3MEPUMBIX
MHOXEeCTB M; Tak, 9ro f GymeT MOCTOSHHA HA KaXIOM MHOXECTBE M; MOMOXUTEILHON MEPHI.

M37%<>1. [Mycrs f, = » fug,~ f, Byagyr am g, -~ - f?
M37%<>2. [Mycts f ~ g. Bepro au, a0 a) f uamepuma = ¢ uamepuma? 6) f mpocra = g mpocta’

M37103. MoxHO 11 B OIpeIeIeHnn M3MePIMON (PYHKIUA 3aMeHATh < Ha a) > 6) < B) > r) =7

M37104. Usmepnmbl i GyHKIUK, KOTOPBIE IOYTH BCIOLY a) HempepbIBHBI 6) MOHOTOHHBI?
F

M37%<>5. [Mycte R* —— R HenpepwiBHA, & ¢1, G2, ---,n : |, b] — R usmepumsr. [Jokaxure, 9TO

F (g1(x),g2(x), ... gu(x)) usmepuma ua [a, b]. Beerga Ju m3sMepuMbl CyMMBI, PA3HOCTH, TPOU3BEIE-

HUA U MOJIYJIU U3MEPUMBIX (DYHKITAN?
M37%<>6*. [Tocrponre Hemsmepumyto GyHkuio Buga ¢(f(x)) ¢ HenpepbIBHON [ U M3MEPUMON (.
M37207. V3Mepny /i IpeIel TOITH Be3 e CXOJAMEHCH T0CIe10BATEIbHOCTH H3MePIMBIX (hyHKIII?
M37108. [IycTs f m3MepuMa i OUTH BCIOAY OrpaHmIeHa. [[0cTpoliTe moCIe [0BATEIBHOCTD IPOCTHIX
PYHKIHE 0y ~oeee [ 7

M37%<>9* (reopema Eroposa). Ecau f, - > f, 10 ¥V & > 0 cymecrByer nogmuoxectso F C [a, D]
¢ p*(E) < &, Takoe 4TO Ha NOMOJHEHUU K HeMY f, = f.

CymMmupyemsbie npoctbie ¢pyskmuu. [Ipocras QyHkiua ¢, NpuHEMAIONIAS 3HAYEHUE ¢; HA U3MEPUMOM
b

f
MHOXecTBe M; Has3BIBAETCA cymmupyemoti, ecmu abcomomno crodumes pan [ () dx o > p(eq) - u(M;).
a 2

M37%<>10. Usmensiercss iu mHTErpAT OT 3aMEHBI TPOCTON (DYHKIINYM HA, SKBUBAJEHTHYIO!
M37%<>11. O061a1a10T 1M MHTErPAJIEL IPOCTHIX CYMMUPYEMBIX (QYHKIIMA CBOMCTBAME 13 3a1. M37017
M37%<>12. [lokaxknuTe, 9TO KIACCH DKBUBAJICHTHLIX IIPOCTHIX CYMMUPYEMBIX (DYHKIIMHA COCTABJIAIOT

b
MeTpudeckoe npocTpancTso .%{[a, b]) orHOCHTEIBLHO paccTosHUA 9(P, 1)) o [ lo(z) = (x)| du.
a

M37%<>13 (uarerpan Jle6era). [IpousBoabHas GyHKIMA [ HASBIBACTCA cymmupyemot va [a, b|, ecan

B.[a, b]) cymecTByer mocaenosarensHocTs Kommn ¢, « ~ f. [lokaxuTe, 9TO TOrJa CYIIECTBYET
o b def . b o
kouedanbn [ f(z)de = lim [ ¢, (2)dz, He 3aBucAIMI OT BEIGOPA MOCIELOBATEILHOCTH (.
n—o0
a a

M37%<>14. [lokaxure, 9T0 a100asdA MOYTU BCIOJAY OrpaHUYEeHHAsA uaMepuMas (PYHKIUSA CyMMUPYeMa.

M37%<>15. O6aagaer au uaTerpaa Jlebera ceoucTBaMu u3 3a1. M37017

M37%<>16* (memma daty). [lycTh mocaegoBaTeIbHOCTH HEOTPUIATEILHBIX CYMMUPYEMBIX (DyHK-
b b

uuit f, - f unBce [ f,(r)dr < C. Jokaxwure, aro f Toxke cymmmpyema n [ f(z)dr < C.

a

a

M37%<>17*. MokaxwuTe, 9T0 mpocTpaHcTBo 1 ([a, b]) K1accoB cymmupyembix Ha [a,b] GyHKUMN ¢

b
paccrosuuem o(f, g) o [1f(z) — g(z)| dz aBraerca nonoxnermenm .7([a, b]).
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Maremaruaeckuit Amnamms, 11 krace JIucTtok Ne 38

Boraucienue NMHTErpajaoB

M38¢1. Ilycrs f aBagercs xopoiren (pyHKIMEN Ha OTPE3Ke, COAepkKalleM TOYKY a, b, ¢. [Jokaxure,
c b c
9TO npu MoGOM B3amMHOM pacnosoxkenun >tux touek [ f(z)dr = [ f(z)dz + [ f(z)dx
a
t
M3802. IlycTs f aBaserca xopomel pyrknuel Ha [a, b]. Byger mm pynxuus F(t) = [ f(z) dz Berony

a

Ha [a,b] a) HenpepwiBHA? 6) nuddeperuupyema?
M38¢3. ITycTs B ycaoBusax 3an. M38¢02 ¢yukuus f HempepblBHA B TOUKe Ty € |a, b]. Jokaxure, 410
rorga F' nuddepennupyema B xo u Hangure F'(xzg).

M38¢4 (¢popmyaa Heiorona - Jlen6uHuna). fbf’(x) dr = f(b)— f(a) VY fe€ Z"([a,b]) (moxaxwure).

M38<>5 (METerpupoBaHue MO YACTAM). Bep:Io au, aro VY f,g€ 2 ([a,b]) umeer mecTo paBeHCTBO
[ )ata) e = F)9(0) ~ Flalgla) — [ £2)o ) d

M38<>6 (Treopema o cpeguem). Ilycts f j{enpeprBHa Ha [a, b]. Cymectsyer au £ € [a, b], Takoe 4T0

ff )dz = f(&) - (b—a)?

3 /2 8 L
M38¢7. Berunciure: a) [(2)+x+1)de 6) [ cos(z/3)dx B) [log,xdx r) farcsinxdx
~2 /2 1/2
(301 ! Fod /4 1/2 1
T — T T —
dr e 3r +1dr  x / — 3 tgrdr m / dz
A)_[2x—5 A e L )1/2\/:15+1

M38¢8" (unTerparbuas gpopmyaa Teiropa). i JIIO60ﬁ q)yHKuI/II/I fe 7““([& b]) u mpousBo.Ib-

T
HOrO = € [a,b] mokaxkuTe paBeHCTBO f(T )+ Z o f x— )" fM(t) dt.

Heco6cTBeHnble uHTErpasbl. [lycts pynknua [ onpeneneHa Ha, [a, b) (,qonyCKaeTc;I 3HaveHne b = +00) u
t

ABISETCS XOPOILIen Ha JM060M orpeske [a,t] C [a,b). Ecau cymectsyer lifn% [ f(z)dz, To on Ha3BIBaeTCH He-
t a

b

cobcmeennbin unmezpasom OT f IO NOLyuHTEpBATy [a,b) m obo3mavaerca [ f(z)dz. Ecan npegera e cyme-
a
CTBYeT, TO TOBOPAT, 9TO HECOOCTBEHHBIN MHTETPAT PACLOOUMCA. AHATOTHIHO ONPENENAETCA HECOOCTBEHHBIE

MHTErpaibl 0 MoIyuHTepBataM (a, bl.

1 +00
M3809. Ilpn kaknx o € R*? cxognres (m wemy B oToM caydae pasen) a) [z %dx 6) [ 2~ *dz.
0

+0o0 +0o0
M38610. Berancamre mim gokaxure pacxogmmocts: a) [ e “dr 6) [ 2"e *dxr B) [zlnzdx
0 0

+00 400
Inzd Inzd /2 L T2
r)/1+ : A)/ nzdr e)/ nxax,l“ﬂea>1 x) [ tgrdr 37) [ (/tgwdr
T T ; )
1 1

+o00o
M38¢11. PaBHOoCU/IbHA M CXOAMMOCTH HECOOCTBEHHOT'O WHTErpaJa f f(z) dx cxomumocTu psia
1

o0
> f(n) a) ecim f HeoTpuuaTeIbHA M MOHOTOHHA 6) B OOLIEM CIy4ae.
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IIpuMepsl AJUH U ILIOIA e

M39¢1. Boraucaunre mioma ik OCPAHTIEHHON (PUTYPHI, 3aKTIOIEHHON MEX Y KPUBBIMU:

2 2
a)r+y=2u2’=y 6)r=yuy=zx+sin’r B)r=0,y=2ny=2" r*)%—i—‘Z—Q:l

M39¢2. Kakopa miomans mo rpadukom sin? x mag mobbiv oTpeskom gmuaet 7k /2 (k € N)?

M39¢3. Haugure / V1 — 22dx v ABHBIM UHTErPUPOBAHUEM TIOTYIUTE (DOPMY.TY, BHIPAKAIOIIY O TLIO-

manh CerMeHTa eIMHUTHOTO KPyTra depes: a) BBICOTY CEerMEHTA 6) IIUHY TyTH

M3904°. ITycTs TouKa P, IBIKeTCA IPOTHB YaCOBOH CTPEIKH 0 eIMHITHOR OKpYKHOCTH 22 +y2 = 1
Tak, 9T0 B MOMEHT Bpemenu ¢t = ( oHa HaxogauTcsa B Touke Py = (1,0) u mpu Bcex —7m < t < 7
IIoMmaIbL Kpyrosoro cekropa PyOP; pasua 2|t|. Beipasute uepes ¢ aGCuuccy u OpAUHATY TOUKH
P,, a Takxe opauHaTy TOYKM mnepecedenus Jtyda [OF;) ¢ npamon x = 1.

T'unep6oanvyeckue pyukmuu. [lycts Touka P, IBUXeTCA CHU3Y BBEPX MO MPABOU BETBU «CIUHUYHOU T'U-

2 _ y? =1 Tak, 970 B MOMeHT BpeMenu { = () OHA HAXOAUTCA B TOUke P = (1,0) m mpm BCex

nepOoIby T
—00 < t < +00 womags runepborundeckoro cekropa PyOP; pasua 2|t|. B sTom ciydae aGemucca u opguHaTa,
TOUKM P; HABBIBAIOTCA 2UNEPOOAUUECKUM KOCUNYCOM U 2UNEPOOAUUECKUM CUHYCOM, 3 OPAUHATA, TOUKA Iepe-
ceuenus ay4da [OF;) ¢ upamon z = 1 HaszbBaeTca 2unepboauueckum manzencom aucia t. Obosnaqenus: chi,

def
sht um tht. Oraomenne ctht = cht/sht HaswBaeTca cunepboiuueckum KOMaH2ZEHCOM.

M39¢5. Haugure / V2 — 1 dx, ABHO BLIYUCINTE ILIOMIA AL MUIEPOOJUIECKOr0 CEKTOPA U BHIPA3UTE
runep6ondecKue (pYHKINN depes DKCIOHeHTH e (0643aTelbHo caeaiTe TPOBePKY BBHITOTHEHN
(OCHOBHOT'O rumep6oamdeckoro Toxgecrsay ch’t —sh? t = 1).

M39¢6°. Beipasure tht gepes sht, cht u BeiBeguTe runep6oIMIeCKEe TOXK IECTBA, IJIA:

a) MpUBEJEHUS OTPUIATEILHBIX apryMeHToB ( T.e. mas sh(—t), ch(—t), th(—t) u cth(—t))

6) YHUBEPCATLHOW MUNEPOOINIeCKON TOACTAHOBKY (DALMOHAIBHAS TTAPDAMETPU3ALNA TUIEPOOJIBI
«TAHTEHCOM TOJOBUHHOIO YIUIAY).

B) aBorHOrO aprymenta ( T.e. g sh(2t), ch(2t), th(2t) u cth(2t))

r) CIOXKeHusA apryMeHToB ( T.e. mas sh(ty +t2), ch(ty +t2), th(ty + t2) u cth(ty + t2))

M39¢7. KakoBsl rpadguku runepOoandecKux (PyHKIUN, WX TPOM3BOIHBIE U MTEPBOOOPA3HEIE?

Muuua ayru. Bygem HasoBaTh esadkotli napamempusosannotli xkpusoti moboe orobpaxenue [a, b . R,
3a/JaHHOE B KOOPJWHATAX Mapou HempepuiBHO muddepenmupyembrx Gyrkmun © = 1 (t), y = 7y2(t), Takmx
b

910 8exmop ckopocmu v(t) of (71(t),74(t)) me paBern mymo Hz npm xkakoM a < t < b. Uurerpan [ |v(t)|dt
a

Ha3BIBACTCA 0AUuHOT DTOU KPUBOM.

M39¢08. aMennTca au IMHA KPUBOU TIPU 3aMeHe HapaMeTPHU3aluM Y Ha KOMIO3UIUIO Yot) ¢ MPO-
M3BOJBHOM MOHOTOHHO BO3PACTAIOIIEN HempephIBHO AU GEepeHIupyeMOr B3aUMHO OJHO3HATHON
dyukuuen [c, d| . [a,b] 7 UTo Gymer, ecam «BO3pacTaiomasy 3aMEHUTH Ha «yOBIBAOLIAs) ]

M39¢9. Beraucaure mauny ayru kpuson: a) y = e”, rne 0 < x < 16) y =Incosz, rae 0 < x < 7/4

B)y=212rme0<y<3 r)y=chr,rie0<2r<1 g)rz=ch’t,y=sh’t, rre0<t<1

M39¢10. Kak oTHOCATCA:

a) mwroma b meTau kKpuson y? = x (r — 1)? K mIoma I u30MepUMETPUIHOTO el Kpyra?
6') TepuMeTp HLTANCA C TIOTYOCAMHI @ > b K JIHHe BOMHBI cuHycomgst i = /a2 — b2 sin (z/b) ?

66



Maremaruaeckuit Amnamms, 11 krace JIucTok Ne 40

Pemenne HekoTOpbIX AuddepeHIUATLHLIX YPAaBHEHUN

MuddepenunanbHoe ypaBHeHue k-TOro mopsajgka HA HEM3BECTHYH MYHKOUWI y = y(x) MepeMeHHOU z
— 510 coornomenune Buga F(z,y,y,y",...,y*)) = 0, B xoropoe BXOAUT Z, Y U mepBHIE k IPOM3BOJHBIX
v, y",...,y% o1 y mo z. Ero pewenuen HasbisaeTca Beakaa GpyHKmuA y = f (1), IpH DOJCTAHOBKE KOTOPOU B
F BMecTO y HOMydaeTca TOXIeCTBEHHO HyJaeBas (pyHKIUA OT .

M40¢1. ITycTs ¢ = const, guddepenuupyemeie gyuxiun y = f(r), y = g(x) ABIAIOTCA pelIeHUAME
ypaBHeHus y' = cy Ha HEKOTOpPOM mHTepBate u ¢(x) # 0 Ha H>TOM UHTepBage. eMy MOXKET OBIThH
pasuo orrommenue f(z)/g(x)?

M40¢2. Haungure Bce pemenns guddepeHnalbHoro ypaBHeHna i’ = ¢y Ha J1:000M HHTepBaJe.

M4003. Hangure Bce dpyukunu (0, 1) R R, rakue uro f' = —2f Bciogy nHa (0,1) u f(1/2) = 1.

M40¢4. ITycTh HA HEKOTOPOM MHTEpBaJe HeHyJeBas (GYHKIUA y = () yIAOBIETBOPAET YPABHEHUIO
y' —cy =0, a pyukuus z = z(x) — ypasuenuio 2’ — cz = h(x), rae ¢ = const, a h(x) — nannas
dyukuusa. Beipasure z/y depes ¢ u h u HALAUTE BCe PEIIEHUsS 000UX YPABHEHUN.

M4005. HaiiguTe Bce pemenus ypaBHenmii: a) y' —2y=1x 6)y +y=¢e** B)y + 3y = cos(2x)

M4006°. TIycts A1, A2,..., Ay — 2T0 Bce Kopuu MHOrouwteHa \F +ap A1 + .-« 4+ a; A\ + ao. Bepro
d d d
m, 910 Yy + apy* D b ay tagy = — =M ) (— =X ) [ — = A ) y?
dx dx dx

M40¢7. Haugure Bce pemenus ypasuenun: a) y" =y 6)y" —y' =2y B)y' +y=2y.

M40¢8. Boigennre B mIpegblAyIIend 3ajatde Te PEIleHns, KOTOPLIE VIOBIETBOPAIT YCIOBUAM:
a)y(0)=1,4(0)=0 6)y(-1)=y(1)=1

f
KommrekcHo3unaunsie dyHknun. Jlobas ¢pyaknuas R —— C ogrosnauno 3anmucesaercsa B Buge f(x) =
u(z) +iv(z), roe u,v : R — R cyTb BemecTBeHHO3HAYHBIE (DYHKIINU, HABBIBAEMBIE 8EUCCNEEHHOT U MHUMOT
gacramu f. Honoxum, no onpegenenno, f' =’ +iv' u [ fdr = [udr+i [vdz.

2+43i)x 2—3i)x

M4009. HaiiiuTe BelmecTBEHHYIO I MHAMYIO 9acTH (PYHKIHH 2 = el n 2= el .
M40¢10. /[lokaxuTe, YTO KOMILIEKCHO3HAYHAA (PYHKINUA TOTIa U TOJBKO TOTIA YIOBJIETBOPAET TU(D-
depeHnnaJIbHOMY YPABHEHUIO BUIA y(k) + ak_ly(k_l) + -+ a1y +agy = 0 ¢ mocTosHEbLIME @, € R,

KOT'Ja €€ BellleCTBeHHAsA W MHUMAasA IaCTU YAOBJIETBOPAIOT DTOMY YPaBHEHUIO.
M40¢11. Haigure Bce KOMILUIEKCHO3HAYHbIe (DYHKIMU 2 = 2(X), YAOBIETBOPAIOLINE YDABHEHUAM
(komcranTa A € C u KoMILIeKCHO3HAYHAA GyHKUUA h(r) 3aTaHbI):
a)z —Az=0 6) z' — Az = h(x)
M40¢12. Hauaure Bce BeleCTBEHHBIE pelieHnsa 1udepeHnuaibHoro ypasaenus y' = —y.

M40¢13. Haungnre Bce BemecTBeHHBIE pemenns 1uddepeHnaIbHoro ypasaenns §y’ = —2y, yaoBIe-
reopstomue yeaosuam:  a) y(0) =1,y (0) =2 6) y(0) =1, y(r) =0.

M40014". HaiiznTe Bce BelecTBeHHBIE pelleHnd InddepeHNuaIbHOro ypaBHeHnda y” +y = e ¢

y(0) =4, y'(0) = 3.

M40¢15 (pasgenéunnie nepemennsie). [lokaxute, 9T0 nuddepernupyemas GYHKIUA y TOTIA U
TOIBKO TOTJIa yAOBIETBOpAeT nuddepennunansaomy ypasaenuto h(y)y' = g(x) ¢ 3amanabIME He-
npepbiBEbiMu QyHKIMAMA h(y), g(r), Korja npu HEKOTOPOM MOCTOSHHOM € OHA YIOBIETBODSET
obbraHOMy (He muddepenunansaomy) ypasuenuto H(y) = G(z) + ¢, B xoropom H u G cyTh
Kakue-1uO0 nepBoobpasHbie 0T h u ¢.

M40¢16. Haugure Bce pertenus nudpepeHnnaIbHbX YPaBHEHUN:

a) (x4 1)y =y 6) y =ysinz B)yy' + =1
M40¢17. Hangure Bce pemenus guddepennunansaoro ypasuenus ' ctgz +y =2 ¢ y(0) = —1.
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Maremarmaeckmin Amamns, 11 knace JIucTox Ne 401 (pomomHmTenbHbIN)

Teopema cyniecTBOBaHUS pelleHUS
OOBIKHOBEHHOT' O Au(PPEepeHIINAILHOI0 YyPAaBHEHUA

ITocranoBka 3agaun. Ha mmockoctu X OY 3amanbr npaMOyroIbHUAK
II'={(z,y)|la<z<b, c<y<d},

Touka (Zg,Yyp), JeXKAIAs CTPOro BHYTPH HETO, u auddepeHnuatsaoe ypasuenue y' = F(z,y), npasas 9acTb
F . .

xoToporo Il —— R saBrgercsa HenpepbiBHOU dyHKIMen HA [I. MBI 1OKa)XeM, ITO CyIIeCTBYET £€-OKPECTHOCTD

U. Ttouku xg u auddepennupyemas pyuakmua U . [c,d], Takue aro f'(z) = F(z,f(z)) Vz €U. nu

f(0) = yo.

M40%<>1. 3a1aIuMcsa HEKOTOPOU £-0KPECTHOCTBIO U, TOYKM Ty M PACCMOTPUM CJIEIYIOIIAE IBA, MHO-

o ' o
xecTBa quddepennupyembix Gyukuun U, —— [¢, d], 3aJaHHBIX HA DTOU OKPECTHOCTH:

[okaxure, 4T0 J € : 062 MHOXKECTBA ,STT, /9? HEIYCTHI, U CIPaBa OT Ty rpadpuk JTH0O0U (HYHKIIAN
w3 7 1exuT BEIIE rpaduxa J1060u (HyHKIUT U3 9{, a caeBa — HA0OOPOT.

M40%<>2. Omnpenernm dyuknuio f(r) cupasa or z kak inf go( ), a creBa oT T Kak sup ¢(x).
pe 7" el
[okaxure, 970 [ CylmecTByeT, HempepbiBHA, Au(@epeHnupyeMa 1 yIOBJIETBOPSIET ypPaBHEHUIO
y' = F(x,y).
O6osnauenns. [lycrs C' = sup |F(z,y)|. O6o3naunm gepes Ds orpesok [zg — d, 2 + 0], rae § BLIGpaHO Tak,
i

T106H Gabokay By < { (z,y)| € Ds, |y — yo| < Clz — x0|} 1exana nerukom suyTpu I1. O6o3na4um depes
s MHOXECTBO BCEX HeMpepbIBHLIX GyHKImn Dy 7. [c, d], rpaduk KOTOPBIX cogepxuTca B By.

M401<>3 [okaxure, 910 .7 § ABIACTCA TOJHBIM METPUYECKUM MPOCTPAHCTBOM C PACCTOAHUEM

(w Y) = sup |p(x) —p(z)|.

T€Ds

M40%<>4 (memma Ackoau - Apnena). [JaHO HEKOTOPOE MHOXKECTBO .7 HENPEePHIBHLIX (DYHKIUUA HA
orpeske. [lokaxure, 9T0 J00asd OrpaHUYEHHAA MOCAEIOBATEILHOCTh (DYHKIUU U3 .7 COJLEPKUAT
IOTOYETHO CXOIANIYIOCA MOINOCIeTI0BATEIFHOCTL! TOTAa W TOJBKO TOTJAA, KOTAa BCe (BDYHKINE B
.7 OrpaHWYeHbl 00N KOHCTAHTON U 6 pasnoli cmeneny HenpepwBHBL ( T.e. Ve > 030 > 0 :
|z — 29| < 6 = |p(z1) — p(x2)] < & cpasy mua Beex ¢ €.7 ).

M40%<>5 (mromanpie Dunepa). Pa3o6bém Djs Ha 2n paBHBIX YacTell NIUHBL h = §/n u ompeneanm
HEMPEPHIBHYI (DYHKIUIO ¢, (x), moraras ¢(rg) = Yo, U gakee TpOIOIKAaA €€ BICBO U BIPABO UH-
TYKTUBHBIM MPABUIOM: HAL OTPE3KOM [Tg + kh, xg+ (k+ 1)k (rme k = 0,1,2,...) u HAL OTPE3KOM
[xg + (k — 1)h,z9 + kh] (rme k = 0,—1,—2,...) ¢(x) ecTb npsaMas ¢ yrIoBbIM KO>()PUIMEHTOM
F(xo + kh,p(zo + kh)) (3magenme p(xy + kh) ompemereHo MO MHIYKTUBHOMY MIPEIIOIOKEHHUIO).
JloKaxKuTe, ITO BCE ¥, JCKAT B.#5 U N3 HUX MOXKHO BEIOPATH II0 AIIOCIEI0BATEILHOCTD, IMEIOLLY IO
MOTOYECIHLIN IPEAeT, TaKXKe JeKAIINNA B . Zy.

M40106. fIBHO OnIMmHUTE MOCIELOBATEIBHOCTD IOMAHBIX DilIepa A1 yPABHEHNA §' = y ¢ HATAIBHBIM
yeaosueM y(0) = 1 u marom h = 1/n, 1 9ecTHO HAUAUTE €€ TPEHea IPU N — 0O.

M40107. [JokaxnTe, 9TO NOTOYETHBII Ipeen T000N CXOAAMEHCA TOCICI0BATEILHOCTH JOMAHBIX
Ourepa u3 3a,1. M40%<>5 sapasiercsa gudpgepeHnupyemMon (pyHKIMEn, YI0BIeTBOPAIONINN YPABHEHIIO
y' = F(x,y) (Ml emé BepHEMCSA K DTON 3a1a4e B CJIeIyIOMeM JUCTKE).

lnpenen KOTOpOH He 06A3aH IPUHALTCKATE 7
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3

Teopema eIMHCTBEHHOCTU peIIeHUA
OOBIKHOBEHHOT' O Au(PPEepeHIINAILHOI0 YyPAaBHEHUA

M40§<>1. Hangure Bce pemenus ypapHenus y = y2/3 7 YKAXWUTe TBa PA3JUIHBLIX PEIIeHusd, YI0BIe-
TBOpAOIIMe HadatbHoMy ycaosuio y(0) = 0.
ITocTanoBka 3aga4un. Beoay B sTom auctke koHcTanTa C, npamoyroasauk 11, vabouxar Bs C II, oTpesok
Ds 5> x¢ m npOCTPAHCTBO .~ 5 HENPEPHIBHBIX (pyHKIUYN Ha Dg ¢ rpadukamu BuyTpu Bs OyayT Te Xe camble, ITO
U B IIPeALIAYLIEM JUCTKe. MBI [OKaXeM, 9TO eCIu IpaBasd 9acTh AuddepennuanrsHoro ypasuenns y' = F(x,y)
yOOBJICTBOPACT AOIOJHUTEIBHOMY YCJIOBUIO:

ALER : [Fla,y) - Flo.p) <L-lyi—yl  Voelab] &Yy, € lod (1)

TO mobbIe aBa pemenusa audgdepennuatbaoro ypasuenusa y' = F(z,y), rpaduku KOTOPBIX MPOXOAAT HUepes3
TOUKy (Z0,Yo) COBIAAIOT HAJ HEKOTOPOU 0-OKPECTHOCTHIO TOUKH ().

M40262 (npubmmxenus ITukapa). Byzem crponts nocreosarensubie npnoamxenus Yy (z) € 7
(ck=0,1,2,...) x pemenuto ypasuenus y' = F'(x,y), B3aB ¢y (x) = yo u no16upas B KA4eCTBE Py
Takylo mudg@depeHnupyoMy0 (pYHKINIO, TPOU3BOIHAA OT KOTOPOW paBHA 3HaYeHUAM (QyHKIum F
Ha rpaduke MPeIbIYIIero TPUOINKEHUA Yy, T. €. YIOBIETBOPAIONIYIO Npu & € Ds ypaBHEHUIO

T

U () = F(z, ¥p(2)) m Taxyto, 910 Yp11(29) = yo. Jokaxure, 9T0 tVpy1 () = y0+/ F(t, ¢ (t)) dt
zo
1 IIPOBEPBLTE, ITO BCe Yy €./ 5.
M40§<>3. fABHO BHIUMCIMTE Bee npubamkenus [lukapa 11 ypaBHeHus i’ = y ¢ HAYATBHBIM YCIOBUEM
y(0) = 1 u 9ecTHO HAUIUTE UX TPEIE.

M40§<>4. [Iycrs pyuxuusa F' ygosrersopser yeaosuio (1). Jokaxkure, 9T0 nNpu T0CTATOYHO MAJIOM
T

§ mpaswio P : ¢(x) — Pi(x) = yo + /F(t,dj(t)) dt ompegenseT CKUMAIIEe 0TOOpaKEHIe
Zo
P
M40205. Jlokaxnre, 9T0 GYHKIUA ) € .45 TODIA U TOIBKO TOTAA ABIACTCA PEIICHUEM yDABHCHIA
y' = F(x,y), xorga Py = 1.
M40206. [JokaxnTe chOpMyMPOBAHHYIO B HadAIe TUCTKA TeOPeMy eInHCTBeHHOCTH. Kak oA yxKn-
BAeTCA C IPUMEPOM W3 3al. 1\/[40%01?

, P
M40§<>7. [ycTs orobpaxenue ./ — .7/ (B IPOX3BOJIBHOM METPUICCKOM MPOCTPAHCTBE) ABIAETCH
cxknmaomuM ¢ Koucranton 0 < A < 1 (1. e. o(Py, PY) < Xo(p, ) VY ¢,9p € 7). Nokaxure,
9TO PACCTOAHUE OT MPOU3BOJILHOU TOYKH 1) € .7 00 HENOABUKHOU TOYUKH 1)y oTOOpaxKenus P

P
yIOBIeTBODPseT HepaBeHCTBY 0(1), 1)) < Q(i/)’i;/))
M40§<>8. Hoxaxwure, aTo ecau pyukuus F' ygosrersopser ycaosuio (1), To ¢4 MOCIeL0BATEIBHOCTS
TOMaHBIX Ditnepa u3 3a4. M40305 pagnomepno ( T. €. MO MeTpHKe .75, & HE OTOIETHO) CXOIUTCA

K perenuto ypasuenus y' = F(z,y).
*
M40§<>9 (Teopema 0 HempepHIBHOM 3aBUCHMMOCTH OT HavYaAbHBLIX ycaoBum). llycThb dyHKINA
F ynosaersopser ycaosuio (1). Joxkaxwure, 910 y Touku (g, o) CyMECTBYeT OKpPecTHOCTH [I C
) )
II, Takasg 9TO MpU HEKOTOPOM (PUKCUPOBAHHOM O > (0 U MPOM3BOIBHLIX (Tg,Yo) € Il ypaBHeHue
) 0, 90
y' = F(z,y) 6ymer obaagaTh eIMHCTBEHHBIM pemrenueM y = f(z), onpeneéHusM Beogy Ha Dj u
Y IOBJIETBOPAIONIMM HAYAIBLHOMY YCI0BHUIO f (o) = Yo, 1 60JIEe TOr0, COMOCTABIEHIE TOUYKe (T, Yo) €

Il Takoro pemenus OyjgeT HempepBIBHBIM OoTOOpaxkenwmeMm u3 I B TPOCTPAHCTBO HEMPEPBIBHBIX
¢pyuxuun wa Ds.
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AuddepenimanbHOE UCHUCTCHUE

Hanomunanue. [Iuddepenmman pyakuun f(z) B TOUke Tg — 5TO duHenHAs GyHKIUA OT (I — Zg), npuOam-
xatoman f(z) — f(zp) ¢ HOrpemHoCcTh0, KOTOpasd OpU & — Ty CTPEMUTCI K HYJIO ObICTpee, ueM (r — zo).
Mudpdeperunan 0661900 0603HAYAOT df |y=z, Wiu npocTo df. Bynyuu nusenson dyHKOuMen oT  — g, AAd-
depennman umeer Bug c(xg) - (z — p), rae ¢(ry) — mocToAHHBIN KO>MGUIMEHT (CBOM MIA KaXKJOU TOUKA
x). Hoaromy wacro muyT df |z=z, = ¢(z¢) dz, u60 dx|y=z, = (x — z¢) V 2. OuslT NOKa3BIBAET, ITO HAUTHU
JVHEUHYO YaCTh MPUPALICHUAA HEM3BECTHOU (DYHKIMM MPOIIE, YeM caMy (PYHKIWIO, TAK UTO MPU OTHLICKAHUU
QYHKIINN, OMUCHLIBAIOIIAX T€ WK WHBIE ABICHUS TPUPOIbI, OOBITHO CHAYAMA HAXOAAT COOTHOIICHUA HA UX Hud-
(bepeHnmaBL, a MOTOM yXe — IPU IMOMOIIA WHTEMPUPOBAHUA — CaMu (PYHKIAX.

M41o1. [IpupocT 9UCIEHHOCTH HETABHO OOHAPYKEHHBIX XKYTKUX KOCMUIECKUX 3yOACTUKOB MPOIIOP-
[IIOHAIEH IUCTY BCEBO3MOXKHBIX UX map. [[o TaHHBIM TOLIUBYICKOW 00CEPBATOPUN, 32 TPOIIEIIINT
rOJI IOTOJOBbe 3yHACTUKOB YIBOUIOCH. Kak ckopo ux craneT 6eckoHedHO MHOr0? CMoriu 6B OHI
OECKOHEYHO PAa3MHOXNUTBHCA 3a KOHEIHOe BpeMsdA, KaObl UX NMPUPOCT OBLT NPOMOPIUOHAIEH UX TH-
CIeHHOCTU?

M41¢2. CxkopocTh paIuoaKTUBHOTO PACIaga MPOMOPIUOHAIbHA UMEIOIMEeMYCs KOTUIeCTBY aKTHUB-
HOT'O BEIIECTBA; Yepe3 KAKOe BPeMs pacmagércsa 3/4 BemecTsa ¢ mepruoaoM moaypacnaga 1 ron?

M41¢3. 3a Kakoe BpeMs BBITEYET BCA BOAA W3 IOJHOIO a) BEPTUKAIBLHOTO 6) MOPU30HTAIBLHOTO
nuinHIpudeckoro 6axa @ 1,8 m mauuon 2,45 m wepes kpyriayio & 6 cm IbIpKY B pHE?

M41o4. C Kakou CUION JOMKEH TAHYTH TEILIOXOJ 3a KAaHAT, HeJaloInid 3 060poTa BOKPYD IIPH-
qaapHOro croxba auamerpa 40 cu (koddduiuent Tpenusa 1/3), 9TOOLI ero He CMOT yAEpKATb
OPUYIAJBHBIN PA0OINM, TAHYIIUYA 32 IPYTOU KOHer Kauata ¢ cuaou 10 k2 ?

M4105. Ha mecaTurpaycHOM MOpO3e YalllKa KUIATKY 3a moadaca ocTelia 10 20°. B kakon MomMeHT
eé Temneparypa 6bLta 40°7

M41¢6 (popmyaa ITuoakosckoro). Kakoum ckopocTn gocTuraeT pakera MacChl m mocae oTpadboT-
K1 Bcero TomauBa Macckl M7 CKOpOCTh UCTEYeHUsA TOMINBA U, HUKAKUX BHEITHUX CUT HET.

M4167 (06Bb€éMm Tena Bpamenusn). PyHknusa f HeOTPUIATEIbHA U HENMPEPBIBHO AudpepeHnupyema
Ha [0,a). O6ozua4uum depes V(t) o6wéM Tena, 3ameraemoro obracreio 0 < x < t, 0 < y < f(x)
npu eé Bpamenun Bokpyr ocu OX. Boranciure guddepenuman dV |,—, n nangure V (t).

YKA3AHUE. CpaBHuTe npupaiiesue 06béMa B TOUKE T ¢ 00bEMOM nmmuHgpa paguyca f(z).

M41¢8 (mwiomags MOBEPXHOCTH TeJa Bpamenus). B ycioBusax 3a1. M4167 o6o3uadum depes S(t)
IIOMAAb GOKOBOU MOBEPXHOCTH TOT'O JKe CaMOro TeJa BpallleHuA. Boramcanre nuddepeniuan
dS|i—, n Hamgure S(t).

YKA3AHUE. CpaBHuUTE IpUpaIleHue IO LY C ILIOMA L0 GOKOBOU IIOBEPXHOCTHU COMPUKACAIOMIErOCA KOHyCa (& IO Lb
HOCJIeﬂHeﬁ JIECKO IIOACYUTATh Pa3BEPHYB eé Ha HJIOCKOCTI/I).

M41¢9. Bripasute 1epe3 pagnyCchl OCHOBAHUN U BBICOTY 00BEM U TLIOMIA b IIOBEPXHOCTH YCEIEHHOTO

IPAMOro KPyroBoro: a) KoHyca 6) mapabouoija B) IEIEpOOIOnIA.

M41¢10. Berpasute 06b€M U IIOMIATHL MOBEPXHOCTH IIApa depe3 paanyc.
M41011. Koneunst au:  a) 06B6M  6) mwiomaib nosepxHoctn  (urypst 2 > y2 + 22, . > 17
M41¢012 (Teopema Apxumeaa). Brramcanre miomanb MOBEPXHOCTH MOACA ChephI, 3aKIIOIEHHOTO

MeXIY IBYMA MapaLIelbHBIMI TIOCKOCTAMU, U YOeTUTECh, YTO OH 33aBUCUT JUIITH OT PACCTOAHUA
MeX Y IJIOCKOCTAMU, HO He OT PACCTOAHUA OT HUX MO IeHTpa Chpephl.

M41013" (naockocts Jlo6auesckoro). V3 ONTHKE H3BECTHO, ITO CHHYC YIIA, 0OPA3YEMOr0 YoM
CBETa C HOPMAJIBIO K I'PAHUIe, PA3IeISIONeN PA3Hble CPeIbl, 0OPATHO MPOMOPINOHAIEH TTOKA3ATe-
JIAM TIPEJOMJIEHUA dTUX CPeI: My Sy = Mg Sin (g, TJe Ny, Ng — MOKA3aTeNn NPeJOMIEHUA, a o,
Qi — COOTBETCTBYOINE yriabl. Hauaure TpaeKTOPUM CBETOBBIX JYUeld B BEPXHEU MOJYILIOCKOCTH
x > 0 ¢ mokaszareneM mpenomtenus n(z,y) = 1/y.
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IIpoekTUBHBIE MpPpOCTpPAHCTBA.

N-MEPHOE BEIIECTBEHHOE Nnpoexkmusnoe npocmparncmeo RP, — 5T0 MHOXECTBO BCEX IMIPOXOIAIINX
9epe3 HAYAI0 KOOPAUHAT MPAMBIX B (1 + 1)-MEPHOM BEIIECTBEHHOM KOOPWHATHOM MPOCTPAHCTBE R+ o
OTIPEIENCHUIO, KAXK Jasd TAaKad MPAMAA 3aJaCTCA HANPABAAMIOUUM BEKMOPOM v = (V0, V14 « v+, Up) F 6> 7 COCTO-
ur m3 Beex Touek = € R supa (t-vg,t-vy, ..., t-v,) = t- ¥ ¢ mpo-
m3BoabHbIME § € R. Takum 06pa3om, MOXHO CKa3aTh, 9T0 Touku RP,

| adpurHAA
CyThb HEHYJEBBLIC BEKTOPHI U3 R+ ), paccMaTpuBaeMble ¢ TOYHOCTBIO

O TIPOMOPUMOHATHHOCTU. IT0OBI HAOMIONATH WX B BHUJE HACTOALIUX
Touek, Hago pasmecTuTb B R skpan — mobyio n-mepryo addun-
HYIO TUIOCKOCTB, HE TIPOXOAAILYI0 Wepe3 Hyab (cM. puc. 42 - 1). Taxue
TUNEPILIOCKOCTY HA3BIBAIOTCA addunnvimy xapmamu Ha RP,. Beakas 19)
npAMasi, HenapawueibHas adpGUHHON KapTe, n300PpasuTCa Ha DTOU Kap-
Te OOLITHOM TOYKOW, B KOTOPOU KapTa IMePECEKAET PACCMATPUBAEMYIO
npsavyio. Hukakas adpdunanas xkapra mHe mokpoiBaeT RP, memmkom —
BCe MapaJLIeIbHBIE TAHHOW KapTe MpAMBIe (a8 OHU, OYeBUIHO, 06Pa3yIoT
npoekTuBHOE mpocTpancTso RP, 1 C P,) OGyayT HEMOKPHITEL. DTOT HE-
NOKPBITHIA KyCOK HA3bIBAETCA OECKOHEUHO YJanénnoti (OTHOCUTENLHO
TAHHOU KapTHI) MPOEKTUBHON IIOCKOCTHIO. B pesyabraTe, KAK MHOXe-
crBo, RP,, pa36uBaeTcsa B IM3BIOHKTHOE! 06BHeJUHEHNE TIPOCTPAHCTB:

0eCKOHEIHOCTD
Puc. 42 - 1. Appunnas xkapra n
OECKOHEYHO yAATEHHOE MPOEKTUBHOE
MOAIPOCTPAHCTBO.

P,=R'UP, 1 =R'UR" ' UP, o =R'UR* ... UR’

B koTopoM mociennee R0 = Py — nTo oxma Touka. Ha RP, mMeeTca ecTeCTBeHHAS TOIOIOTHA, B KOTOPOM
OTKPBITBIMA (COOTB. BaMKHyTI)IMI/I) MHOXECTBaMM ABJATCA MHOXECTBa, IEepeCeIeHne KOTOPhIE OTKPBITHIX C
OPOU3BOILHON ahPUHHON KAPTOU OTKPHITO (COOTB. 3aMKHYTO) B DTOM KapTe.

M4201. Yoeiurecs, aro RP; romeomopdra’ oxkpyKHOCTH.

M42¢2. Jleara Mébuyca u3BecTHEIM 00Pa3oM CKJICUBAETCA U3 IPAMOYTOJbHUKA. ONUIIMTe KaK CKJIe-
UTh U3 IpAMOyroabHnKa RPy (3TOT pement Hemb3s OyaeT peatnsoBaTh B R® 6e3 camonepecedennit
IPAMOYTOJTBHUKA CAMOTO C COOOM, HO CAM PELEeNT CYIIECTBYET U BIIOJHE ONPeIe/NAeT MOy Jal0IIeecs
B pe3y/jbTaTe TOIMOJOI'MICCKOH HpOCTpaHCTBO).

M42¢3. I'panuna deaTsr Mébuyca romeoMopdHa OKPYXKHOCTH. BepHO Ju, 9TO ecau 3aKJIeUTh DTY
OKPYKHOCTb AUCKOM, TO MOIyIuTcsa RPy?

M4204. fApasgiorca au adpduHHBIE KAPTHI OTKPHITHIMI MOAMHOXKecTBaMu B RP, 7

*
M4205 . fBaA0TCA U MPOEKTUBHBIE IPOCTPAHCTBA KOMIAKTAME (B TOM CMBICIE, YTO OHU YI0-
BIETBOPAIOT yCIoBUIO Boabuano - Benwepmrpacca u/mim u3 106000 UX MOKPHITUA OTKPLITHIME
MHOXKECTBAME MOYXHO BBIODATH KOHEYHOE TOAMOKPHITHE)?

M4206". Ykaxure va RP? rrankyio nermo v : [0, 1] — RP,, v(0) = (1), koTopas cama He MoxkeT
OBITH HENPEPBIBHO CTAHYTa BHYTpH RPy B TOUKY, HO OyIy4d MPOUIEHHON TBAKIBI, CTAHOBUIACH
OBl CTATIBAEMOI.

*
M4207" . YceranosuTte romeoMopdusm Mexay RP; u mpocTpancTBom SO3, COCTOAIIEM, MO OIpee-
JIEHUIO, M3 BCEBO3MOXKHBIX IMOBOPOTOB R3 BOKPYTI BCEBO3MOXKHBIX OCEH, MPOXOMAIINX Tepe3 HAYAI0
KoopauHAT® (3204HO onummTe Tomosormio Ha SO3).

1
2

T. €. COCTABJEHHOE UX HEMEePeCceKaIomnXCsa MHOXKECTB
TOMEOMOP(}PU3MOM TOMOJOTXIECKUAX MPOCTPAHCTB HA3LIBAETCSA HEMPEPBIBHASA B 00€ CTOPOHBI OMEKIINA MEX Iy HUMU,
T. €. TaKas OMEKINA IIPKU KOTOPOHU 00pa3 U Mpoodpa3 JHO0ro OTKPLEITOI'0 MHOXKECTBA, OTKPLIT

3ma camom merne (TpymHas) meopema Jiaepa yTepxaaeT, 9o SOz MCIEPILIBAET BCIO COBOKYTHOCTE COXPAHMIONINX
HAYaAJI0 KOODIWHAT U OPMEHTAINIO IBMKEHUI IpocTpaHcTBa R
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CoO6bITHA ¥ BEPOATHOCTH

Kondpurypanuonsslie mipocTpaHcTBa. MaTeMaTudeckas MOIEIb JI060T0 ABICHUA PEalbHotli XU3HU HATMHA-
€TCsA C pa3ieleHusa ABIEHUA Ha «JIEMEHTAPHBIE COCTABIAIONIAEY, KOTOPBIE N300paXKAIOTCA TOYKAMU HEKOTOPOT'O
IPOCTPAHCTBA, HA3LIBAEMOI'O B TEOPUH BEPOATHOCTEHR NPOCMPAHCINEOM IACMEHMAPHBIL coObIMul, B (PU3UKE —
KOMPUYP AUUOHHBLM NPOCMPAHCMBOM, & B TEOMETPUA — NPOCMPAHCMBOM Modyseti apienus. Hampumep: pe-
3yabTaT OPOCAHUS UTPATBLHOM KOCTH yA0OHO n306paxaTh TOIKOU B 6-smemenTHoM MHOXecTse {1,2,3,4,5,6};
pacrosoxenue aByx mnoes3nos Ha Tpacce Mocksa — Caukr-IleTepOypr — To4ukou KBaapaTa (KOOPAMHATEHL TOYKA
— paccrosHug oT Toe3foB 10 MockBel); Bpamenns R?, ocTaprdiomue Ha MecTe HA4al0 KOODIMHAT, H306pa-
XKAOTCA TOYKaAMU TpocTpaHcTBa RP;.

M43¢1. U3 myukra A B nyskT B uayt 2 goporu, nmpwdéM 2 MAaIIWHBI, CBsI3aHHBE 10-MeTpoBOU

BEPEBKOM MOI'YT mpoexaTh u3 A B B, nBurasack Kaxjgas mo coen gopore. CMOTYT I pa3bexaTbCsa
2 UAYIIUX 10 Pa3HBIM AOpOraM HABCTpedy APYTY BO3a CeHa IMIECTUMETPOBBLIX PAINYyCOB?

M43¢2. B Tevenne daca K XKeJIe3HOTOPOKHOU CTAHIIMYM B CIyIAWMHBIE MOMEHTHI BPEMEHU MOIXOIAT
2 moe3ga. KakoBa BEpOATHOCTH TOTO, UTO yIacTcA MepedexkaTh U3 Moe3a B Moe31 He 0Xugasd Ha
miaTgopMme, ecan 06a CTOAT MO 5 MUHYT?!

M4303". Kaxgas u3 7 0 IMHAKOBEIX GaHOK Ha, 9 /10 3amonHeHA KPACKOW OHOTO U3 7 HEMOBTOPSIOMINX-
cA MBEeTOB paxyru. MoxXHO Ju, mepeauBas KpacKy m3 OaHKU B 0AHKY W PABHOMEPHO TepeMeITnBas
COMEPXKUMOe, MOAYIATH B OJHOU M3 OAHOK KOJEp, B KOTOPOM BCe 7 I[BETOB CMEIIAHLI B PABHOUI
nponopuuu? (YremmrenbHas Bepcus: 2, 3 win 4 6aHku, 3anonHeHHbIe Ha 4/5.)

BepoaTaocTu. MareMaTudeckas T€OPUA BEPOATHOCTEN UMEET IEI0 ¢ KOH(MUTYPAIMOHHBIM IPOCTPAHCTBOM
), HA KOTOPOM 3aJaHa MEPG, COMOCTABIAIOMAA HEKOTOPHIM moaMHOKecTBaM A C ) (HA3BIBAEMBIM COObLIMU-
amu), qucio P(A) € [0, 1], nassiBaemoe sepoammnocmvio A m m3aMepsiomee OO0 DIEMEHTAPHBIX HUCXOIOB,
cocrapasommx A, cpeau Bcex piaeMeHTapHBIX UcxoH0B ). TakoBOM MEPOU MOXET CIYXUThH, HATTPUMED, TUCIO
B3ATHIX C HEKOTOPBLIMHU BECAMH IEMEHTOB B A, minm orHOomenue miomanu A x mmomana §2. Tpebyercs, 9To6bI
P(R2) =1, P(A1 U Ay) = P(A41) + P(Ag), ecim A; N Ay = &, m aTo6b1 mamepumocts A u B Biaekaa 3a cobon
m3mepumocts AN B, AUB u A\ B.

M43¢4. KakoBa BepOATHOCTH TOT0, UYTO MPKU 3 OPOCAHUAX UT'PATLHOU KOCTH BBIMAIET
a) 3 mecTépku  6) XOTh OfHA MIECTEPKA B) HU OJHOU MIECTEPKM T ) YETHAA CYMMa OYKOB.

M4305. 13 54-kapTounon komo bt (13x4 + 2 ra;>KOKepa1) BBITACKUBAIOT 5 KapT. KakoBa BepoATHOCTH

TOTO, YTO CPEIN HUX OKAKETCA a) 5 KapT OQHOW MACTU U UIYLUUX TMOAPSI JTOCTOMHCTB
6) TO ¥Ke, HO, BO3MOXKHO, PA3HON MaCTH B) POBHO 4 KAPTHI OAUHAKOBOT'O JOCTOMHCTBA
r) 5 KapT OJUHAKOBOM MACTH A1) POBHO 2 maphbl KAPT OAUHAKOBBIX JOCTOMHCTBA

e) TPOUWKA U ABOMKA KAPT OIMHAKOBOIO TOCTOMHCTBA ) 5 KAPT OJUHAKOBOTO NOCTOUHCTBA

M43¢6. [Ipn kakOM MUHIMAJIBHOM YHUCIEe VIEHMKOB B KJIACCE COBIATAIONINE THU POXKIEHUA OYIYT C
BEPOATHOCTBIO > 1/27

M4307. llycts A w B — nBa cobuitus, 1 A N B — wux ogHOBpemMeHHOe HacTymmenue. O603HaIMM
depes P(A|B) BeposATHOCTb HACTYIUIeHUA A, IpU YCJIOBUHU, 9TO uMeeT MecTo B ( . e. gomo AN B
sayTpu B). Bepuo au, uro P(A|B)P(B) = P(AN B) = P(B|A)P(A)?

M43¢8. Ha Bcrynurensaom sk3amene mpodeccop /[lybapes onpammBaeT MOJOBAHY BCeX aOUTYyPUEH-
TOB, PABHOBEPOATHO cTaBA 2, 3 u 4. [ouenT [IeHbKOB ompammuBaeT TpeTh AOUTYPUEHTOB U CTABUT
[OJIOBUHE U3 HUX 2, a OCTAILHBIM — HOpOBHY 4 1 5. OcTalbHble aOUTYPUEHTH MO Jal0T K ACCH-
crenTy [Jo6peHbKOMY, KOTOPHIM 9€TBEPTH U3 HUX CTABAT TPOEYKY, a MpounM — narépku. Kakosa
BEPOATHOCTD CIaTh DK3aMeH: a) Ha 27 6) Ha 37 B) He Goxee, deM Ha 47

M43¢9. KakoBa BepOATHOCTH TOT0, YTO HE HMOJYUMBIINKA 5 AOUTYPUEHT UMET IEJ0:
a) ¢ [lo6penbkum? 6) ¢ [lybapeBbim? B) ¢ [lenbkoBbIM?

lxapTa, HOMIHAT I MaCTh KOTOPOU UIPOK MOMKET BHIOPATE IO CBOEMY KEIAHUIO

72



Maremarueckuit AHMHa, 11 xnace JIucTok Ne 44

Briuncienue BepoaTHOCTEN

M44o1. ITaaxky caydalHBEIM 06pa3oM JOoMalT Ha 3 dacTu. KakoBa BEpOATHOCTH TOTO, 9TO M3 DTHUX
JACTEd MOXKHO CJIOXKUTH TPEYTOJIbHUK?

M44¢2 (zagaua Broddona). Ha mrockocTh, pa3inHOBAHHYIO Tapa/LlelbHBIMUA MTPAMBIMU, HAXOIA-
MUMUCA HA PACCTOSHUM @ APYD OT ApYyTra, CIYyIaWHO OpolreHa uria mimaon A < a. Haummmre
BEPOATHOCTD MEPEeCeIeHUs UMbl ¢ KAKOU-HUGY Ib MTPAMOM.

M44¢3. AGCOMOTHO HEYIIPYTYIO MOHETY PAJIUYCA " ¥ TOJAMWHBL d GPOCAIOT HA AOCOMOTHO HEYTIPYTYIO
TOPU3OHTAIBHYIO MMOBEPXHOCTDH. KakoBa BEpOATHOCTH TOrO, YTO MOHETa ymaaeT Ha peOopo?

M44¢4. B ypue m depHbix u n 6eabix mapos. KakoBa BEpOATHOCTH TOTO, 9TO U3 /4 HAYTA, BEIHYTHIX
U3 YPHBI MAPOB Oy1eT POBHO V OEIBIX, IIPYU YCAOBUY, 9TO KAXKIBIA BHIHYTHIN IIAD
a) cpa3sy ke BO3BPALIAIOT 6) 60JbIle He BO3BPAIIAIOT 06paTHO B ypHY'

M4405. Bopsach ¢ pocToOM HaCeTeHUs, HO yBaxXKas Tpa JUINN, KATAUILI, €CJIU IePBLI peOEHOK B CeMbe
— MaJb4UK, OOJIBIIE He MO3BOIAIOT DTON CEMbE UMETh IeTEe; eCIN XKe TMePBIA pEeOEHOK — IeBOYKA,
CeMbe Pa3perraT 3aBeCTH elle POBHO OMHOTO pebénka. Kakoe OTHOIIEHNE TNCIeHHOCTEN MY K IUH
1 XKEHIINH MPUA DTOM YCTAHOBUTCA, €CAM POXKACHUA MATbYINKA W TeBOYKYM PABHOBEPOSATHBI!

M44¢6. Benymuu Tesenrpsl npegiaraeT yIaCTHUKY yralaTh, 38 KAKOW W3 TPEX 3aKPBITHIX IBEpen
HAXOMUTCA aBTOMOOWIL. TOT Hayraj BeIOpaJd OTHY U3 ABEPEH, MOCTe 9ero BEIYIIUU OTKPBLT Ty
U3 IBYX OCTABIINXCA MBEPEU, TJe TOYHO HET aBTOMOOW/A, W MPEIJIOKUIT UTPOKY BHOBL CIeJaTh,
Temnepb ykKe OKOHIATENbHBIN, BEIOOD MEXKIY ABYMSA 3aKPHITHIME ABepsaMu. Kak 6bITH?

M4407. Kak npu moMoImu OIHOM MOHETH OPOCUTH XKPeObuil HA TPOUX?!

M4408 (Bpeg mogxammmcTsa). zKopu um3 TpexX YelI0BeK BHIHOCUT pelleHne GOJBITMHCTBOM T[OJO-
cos. IIpeacenaTens U BTOPOU WIeH XKIOPU MPUHAMAIOT HPABIIbHBEIE PEIEHUA HE3aBUCHMO C BEPO-
araoctavu 0,7 u 0,9, a Tperun — 6pocaeT MOHETY. Kak M3MEHUTCA BEPOATHOCTH BHIHOCA KIOPU
MPaBUIBHOIO PENIeHns, eCAN TPETUN CTAHET KOMUPOBATH PEIIeHus MpeaceraTess’

M4409. Ha sx3ameHanmmoHHOM cTOJe JekKaT 30 pa3sHBIX OMIETOB, CTYIEHTHI IO odepeaun 6epyT WX,
U B3ATHIE GeJeTHl HA CTOJ He Bo3BpamaioTcia. Kakum B ouepenu Bam BeITogHEe Bcero OBITH, ecan
Ber 3naere posuo 3 6maera u3 307
CroxacTuyeckas 3aBucuMocTb. CobbiTua A u B Ha3BIBAIOTCA Hedasucumbimu, eciu P(ANB) = P(A)P(B)
(mpu P(B) # 0 sro paBaocuabao paBeHcTBy P(A|B) = P(A), a npu P(A) # 0 — pasencrsy P(B|A) = P(B)).
[MoggepkHEM, ITO pedb UAET O cMoTacmuueckot, a He O NPUUUHHO-CAeICMBeHHOT 3ABUCAMOCTH.
M44¢10. IIpeamonaras, 9TO MAJIbYUKN W J€BOYKM POMATCA HE3ABUCUMO U PABHOBEPOSTHO, BHIACHU-
Te, 3ABUCUMBI I COOBITHUS: «B CeMbe He 6oJee OTHOU MeBOYKN» U «B CEMbE €CTh TeTU 0O0UX MOJOB)
a) B CEMBAX C ABYMA 6) B CEMBAX C TPEMA B) B CEMbAX C Y€THIPbMA T€THMU.

M44011". A, B, C nomapro mesasucumbl. Bepro mm, ato P(AN BN C) = P(A)P(B)P(C)? A ecin
BCE MOMApPHBIE W TPOMHOE MePEeCcedeHnsa MMEIOT HEeHYIeBYI0 BEPOATHOCTH?

* . o
M44¢12". [JaTuYuK BEIIAET THUCIA U3 KAKOTO-TO KOHEYHOTO Habopa, Kax 10e — CO CBOEH OIpeaeleH-
HOW BepPOATHOCTHIO. CKaxkeM, 4TO OIUH IaTIUK OOJbIIe IPYTrOro, eCIu ¢ BePOITHOCThIO > 1/2 oH
BBIIAET Goabmiee aucio. Fere aun gatauku A, B u C', takue o A > B > C > A?

M44013" (curmna n xypasab). Bam B cayaanaom nmopsake nmokassiBaoT 100 3apaHee HeM3BECTHBIX
IMONMapHO Pa3HBIX NEHEXKHBIX CYMM, IIOKa BbI HE 3a6epéTe IMOKa3bIBACMYIO BaM CyMMY. CMO)KeTe
au Bbl 3a6paTh MAKCUMATBHYIO C BEPOATHOCTHIO > 1/37

M44014*. Y n MACCAXKUPOB N-MECTHOT'O CAMOJETa MOCaJOYHBIEe TALIOHL Ha pas3Hble MecTa. [lepBon
BXOIUT CYMACIIEAIIAs CTAPYIIKA M CATUTCA KyAa momajuo. Kax bl CIeayomul BXO JANINN 3aHU-
MaeT CBOE MeCTO, eCIU OHO CBOOOJIHO, MHade TOXke cagmica Kyga monano. CKob BEPOATHO, YTO
MOCACIHUN CAJLET Ha CBOE MECTO?
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Ceppm He3aBUCHMbIX UCHBITAHUU

M45¢1. Iroe 6pocator mouery — oxumua 10 pas, apyrou — 11. KakoBa BepoATHOCTH TOrO, ITO ¥
BTOPOT'O OPJIOB BHIMAIO OOJBIIE, €M Y MEePBOTO?

Cay4auHble BeIMIUHBI. UucioBbie (GyHKIMKA Ha TPOCTPAHCTBE DACMEHTAPHBIX COOBITHH () HA3BIBAIOTCA C.AY-

watinbimu eauuunamy. [IycTs 2 cocTonT U3 He 6ojee IeM CIETHOIO MHOXKECTBA, 3aHyMEpPOBAHHBIX TOYEK, KOTO-

PBIM IPUMKUCAHBI BEPOATHOCTH P1, P2, P3, - .. NCIN CIydadHAA BEIUYIUHA { IPUHUMAET B §-TOU TOYKE 3HAUCHUE

def
&;, To cymma M[E] = Y &p; HasweBaeTCa cpednum 3nauenuem WA mamemamuueckum oxrcudanuem &. Cpenaee
i

3HaveHne crydanHon Bemmmael (& — M[€])? masbBaerca ducnepcueti € m o6o3mataerca D[E].

M45¢2. Haugure cpegnee 3HaUeHNE M IUCIEPCUIO0 CYMMBI BBIABIINX OYKOB MPU 3 MOA0PACKIBAHUAX
UCPAJBLHOU KOCTH.

M45¢3. Kax el u3 IByX UTCPOKOB MUMIET Ha OyMakKke ducao | mam 2, moToM OyMaXXKu OJHOBpPE-
MEHHO OTKPBIBAIOT. Kciam vucaa coBmaad, TO MEPBBIM MIATUT BTOPOMY HAMKCAHHOE Ha OyMaXKKe
IuCa0 pyOIen, ecIn HeT — BTOPOU ILIATHUT HmepBoMy a pyo.en. IIpu kakom a urpa 6ygeT 4eCTHOH,
B TOM CMBICJIE, YTO CPEIHNM BHIMT'PHIII OOOUX UTPAKOB HYJIEBOU !

M45¢4. Yenosek, UMEIOMMN N KIIOYEH, XO9eT OTIEePETh CBOIO IBEPhb, HE3ABUCUMO MPOoOyA 1 KI0Y B
CeKyHIy B caydanmHoMm mopsagke. CKOJIbKO OH B CPEIHEM IIPOBO3UTCS, €CIN HEIO JOIIEIINe KII9K
a) UCKIIYAIOCA U3 CBAZKH 6) mpOIOMKAIOT TPOGOBATHCA?

M45¢5. Baca u Ilers momagaror Msauom B Koa1bio ¢ BepoaTHocTamu (.45 u 0.55. [Ipu kaxom koum-
qecTBe map 6pockos Bacsa mmeer Hamboabinme MIaHCH! BHIAraTh y [leTu?

M45¢6. Haugure MaToXuIaHme U TUCHEPCAIO IUCAA MepOOB IPU N IMOJA0PACEIBAHUAX MOHETHI.

M45¢7. CrnpaBeauBeL 1 IS TPOU3BOIHHON CAYIANHON BEAUIUHBI & COOTHOIIEHUS:

D
a) D[¢] = M[¢€?] — M?[¢]  6) (uepaBencTBo “IeGbirena) P(‘f — M[{H > Oz) < @ Va>0.

o}
M4508". Bask KasmHO paBeH MILINOHY T0MIapoB. Urpok 6pocaeT MOHETY, TOKa He BHIAIET Tepo.
Ecam 510 npoucxoaut npu k-Tom 6pocke, on noxyudaer 2F romrapos, min Beck 6ank, ecam 2F > 106,

[Ipn kakou BXOTHOW ILIATE TAaKas UTPa BHITOAHA Kas3uHO! UTo Oymer, ecin GAHK HE OrpaHUYIEH?

* o
M4509 . [Tauka XeBadKu COAEPKUT OTUH U3 N PA3HBIX, HO PABHOBEPOATHHIX BKJIABIIEN. CKOJIBLKO
madeK HYXKHO B CPEIHEM KYINHUTh, YTOOBI COOPATH MOJHYIO KONLIEKINIO BKJIAIBIIIEN

M45¢10 (cxema Bepnyanu). I[IpomsBoauTcsa cepua u3 n OAMHAKOBLIX HE3aBUCHMBIX OIBITOB, Ka-
XKIBIA U3 KOTOPBIX 3aBEPIIACTCA «YCIEXOM» C BEPOATHOCTBIO P WIN «HEyIadely ¢ BEPOATHOCTBIO
g =1 — p. O6o3HaunM Uepes (3, obmee ducao ycnexos B cepun. Haugure: a) P(3, = k) 6) M[3,]

Bn

— —pl < 5) (mpu mpousBoabHOM £ > 0).

n—00 n

8) D[5,] r) (sakon 6onbmmx uucea) lim P (
M45¢11 (3akon Ilyaccona). IlycTtb B cxeme Bepmymram n — oo, u ogHoBpemenHo p — () Tax, 4TO

np — A > 0. Jua kaxgoro uenoro k > 0 mangure lim P(5, = k).
n—oo
M45¢12. Bam rogurcs 10601 13 ABYX TPaMBaeB, XOIAIINX CO cpegHnMu mHTepBatamu B 10 u B 15
MuHyT. C KaKuM cpeIHnM WHTepBaJIoM Bel MoxeTe yexaThb?

M45013". Ha ATC 1o 0fHOMY TOCTYTAIOT HE3ABUCHMBIEC BBI3OBHI C TOCTOAHHON (MIHOBEHHOM) CKO-
pocTbio A wT./MuH. KakoBbl BEDOATHOCTH NPUXOTa POBHO Kk BBI3OBOB 33 MUHYTY W TOT'O, YTO
IIepBOIO BLI30Ba MPHUAETCA XK IaTh < ¢ MUHYT! Hamaure MaToXuaHue U TUCIEPCHIO

a) YMCJA BBI30BOB IIPUXOIAMNX B MUHYTY 6") BpeMeHN OXUAAHIA OMePEIHOTO BBI30BA.

M45014". [Tpu 2n moaGpachbIBaHUAX MOHETHI BHINAIO k repOoB. 1 MpoOuM3BOIBHO 33 aHHOW IaphI
b
/2 lim P(a-\/n/2 <k — -\/n/2
ancer a < b cpasaute [ e dx ¢ mpegenom Tim (a n/2<k—-n<b-\/n/ )

a
2
MONCKA3KA: Bpyy =~ fre™” /™ mpu n > 0 U PUKCHPOBAHHOM V.

74



Maremarmaeckmin Amamns, 11 knace JIucTox Ne 451 (pomomHuTenbHbIH)

Cay4yanHbie Oy JaHUA

Onucauue apaenusa. Hekas dumka gBUXETCS MO MHOXECTBY TOYEK C IeAbIMU KoopamHaTavu B R" pas B
CEKYH[IY CIy9IalHO M3MeHsAd Ha +1 3HAUEHWe OJHOU U3 CBOUX KOOPDAMHAT (BCE 21 BO3ZMOXKHBIX DU HTOM CBUCOB
CYIATAIOTCA PABHOBEPOATHBIME). DTOT MPOmECC mpu 1 = 1, 2, 3, ... Ha3BIBAETCA CAYUALIHbIM OAYHCOGHUEM
O MPAMOU, TUIOCKOCTHU, TPOCTPAHCTBY ... . [lpm sTOM epadur mpaekmopui, TOKA3LIBAIONAN 3aBUCUMOCTD
oNOXKeHua (PUIIKKA OT BPEMEHU, IPEACTABIAET COO0I0 JOMAHYIO JUHUIO C BEPIIMHAME B MEJbIX TOIKax R X R”
(mepsoe R — 5T0 ocb BpemeHu), Bce pé6pa KOTOPOU HAKIOHEHBI K OCH BpeMeHWM mon yrioMm 45° m Moryt
IOBOPAYMUBATL TOJABKO Ha 90°.

M45%<>1 (mpuEOMO oTpaxenusa). PaccMoTpuMm rpaduku TPaeKTOPHUE CIYIAUHOTO OJYKITAHUA N0
npamoti (3To soManble Ha WIOCKOCTH R X R). Boiacuure:
a) CKOIbKO pasHbix Tpaekropuit BeayT u3 (0,0) B (t,x) ct > 2 >0
6) Kak CBA3aHBI TPAEKTODHHU, He mepecekaromue ock Bpemenn u Beayume u3 (0,x) B (t,y), rae
x,y > 0, ¢ IpoU3BOABLHBEIME TpaekTopusamu, Bexymuvu u3 (0, —z) B (¢, y)
B) CKOJBKO He MEePeCceKaronmx och BpeMenn Tpaekropuit BeayT u3 (0,0) B (t,z) ct > x>0
r') CKOJIBbKO BCEI0 UMEETCA BBIXOIANINX U3 HAYAIA KOOPAUHAT U HE TEePECeKAIONUX OCh BPEMEHN
rpaexkTopuit Hax [0, t].
M45%<>2 (3apaga o ampgepcrse — 1). B cepum moxGpacelBaHUE MOHETHI BHIAJIO @ OPJIoB 1 b < a
pemek. KakoBa BepOATHOCTH TOr0, 9TO OPJAOB OBLIO OOJBIIE HA MPOTAXKEHAN BCEH Cepun’

M45%<>3 (6ryx panue mo mpamon). [lycTs ¢umka OGryxgaeT mo MPAMOU, CTAPTOBAB B MOMEHT

t = 0 u3 Touku x = 0. O603HAYIUM Uepe3 Uy U fo; BEPOATHOCTH TOTO, ITO HYepes 2t CeKYHI (PUIIKA,
t
COOTBETCTBEHHO, BepHETCA U 6nepsvie Bepuérea B © = 0. [lokaxkure, 9TO Ugyy = Y forlUo o U
k=1

ABHO BBIPA3UTE: a) for 9epes ug M Ugy o 6) uy depes t.

M45%<>4 (BO3BPATHOCTDH U TPAH3UTHUBHOCTE). BEpHO JU, ITO MPHU CAYyIANHOM OJYK TAHUHU TI0 TPs-
MOU (PUIITKA ¢ BEPOATHOCTHIO 1 PAHO WM O3 THO: a) BEPHETCS B CTAPTOBOE MOJIOKEHWE?!

6) moOBIBAET B JMIOOON HAEPET 3aJaHHOU TOYKe?

M45%<>5. Haugure uo; misa 61yXKIaHAA HA IIOCKOCTU W B MPOCTPAHCTBE.

M45%<>6*. Byner /m BO3BpaTHBIM (B CMBICIE 3a,1. M45%<>4 (a)) caygamHoe G1yXKIaHNe
a) Ha IIOCKOCTH 6) B IpocTpaHcTBe?

M45%<>7 (sagaua o pasopenmun). rpok ¢ kanurarom $n urpaer, moka He pPa3zoOPUTCHA, B OPAAHKY
IIPOTUB Ka3WHO C HEOUDAHWYEHHBIM KaNuTaJIoM (3a opaa oH moaydaeT $1, 3a pemky — miaTur).
a) Haiqure BEpOATHOCTH TOTO, YTO UIPA MPOIIUTCA POBHO 1M GPOCAHUIL.
6) KaxoBa BepOATHOCTH TOTO, YTO MDA HUKOTIA HE KOHIUTCA?
8" ) KoHewna 1 cpefHAs mpoJoKNTeIBHOCTD UIPhI?

M45%<>8 (3agaua o mugepcrse — 2). Monery moabpocunu 2n pas. [JokaxwuTe, YTO BEPOATHOCTH
TOrO, YTO B MOCAETHUN Pa3 TUCJIO OPJIOB CPABHAIOCH C IUCJAOM pelreK Ha 2k-M moa0packiBAHUT, U

TOT'0, 9TO POBHO MOCGTe 2k 13 2n MOAOpPACEIBAHUNA CYMMAPHOE YMCIO BBHIIABIINX OPJIOB IPEBBIIIAI0

def
CYMMapHO€ 9HCJI0 PEIIEK, PABHBI TUCILY (ok2n — UokU2(n—k)-

'3
M45%<>9 (3axon apkcunyca). [lokaxure, aTo V x € (0, 1) BEpOATHOCTH TOTO, YTO MPH N MOAOPA-
CBIBAHUAX MOHETHI CYMMAapHOE YUCJ0 OPJOB MPEBBIIIAJO CYMMapHOE YHUCJIO pelrek MoctIe He Goaee

9eM TN U3 DTUX N MOAOPACBIBAHUN, CTPEMUTCA TPH N — 00 K — arcsin /z.
T

MONCKA3KA: HOKAXWUTE, 9TO Uz, =~ c¢/y/n mpu n > 0 (rge ¢ = const) u, kak u B 3ax. M45014, cpasauTe
x

Z dt . .
Oé2k72n cO CTyrIeH‘IaTBIM HpI/I6JII/I)KeHI/IeM K /7; opuieM C TOXKE€ MOXHO HaUTHU, BBITUCIUB MHTE-
o<k<zzn 0 vV t(l - t)

rpaJ!
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OpueHTUPOBAHHLIN 00HEM U JIUHEUHLIE YDaBHCHUA

OpuenTupoBanHbi 06bEM. OpUeHTHPOBAHHAA ILIOMATL — 3TO (BYHKIHAA O'(U_1>, @), COIIOCTABIAIONUIAA Tape
BEKTOPOB Ha, INIOCKOCTHY ILIOWIA b HATAHYTOI'O HA HUX MAPAJLIENOTDAMMAa, B3ATYIO CO 3HAKOM «+», €CIu Bpa-
HIeHre OT v K V9 (B mpeferax mapauielorpaMma) IPOUCXOAUT IPOTUB YacoBou cTpeaku. OpueHTUDOBAHHBIN
00BEM — 5TO (PyHKIUA w(v_1>, @, @), COTIOCTABJAIONAA TPOUKE BEKTOPOB B MTPOCTPAHCTBE OOBEM HATAHYTOTO
HA HAX NapaleNenunena, B3ATHIA CO 3HAKOM «+», €CIU BPALIEHWE OT V1 K V2 (B IpPEJerax HATAHYTOU HA HUX
IPaHu) TIPOUCXOAUT HPOTUB IACOBOU CTPEIKH, CIN TVIAAETh U3 KOHIA BEKTOPA 3.

M46¢1°. Y6eauTech, 9TO PYHKIUE 0 U W O0OJIATAIOT CICIVIONIIMA CBOXCTBAME:
a) \- w(v_f, U3, 1)_3>) =w(A- v, 03, U_g) = w(v_f, )3, v_9,>) = w(v_f, 5\ 1)_3>) 1 aHAJOTMIHO 114 O
6) ecau K JIOGOMY W3 apryMeHTOB MPUOABUTH JIOOOU 0py20ti, YMHOKEHHBIN HA MPOU3BOJIBHOE
YUCIO, 3HaquHe IIOMIAIN 1 00bEMA He M3MEHAETCHA;
B) (61, €3, e_g) = a(e_f, e_g) = 1 ana cTaHIAPTHBIX €IUHUYHBIX OPTOTOHAJBHBIX OA3MCHBIX BEK-

TOPOB.

M46¢2. Bepno au, 9T0 1106as GYyHKIUA OT BEKTOPOB, 00J1a1aI0IIas MePBBIMA IBYMs CBOMCTBAMY U3
IpeabIIyINen 3a1a491, 00A3aTeTEHO
a) MeHseT 3HAK MU MepeMeHe MeCTaMU JIObIX IBYX ApryMeHTOB;
6) o6palaercsa B Hyadb, €CIM KAKUE-TO JBA apPCyMEHTA COBIAIAIOT;
B) 06paIaeTca B HyJdb, €CJAU OJUH U3 APCYMEHTOB JUHEHHO BBIPAKAETCA U9epe3 MPYTue;
r) JUHENHA [0 KaXKIOMY U3 apUyMeHTOB, T.e. w(... , ANV +p W, )= w(..., o, R

pew(..., ... ) (0603HAYEHHBIE MHOTOTOYUAMU aPryMeHTHl (PUKCUPOBAHBI);
&) OJHO3BHAYHO ONPEEseTCs CBOMM 3HAUYEHMEeM Ha JTI0O00M HaOOpe JMHENHO He3aBUCHMBIX BEK-
TOpOB?

M46¢3. JokaxuTe, 970 (PYHKIUNA 0 U W, 00JaTalOIMIMe BCEMHU TpeMs CBOUCTBamMu u3 3a1. M46ol,
CYIIECTBYIOT W €IMWHCTBEHHBI. Hamuimmre nx sABHBIE BHIDAXKEHUs Yepe3 KOOPAWHATH BEKTOPOB-ap-
I'YMEHTOB B CTaHIApTHOM Oasmuce.

M4604. Onnmure a) Ha IWIOCKOCTH 6) B OPOCTPAHCTBe I'MT P Takux, 9TO CKAIAPHOE IPOU3-

BeJeHUe Oﬁ ¢ naHHBIM (pukcupoBaHHbIM BeKTOpoM ON paBuo ganuHoMy wucay d (tyr O — Quk-
CHPOBAHHAA TOYKA, CKaXKeM, HA4aI0 KOODANHAT).

M4605. YoeinTech, 9To M06asd MIOCKOCTh B R 3amaérca ypaBHeHmeM Buma ar + by + cz = d.
YkaxunTe KOOPJAUHATH KAKOrO-Tu00 BEKTOPA, MEPIEHIUKYIAPHOTO TAKOU ILIOCKOCTYH W HAUIUTE
paccTosiHme OT Heé 10 HavaIa KOOPJIUHAT.

M46¢6. [Janel Tpu BeKTOpPa v = (al,bl,cl) v_% = (ag,by,¢3) m 0 = as, bz, c3). Kak coornocsarcs
_ R =

MeXK Iy COOOI0 YCIOBHA: a) (vl, 03, 'U3) 0; 6)dn :vi- "W =v;-n =v;3 -1 =0

B) ’U—1>, U—g, ’U—3> KOMILTaHAPHEI, 1") a1b203 —+ agbgcl + Cl3b102 — a2b103 - a1b302 - Cl3b201 = 0,

o +by+cz=0
&) CHUCTeMa JWHENHBIX YDABHEHUU { 2% + boy + oz = 0 mmeer pemenue (z,y,z) # (0,0,0).
a3r + b3y +c3z =0
M46¢7. Hanummre KOOpIMHATH BEKTOPA, MEPIEHINKYIAPHOTO ABYM NMPOU3BOILHO 32 aHHBIM BEK-
TopaMm (ay, by, ¢1) u (ag, be, ).
M4608". Tlycte F : R* — R® gpmxkenue, ocTap/IfgoONee HA MECTe HAYAI0 KOOpAMHAT. [oKaxkuTe,
aro F(AV + pw) = AF(T) 4+ pF(W) u aro ypasrerne F(U) =t - ¥ na Bekrop v € R® umeer
npu HeKoTOpoM t € R HenyseBoe perrenue.

* v o
M4609" (Teopema Diutepa). [JokaxuTe, 9TO BeAkoe ABImKenue R apigeTca KoMmo3ummen mapad-
JETHLHOT'O TIEPEHOCA, MOBOPOTA BOKPYT HEKOTOPOU MPAMOU W, BO3MOXKHO, EHTPAJLHON CUMMETPHUH.
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JInnennocTh, aPPUHHOCTL U OapUIEHTPUYECKUAE KOOP JUHATHI.

M47¢1. ACTPOHOMBI CIMTAIOT, 9TO BCE MATAKTUKU PA3JIETAIOTCSI MPAMOJUHENHO MO HAMPABICHUAM
OT HAIlle! CO CKOPOCTAMMU, MTPOMOPIUOHATBLHBIMI PACCTOAHUAM 10 HuX. O3HAYMAET 1 DTO, 9TO HAIIA,
raTakTUKa — [EHTD BCETCHHOU!

M47¢2. Kpiouok Ge3mMeHa 3aMeHWIN HA 00Jee TAKENBIN W OJHOBPEMEHHO MAPALICTHHO CIBUHY.IN
BHU3 IIKA/Iy, TaK YTOOBI HY.Ih COBIAJ C HOBBIM TOJOXEHUWEeM cTperku. bymger mum 6e3amen mocae
ATOT0 MPABUILHO U3MEPATH Bec?

Onpegenenusa. Oyukmua R™ SN R" masbiBaeTca aunetinot, ecom maaa Bcex £ € R, y € R" uw A\, u € R
BEIMONTHACTCA paBeHCTBO! f(Ax + py) = A f(z) + p f(y). Pynxmma R™ Y+ R" masmBaeTca adPunnoti, ecan
cymectByet a € R™ | takoe aro dyuknua  — g(x + a) — g(a) nunenHa.
M4703°. Kakue w3 gymkmun f(z) = 2z + 3, f(zr) = =3z, f(z) = 22, f(r1,12) = 221 + 39,
f(r1,22) = =3 (x1 — xa), f(x1,22) =21 + 22+ 1 a) addunab? 6) IUHEHHEI?

M4704. Tlycts munennas Gynxnua R LR nepeBoauT 6asucHble BeKTOpb €7 = (1,0) mey = (0, 1)
B BeKTODHI (a,c¢) u (b, d) coorBercTBenno. Kyna ona nepesenér Bekrop (x,y)?

M47¢5. Onummre Bee MuHEenHbIE U Bee adPUHHBIE (DYHKINN
a) R* — R! 6) Rl — R" B) R2 — R r)R* — R
M47¢6. Usmennm B onpenenenun adgpduanon ¢pyuakinuu ppasy «cymecrsyer a € R™» na dpasy «1is

mo6oro a € R™y. Byaer Jim HOBOe omnpeeeHne SDKBUBAJIEHTHO UCXOTHOMY !

s — =
IenTp Taxecru trouek P, Py, ..., P; cBecamu A, Ag,...,\s — 570 Takas Touka O, aro Y A,-OP, = 0.

v=1
M4707 (Teopema o meHTpe TsaxkecTH). [oKaxuTe, 9TO y 10600 KOHEIHOTO HAOOpa TOYEK C
MPOM3BOJLHBEIMI BEIIECTBEHHBIMI BECAME CYIIECTBYET eIMHCTBEHHBIN MEHTP TAXKECTH.

M47¢8 (Teopema o rpynmmpoBanuu macc). llycte P, P, ..., P, n Q,Qs,...,Q, — 1Ba
(BOBMOXKHO, TMEPECEKAIONUXCA) HAOOPA TOUEK C BECAMU A1, A, ..., Ag U fly, flo, .-, fip , & Py 7
Qo — ux neHTpol TAxkecTu. COBIALAET JU MEHTD TAKECTH OOBEIMHEHUA DTUX ABYX HAGODPOB (y
TOYEK, BXOJAMINX B 00a HAOOPA, ClelyeT CAOKHUTH UX BECA) ¢ HEHTPOM TAKECTH CHCTEMBI U3 JBYX
Touek Py u (Q, B3ATHIX C BECAMU Ao = » A, U flg = Y [l 7

M47¢9 (Teopema o megmanax). MenmaHoW CUCTEMBI TOYEK HA3BIBAETCSI OTPE3OK, COETMHIIONINN
OJHY W3 HUX C IEHTPOM TAXKECTU OCTAJbHBIX, B3ATHIX ¢ BecoM 1. BepHo ./, 4TO Bce MeInMaHBI
TAHHOT'O HAOOPa TOYEK MePeCeKaloTCs B OMHOW TOYKE W JEeNATCA €0 B OMMHAKOBOM OTHOIIEHUN !
Ecmu ma, To 1emy oHO paBHO?

M47¢10 (6apunenTpudeckue koopaunatei). [lan A ABC'. [loxaxute, uro V Touku P 3 enun-
cTBeHHBIA HaGOp BecoB? (o, 3,7) ¢ cymmon a + 3+ v = 1, Tako#l 9TO HEHTP TAKECTH TOUEK A,
B, C, B3aTwIX ¢ Becamu «, (3,7, Haxoaurcsa B P. Hapucyure 'MT 6GapuIeHTpUIeCKIE KOOPINHATEL
KOTOPBIX OTHOCUTEIHHO PABHOCTOPOHHET'O TPEYTOJbHUKA VIOBICTBOPAIOT COOTHOUICHUIO:

a)a=0 6)a+B=0 B)a+B<0 r)2a>38 a)a<pB+y e)a’+pf =4

M47¢11. PacemorpuMm Ha Py smr06yio adpduunyo kapty U, Ha KOTOPOU BUIHBI BCe TpHU TOUKH X,
Y, Z, orBeqatomue koopiuHATHEIM ocaM B R3. IIycts P € U mpoms3BoabHAA TOUKA, OTBETAIOIIAL
IPAMON ¢ HaIpaBIgiommM BekTopoM v € R®. Kax cBA3aHBEI JeKapPTOBE KOODIMHATH BEKTOPA U B
R? ¢ GapuIeHTPUIECKIMI KOOPIMHATAME ToIKn P oTHOCcHTeapHO AXY Z B U?

g
M47¢12. Bepno au, uro ¢pyaknua R™ —— R" addunna Torma m TorbKo TOrAa, KOTIa MII JIOOBIX
TOYEK X1,T3,...,Ls WU JOOBIX 9UCET A1, Ag,..., Ay € CYMMOU Y A, = | BBIIOIHAETCA PABEHCTBO

g (;i:l )\u%> = VE; Avg (z,)?

def

N(zy,22,...,7m) A1, AT, ., AT) 1 (1,02, ..., am) + (b1, b2, ... by) déf(al—}—bl, as+be, ..., am+by)

20H HA3HIBACTCA OAPUUEHMPUUECKUMY KOOPIUHAMamy Touk P oTHOCHTEeTsHO AABC
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Addpunnble KOOpAWHATHI HA MIPOEKTUBHOM IIPOCTPAHCTBE

O gHopogHbIe U addUHHBIE KOOPAUHATHI. PaccmorpuM Ha P, adpdunnyio xapry Uy, 3azamnyio B RPT!
ypasrerneM «(z) = 1, rge R*T! LR HeKoTopas aunetinas yuknua'. Touka x € P, nonagaer B Uy, ecln u
TOMBKO €CJIU €6 OTHOPOAHBIE KOOPAUHATHI (Lo: L1: ... : Lp) YAOBIETBOPAIOT yCIAOBUIO (L, L1, - .., Lp) 7 0, 1
m3obpaxaerca B U, TOUKOH (Yo, Y1, ..., Yn) € R*! ¢ koopaumaTamu?® y; = x;/a(zg, 1, ..., T,) . Jaa mobbix
n muEeHHLIX GyHKmIE £,&, ..., &, : R*M —+ R, cocraBrmiomux BMecTe ¢ GyHKIUEH (v IMHEHHO HE3ABU-
cumyio cucremy u3 (n + 1) aunenuwpix Gynknun Ha R", Habop u3 n uucen &;(y), i = 1, 2, ... , n HA3BIBAETCA
afPunnvimu Koopdunamamu touku x € Uy B cucreme {¢;}. Iloguepkuém, 9To BHIGOP addUHHBIX KOODAUHAT
B maHHOU ahPUHHON KAPTE BO-TMEPBBLIX CUILHO IPOU3BOJEH, & BO-BTOPBIX 3ABUCUT OT KAPTHI — B APYTOU Kap-
re Ug mmuennble GyHKIMM §; yXKe MOTYT HEe CTOJUTHCA, & €CIM JaXe W CrOZATCA, TO KOOPAWHATAMU TOYKH
(xo: xz1: ... :xy,) OyayT yxe ue &(y), rae y, = z,/a(x), a &i(z), rae z, =z, /b(z).

Mpumep: paccmorpum Ha P; ¢ ogHOpOAHBIME KoOpawHATAMu (To @ %1) KapTy U,, COCTOAILYI0 M3 BCEX
OPAMBIX, TIepecekaomux npamyo o = 1. Tyt a(zg, 1) = %o, 1 B kKagecTBe adGUHHON KOOPAAHATEL TOATCA
mo6aa QYHKIMA £, HEMPOMOPUUOHAILHAS T, CKaxeM &(xg,z1) = 1. Torga, k mpumepy, Touka P = (5 : 2)
6ymer umers addunnyo koopaunary & = 2/5. B kapre U, rae x1 = 1, pysknus & He roguTcsa B KadecTse
adPUHHON KOO JUHATHI; TaM B KadecTBe adGUHHON KOOPAUHATEL IOAOUAET, cKaxeM, Gyukums 1)(xg, 1) = T,
u Ta xke camas Touka P noayuaut koopaunaty ) = 5/2. A BoT aunennas dyukuus (o, 1) = To+ 1 roguTCa
B KadecTBe adPuHHON KOOpAUMHATHL B 06emx kaprax Uz, um U, ; mpu sToM B mepBou KapTe Touka P Oyzer
umets Koopaunaty ( = 1+ 2/5 =7/5, a Bo Broponr — koopaunary ( =5/2+1=17/2.

M48¢1°. Ha Py ¢ ogHOpOAHBIME KOOpAUHATAME (fg : t1 @ to) HamaUTE adGUHHBIE KOOPIUHATHL (X, 1)
Touek p = (1: —=2:3),¢=(-2:0:5) mwr = (0:4: —3) B xapre U, A11 BCeX IOMYCTUMBIX
coueranunt {«, r,y} U3 COUCKOB: o = t1, @ =t +lo, @ =ty + g+ t3; & = by, T = tog— o, T = to+ t1;
y=ta, y=to+tsy=ti+t2+1s.

M48¢2. Pacemorpum Ha Py ¢ ogHOopogabiMu KoopauuHaTaMu (ty : t; : o) GuUrypy, 3aIaHHYIO ypaB-
HenueM 12 = 17 + t3. YbemuTech, 4TO DTO OmpefeleHHe KOPPEKTHO ( T.e. Mpu 3aMeHe Habopa
OJHOPOAHBIX KOOPAWHAT Ha MPOMOPIMOHAIBLHBIA CBOMCTBO TOYKM MPUHALIEKATH DTOU (QUrype
COXPAHAETCA) U HAPUCYUTE, KAK BRIDIAAUT d>Ta Gurypa B apduHHBX Kaprax: a) U, 6) Uy,
B) Uj,_y,- B KaXI0M U3 cIydaeB 3amauTe COOTBETCTBYIOIIYIO (DUTYPY ABHBIM ypaBHEHHEM B ad-
(UHHBIX KOOpAUHATAX (T, Yy) B3AB B KAYECTBE TAKOBBIX & = t1, Yy =ty B (a), z =ty, y = t2 B (6), n
$:t0+t1, y:t2 B (B)

M48¢3. Bepro am, 4T0 BeAKas ¢urypa, 3agansas B R” ypasuenuem f(r1,Ta,...,2,) =0, nge f —
IPOU3BOIbLHBIN MHOT'OYIEH CTenenu d, ABigerca udobpaxenueM B adpdunnon kapre U, HeEKOTOpOU
durypsr, 3aganson B P ypaBHeHEEM f(xg,xl, ooy Ty) = 0, Tae f — OJHOPOJIHBIN MHOIOYJIEH
crenenn d, 3 KOTOPOTro f MOMyYaTCAa MOACTAHOBKOW Tog = 17

M48¢4. Kpusas na Py ¢ ogHOpoaHbIME KOOpaAuHATAaMu (to : t1 : ty) umeer B adpduunon kapre Uy
ajppuunoe ypapuenne a)y = z2 6)y = 2° B) Yy’ + (z—1)? =1 r)y? =2*(z+1) (B
CHCTeMe KOODIUHAT & = t1, y = t3). Hanumure n1a Heé oqHOpPOAHOE ypaBHeHUE U adGUHHBIE
ypaBHeHUs B 1ByX apyrux kaprax Uy, . U;,. Hapucyute Bce atu 12 adpuHHBIX KPUBBIX.

M4865". Bioxum R? B KOMILTEKCHYIO mi1ockocTh C2 (kaK MHOXKECTBO TOYEK C JeMCTBUTEIbHBIMU
koopauHaTamu), a C?> — B KOMILIeKcHYIO mpoekTusHyI0 miockocTs CPy B kauecTse KapThl Uy, .
Haiinure Ha CP, IBe TOUKM, depe3 KOTOpPbIe IPOXOIAT Bce KpUBEIE, BUIHEIE B HcxoqHoM R? kak
okpyxHocTH. BepHo au, uTo aiobas kpusas, 3aganiHas B CPy o THOPOTHBEIM HEIPUBOIUMBIM MHO-
POYJIEHOM CTEIeHN 2 ¢ BEMIECTBEHHBLIMU KOD((PUIIMeHTaMu, TPOXOAAIIasA depe3 HaugeHHble Bavu 2
TOYKY ¥ MMEIOIIAsA HeIyCToe Iepecevdenue ¢ neXofusiM R2 ) BUHA B HEM KaK OKPYKHOCTH?

loTMeTBTe, ITO MOGYIO He COAEPIKAIIYIO HAYAIO KOOPIUHAT MUIEPILIOCKOCT: R MOXKHO 3a1aTh TaKuM ypaBHEHIEM
2mpoBepbTe, 9TO ATO eIMHCTBEHHLIN BEKTOP, MPOMOPIAOHATLHLIN T U YAOBIETBOPSONHII ypasHernto a(y) = 1
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IIpoekTuUBHBIE KBaIPUKU

Ksagpuka B P, — 1o 'MT, ogHOpOAHBIE KOOPAUHATEL (To: T1: ... : &) KOTOPBIX YAOBIETBOPAIOT YPaB-
wenuio f(xg, %1, ..., Tp) = 0, rae f — OAHOPOMHBIN MHOTOWIEH CTENEHW 2; MIOCKUE KBAAPUKU OOBLITHO Ha-
BBIBAIOT KOHUKAMU. [[Be KBAIPUKU HA3LIBAIOTCA 2€0MEMPUUECKY 00UHAKOBBIMU, €CIA OHU TOJYYIAI0TCA APYT
73 Ipyra JUHEMHOU 0GPATUMOU 3aMEHOU OJHOPOMHBIX KOOPAUHAT. KBAAPUKY 33 aHHbIE IPOMOPIUOHATLHBIME
YPaBHEHUAMEI MPOCTO PABHBI KAK MHOXECTBA. [l05TOMY KBaAPWKU ABIAIOTCA TOIYKAMU TPOEKTUBHOTO IIPO-
crparcTsa Py(,), rae N (n) + 1 — 510 unCI0 KO>HOHUIMEHTOB OAHOPOJHOTO MHOTOWIEHA CTEImeHu 2 OT n + 1
nepeMeHHbIX. KBaApUKa HA3BIBAETCA HENPusodumoti, eciu €€ ypaBHEHUEe — HEIPUBOJUMBIA MHOT'OWIEH.

M4901°. fIsuo BoIpasute N(n) depes n.

M49¢2°, Y6equrechb, YTO IPUBOAUMAA KBAIPUKA IPEACTABIAET COO0U IUO0 00BEINHEHNE IBYX pas-
JUIHBIX THIEPILIOCKOCTEN, 00 OJHY « IBOMHYIO) ILIOCKOCTD.

M49¢3 (Teopema Jlarpanxa). Bcsakuu 0THOPOTHBI MHOTOYWIEH CTEMEHU 2 ¢ KOd(puumeHTamMu B
aro6oMm mmoae, rae 1+ 1 # 0, MOXHO JTHHENHON O0OpPATUMOU 3aMEHOU KOOPAWHAT MpeoOpa3oBaTh K
BUIY Y a;T?, IpuIéM B moae R MOXKHO emé u ¢ienatsb Bee a; papHbiME +1, a B mone C — eqnnume.

M49¢4. Onumure Bce reomerputieckn pasubie kBaapuku B RP;, RPy, RP;, CP;, CPy u CP;.

M49¢5. Bepuo au, 9T0 4epes Ja00be 5 Todek Ha Py MOXKHO mpoBecTH KBaAPUKYy? Uepes CKOJIbLKO
TOYEK TapaHTUPOBAHHO MPOBOAUTCA KBaApuKa Ha P37

M49¢6. [JokaxxuTe, ITO B3AUMHOE PACIOMOXKEHNE KBAIPUKN U MPAMOU MCIEPILIBACTCA CJIEIYIONIN-
MU B3aUMOMCKIIOYAIOMINME BO3MOXKHOCTAMU: KBAIPUKA COMEPKUT NPAMYIO, KBaIPUKa IepeceKkaeT
IPsAMYIO B €[MHCTBEHHOUW TOYKEe, KBAIPUKA TTEPECeKaeT MPAMYIO B 2 PA3HBIX TOYKAX, KBAIPUKA HE
nepecekaeT npaMyio (mpudém Hag nosem C MOCIeTHUN CoyvIall HEBO3MKEH ).

M49¢7. Bepuo s, uTo Jai0661€ 3 mpsaMere B P3 JexkaT HAa HEKOTOPOU KBaIpuKe?!

M49¢8. Kakyo purypy 3aMeTd0T Bce IPAMBIE, TepeCcKAaoIIre 3 38 TaHHBIX MOMTAPHO CKPEITUBIONTNX-
cs mpsAMBIX B P3?

*

M49¢9 . CKOIBKO MPAMBIX IepeceKaeT 4 TaHHBIX IMOMaPHO CKPEIINBAIOMINAXCA MIPAMBIX B IPOCTPaH-
crBe? Onumure BCe BO3ZMOXKHEIE OTBETHI M YKAXKUTE, KAKNE U3 HUX YCTOUYIUBHI IO OTHOIIEHUIO K
«MaJBIM [IEBEJICHUAM» TAHHOU YETBEPKU IMPAMBIX.

M49¢10 (xoumka Beporese). PaccMoTpum nByMepHOe MPOCTPAHCTBO V' BCEX TUHEHMHBIX (DYHKITUN
oT tg, t1, B3aB B HEM {9, t1} 3a 6aszuc (Tak 4To KoopauHaTamu pyuxuuu f(tg,t1) = aoto + ity OT-
HOCHTEIBHO DTOr0 O6asuca OyayT ducaa (o, y)) u TpéxMepHoe TpocTpancTBo W Bcex 0 IHOPOTHBIX
MHOTOWIEHOB CTemeHn 2 oT ty, ty, B3aB B HéM 3a Gasuc {13, 2tpt], 12} (Tak 9T0 KOOpIMHATAME
by q(ty, 1) = Boti + 2 B1 tot1 + Bot? oTHOCUTEABLHO dTOTO Gasuca OyayT wucaa (By, B1, F2))-
PacemoTpuM Teneps npoekTususanuu >Tux npoctpancts Py = P(V) u Py = P(W) (unave rosops,
paceMoTpuM Po, ABIsIOMIEECA TPOCTPAHCTBOM KBaIpuk Ha maHHOM Pp). OTobpaxkenue Bepome-
3e P; —— P, mepeBogut aumennyio ¢yaknmo f B f2. Yoeinrech, 1T0 oToOpaxeHme Bepomese
ycTaHaBIuBaeT Omeknuio mMex a1y Py u Hekoropou HempuBogumon kouuxkou C' C Py. 3amaute C'

a) ABHBIM OJHOPOAHBEIM ypasHeHueM f ([, 51, f2) =0
6) SBHBLIMU NapaMeTPUIECKUMHU ypaBHeHUAMHE [3; = @;(ag, ), i = 0,1, 2.

M49¢11. Besakas qu menpuBoguMas kounka C' C Py gomyckaeT panmoHAIBHYIO MapaMeTpPU3aInIo,

T. €. 3 B3AUMHO IPOCTHIX OAHOPOAHOPOIHBIX MHOrOWIeHa ¢;(ap, ), i = 0,1, 2, cremenn 2, Takux
(201 ) (po (0,01 )21 (0,01 )02 (x0,01))

9T0 oToOpaxenue Py » Py aBiserca oueknuen mexay Py u C7

M49¢12. [lokaxuTe, ITO 2 HENPHUBOIUMBIX KOHUKM JUOO COBIAJaioT JAub0 mepecekaiTca mo < 4
roukam (npuuém mHag C Beerga umeeTcs POBHO 4 TOUKHU MEPECEUIEHUA ¢ YIETOM KPATHOCTH).

M49¢13. Ilycts Hukakue 3 u3 5 Touek 3aa. M490H He KomruHeapHbl. BepHO J1, 9TO MPOXOAAIIAsL
Tepe3 HUX KOHWKA eTWHCTBEHHA W HeMpuBOIuMa’?
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Urpsl ¢ npaMbeIMu.

M50¢1 (kBagpuka Cerpe). Paccmorpum P3, ToukaMu KOTOPOTro CIyXKaT pacCMaTPUBAaEMBbIE C TOY-
HOCTBIO 10 O0IIer TOMOTONUY TAPEl BEKTOPOB a = (ay, az), b = (b, by) Ha mIockocTH, HE 06pama-
IOIIMeCs OTHOBPEMEHHO B HY.Ib. YOEIUTEeCh, ITO TMapPhl JUHEUHO 3aBUCUMBIX BEKTOPOB 00Pa3yioT
npu >ToMm KBaapuky S C P3, u 3ananre eé ABHbIM ypaBHeHumeM. [[oKaxkuTe, 9TO MHOXKECTBO BCEX
IPAMBIX, JEXKaIlIUX Ha S, pacCliagaeTCsa Ha 2 HemepeCeKalImnuXCcsa IMOIMHOXKECTBa, TaKUX ITO: IIPA-
MBIE B KaxKJIOM I3 IIOAMHOKECTB IIOIAPHO CKPEIIIBAIOTCA; KAXK Aad IpAMAasgs OJHOIO IO IMHOXKECTBA
nepecekaeT KaxIyko IpAMYIO IPYTOro; Yepes KaxK Iy TOUYKY S IpOXOIUT POBHO MO OJHOU IPAMOK
13 KaxXK0r0 IMOAMHOXKECTBA.

M50¢2 (napamerpusauua Cerpe). B yciaoBumsax mpenwiayiien 3amatn, MOCTPOUTE OTOOpAKEHUE
P; x Py —— P3, 3a1anHO0e SBHBLIM HapaMeTPUIECKUM BLIDAXKEHHEM KOOPAUHAT (aq @ ap : by : by)
ua Py gepes mapy KoopauHAT ((ao o), (Bo, 51)) ma P, x P, ycraHaBInBaomee OUEKIIIO MEXK Iy
Py x Py u S, npu KOTOPOM ABA CEMENCTBA «KOOPAMHATHBIXY NPAMBIX P X {Touke} u {Touke} X P;
Ha P; x Py mepexoaaT B IBa MHOXKECTBA MPAMBIX Ha S M3 MPEILIIVIIEH 3a,Ia<u.

Omnpegenenune. [Ipavas, gexaman Ha KBaJPUKE WIA MIEPECEKAOMAA €€ B eIUHCTBEHHOU TOYKE, HA3BIBAETCA
KacameabHot K KBaapuke. To4dka HA KBAIPUKE HABBLIBAETCA 0C0001, €CIN BCAKAA IIPOXO IAIIAS IePe3 HeE IPAMAT
— kacarenbHad. KBagpuka HA3BIBAETCA HEOCOO0T WM HEBLIPONHCIEHNOT, €CTA Y HEE HET 0COOBIX TOYEK.

M50¢3. Paccmorpum kouuky C' C Py, 3agaHHy0 B OZHOPOTHBIX KOOpAMHATAX (Tg : Ty @ To)
ypaBuerneM »_ a;;x;x; = 0, rge 0 < 4,7 < 2 mw npu ¢ # j MBI IIA CHMMETPHHE CIMTAEM, ITO
aij = Gj; = %(KoacpcpmumeHT npu z;z;). llycrs p = (po : p1 1 p2) € C,aq= (g : q1 : q2) — 100as
TOYKA, OTIMIHAA OT p. Jlokaxure, 910 npamas pq kacaerca C B p <= Y a;;piq; = 0.

M5004. [Jokaxure, 9TO Yepe3 HEOCOOYIO TOYKY KOHUKHU IMPOXOIUT POBHO OJHA KAacATeIbHasA K DTOU
KOHWKe TIpAMas, a depe3 TOUKY, He JeXKallylo Ha HeocoOOU KOHWKe, MPOXOAUT He Gojee ABYX (Ha
C — poBHO 2) KacaTeIbHBIX K DTOW KOHUKE MPIMBIX.

M5005. [okaxuTe, 9TO KOHUKA » | a;;%;x; = 0 Heocoba Torjia u Toabko Torga korga det (a;;) # 0.

ITyuxu xpusbix. Paccmorpum mpocTpancTBo Pp(g), TOUKaMH KOTOPOTO ABIAIOTCA KPUBBIE CTemeHH d HA
Py, T.e. paccMaTpuBaeMble C TOYHOCTHIO [0 IPOIOPIMOHATHLHOCTY OJHOPOIHBIE MHOTOWIEHBI CTEHEHU d OT
(o : x1 : x2). MHOXECTBO BCEX KPUBBIX CTEIEHU d, M300pakaeMbIX KaKOU-1u60 mpamon £ C [P, (4) HA3BIBAETCA
nyukom mwiockux Kpusblx. Ob6a3arenbuo Haugure n(d) ABHO.

M5006. B m060M Ju mydke HAUIETCA KPUBasA, MPOXOAAIIAS depe3 IPOU3BOJILHO 33 aHHYI0 TOUKY !

M50¢7. [IycTbh Kakme-TO 2 KpUBBIE U3 MyYKa MPOXOIAT Uepe3 TOYKY p. BepHO jm, 9TO TOoraa u BCe
KPUBBIE TYYKa, MPOXOJIAT depes p?

M50¢8. CxoJIbKO 0COOBIX KOHUK MOXKET OBITH B MyYKe KOHUK

M5009. JokaxuTe, 9T0 Yepes Jq00bie 4 ToUku Ha Py TPOXOAUT MyIOK KOHUK, TPUIEM €CaAM HUKAKHE
U3 TOYEK He KOJLIMHEAPHBI, TO OH OyIeT eIMHCTBEHHBIM U C POBHO TPeMsA 0COOBIMU KOHUKAMU.

M50010. Bepro au, uTo depes kaxjabie 9 Todek Ha Py MOXKHO mpoBecTH KyOUKY ( T.e. KPUBYIO
TPeThell CTEeIeHN), a Yepe3 Kaxkable 8 — My40K KyOuk?

M50011" (rekcorpamma ITackausa). IlycTb IecTUYrOJIBHUK DPipPap3paPsPs BOUCAH B KOHUKY C) u
436 = P1P2 N PaPs, qa1 = P2p3 N PsPs, Gs2 = P3P PeP1 CYTh TOUKH MEPECEIeHus TPOTOIKEHIN TPEX

map ero HpPOTUBOMOJOKHBIX CTOPOH. BepHo i, uro 3 Kybuku, — (1) oObeauHeHNe TPAMBIX PiD2,
P3Py U Pspe, (2) 0ObeAUHEHME TPAMBIX DoP3, PaPs U PePi1, (3) oObenuuenne xkouku C' ¢ IPAMOU
(3614, — @' ) JEXKAT B OJHOM Ty9Ke 6) MPOXOIAT Uepe3 gas”

I3
M50012" (Treopema ITackansa). [JokaxwuTe, 9TO BOKPYT MIECTUYTOJIbHUKA TOTAA W TOJIBKO TOTIA
MO2KHO OINCaTh KOHUKY, KOI'Ia 3 TOYKMN IepecevIeHusa HpOrB;OJI)KeHI/IIjI Imap ero NpOTUBOIIOJIO2KHBIX
CTOPOH JIeXKAT HA OJHOU MPAMOM.
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Maremarnueckuit Anamus, 11 knace JIucrox Ne 501 (ans skcmepros)

M po6uo muHenHble npeobpasopanua CPy

M50%<>10. Pacemorpum Py ¢ ogHOpOAHBIME KOOpAUHATAME (T : 21) U addurHyo KapTy {r; =1} ¢
apGUHHON KOOPAUHATOU t = xo/x1. YoemauTech, 4T0 oTobpaxkenue ¢ : t — (at+c)/(bt+d) Toraa
¥ TOJBKO TOTJA OMpefenseT B3aWMHO OJHO3HAUHOe oToOpaxkenme P; —— Py, xorma ad # be; a
TaKXe: a) HauguTe 06pa3bl u npoobpasel Touek 0, 1 u 0o;
6) ABHO BEIMUCIUTE' 06paTHOE MPEo6pa3OBAHEE (K| U KOMIOBUIMIO Pyo) TPEOGPa30BaHUiA Q) :
t— (a1t 4+ c1)/(bit 4+ dy) u g i t — (agt + c2)/(bat + da);

B) JOKAXKWUTE, YTO IBE MATPUILI BUIA ¢ ad # bc TOrma M TOIBLKO TOTIA OMPEIEqAIT

b
d

t(at+c) /(bt+d)

OJIMHAKOBBIE TTpeoOpa3oBanusa Py » P, Korma OHE TPOMOPINOHAJLHHI.

M50%<>2. CKOJIBKO HEMOABMKHBIX TOYEK MOXKET ObIThH Y HETOXK IECTBEHHOO0 IPOOHO JUHETHOTO Tpe-
o6paszoBauuda Py —— P, vax R u wax C?

M50163. Ilycrs CYTh TPHW MOTMAPHO Pa3HBIX TOYKU HA Py, m eIe TPW TOTAPHO

2 - Ly P1,P2,P3 Cy p p p 1 di1, 42, q3 €Ul p p
pasubix To4uku Ha P;. [lokaxwTe, 9TO CyIIeCTBYyeT eIMHCTBEHHOE TPOOHO JUHEMHOE MPeobpaso-
Bauue Py —— P, mepeBogsiee p; B ¢; npu Bcex ¢ = 1,2, 3. Hanumure aBHYIO (GOpMYy.Ty 111
npeobpa3oBaHusA, MEPEBOIANIETO 3alaHHbBIE KOHEYHBIE @, b, ¢ cooTBeTcTBeHHO B (), 1, 00.

M50%<>4. Hanmumure sBayo ¢popMmyay, IO KOTOPOU Mpeodbpas3yeTcs KOOPAWHATA T MPU MPOEKTUPO-
BaHUU T-0CU Ha OKPYX)HOCTH T2 + y*> = 1 u3 Touknu (0, 1), a 3aTem 06paTHOM MPOEKTUPOBAHUM
OKPYJKHOCTH Ha Z-0Cb u3 To4ku (0, —1).

M50%<>5. Pacemorpum mpsamyio ¢ C Py, meocoOyio kouuky () C Py, m Touky p € Q. Ilpoekmus

Q —2+ ¢ nepesogur ¢ € Q, ¢ # p B TOUKY IEPeCedeHUs MPAMON pg ¢ {, a TOUKY P B TOUKY
mepecedeHns IpaMou £ ¢ KacaTeIbHOn K () B Touke p. [lokazkuTe, 9TO 7, B3AMMHO O THO3HATHA U ITO
0/THOPOJIHBIE KOODAMHATHL TOYEK ¢ U 7, (q) BHIPAXKAIOTCA APYT Yepe3 IPyra B BUIE PAMOHAIBHBIX
aare6pandecKux (pyHKIIH? .

M50%<>6 (aBTomopdusmbr CPy). [Ipeamomoxkum, 9TO HEKOe B3aUMHO OTHO3HAYHOE OTOOpaKEHUE

P \ {xomeunoe muoxecTBO TOUWEK } . P, \ {xomeunoe muoxecTBO TOMEK }

. . (po(xoa«%) . p0($0,$1)>
KOPPEKTHO ONpeIeNAeTCs MPABUIOM ¢ : (xg @ 1) — : , TIe p; U (; CyTh
90 (70, 71)  qo(To, 1)

Muo2ousenbt 0T (g, x1). [JoKaxkuTe, 9TO YBEJIMYIUBAA, €CAU HATO, KOHEUHBIE MHOXKECTBA TOYEK
HEONPEeIETEHHOCTH, HO He M3MeHAA OTOOPaXeHWsA Ha OCTAJBHBIX TOYKAX, MOXXHO CIMTATH UTO:
a) o =q =1, a py, p1 OMHOPOAHBI, UMEIOT OJANHAKOBYIO CTEIEHb M B3aUMHO IIPOCTH;
6) degpy = degp; = 1, u ¢ ABAAETCA IPOGHO TMHEMHBIM NPEOOpa3oBaHueM (B YaCTHOCTH, eCIu
¢ OBLIO OMPEIEIEHO BCIOAY, TO OHO OBLIO APOOHO JUHEHHBIM MPEOOPA3OBAHUEEM).

M50%<>7. Paccmorpum va Py mpsamyto ¢, mapy Touek pi,ps € ¢ u emé 3 Touku a,b, ¢, Takme UITO
HUKaKue 3 u3 5 TO4YeK Pi, Po, a, b, ¢ He KommuHeapHbl. OToX) 1eCTBUM £ ¢ TYYKOM () BCEX MPAMBIX,
OPOXOJAIINX Yepe3 Py, COMOCTABIAA Kaxgou mpamoun ¢ € o Touky ¢ N L € {; aHAJOTTIHBIM

XKe CIOCOO0OM OTOXIECTBUAM £ U C IMIYYKOM (o BCEX MPAMBIX, IPOXOIAININX Uepe3 ps. PaccmoTpum

o Yab
Tenepb eIUHCTBEHHOE APOOHO JuHenHoe mpeobpasoBanue { ——» { (WIM — 9YTO TO K€ CaMoe —

npeobpa3oBaHue Jabe, ©2), KOTOPOEe TEPEeBOAUT NPAMBIE pra, P1b, pic u3 o =~ { B OpsMble
P2a, P2b, pac U3 o ~ L. Onumure GUrypy, HAPUCYEMYIO TOYKOU MEpecedeHus Npameix 1 € o u
Yabe(l') € 2, mOKa ¢/ TPOOGEKUT BECH MYUOK (1.

Ip wacTHOCTH, y6eaUTEeCh, YTO OHU TOXe OYAyT IPOGHO JMHEHHBIME IPEOOpPa30BAHMAMEI

2parnmonanpHas arrebpandeckas GpyHKINA — 3TO OTHONICHHE ABYX MHOTOYWICHOB
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M50%<>8. Paccmorpum va Py mapy npambix £, /o u He Jexarnryio Ha HuX Touky O. [loxaxwuTe, 9TO

70
npoekTupoBanue {; —— fo u3 Touku O, nepesogsmee p € {1 B Op N ly € ly ABIAETCA B3AUMHO
OJHO3HAYHBIM JIPOOGHO JMHEHHBIM® 0TOOpPAKEHUEM.

M50%<>9. Paccemorpum napy npsaverx (1, (o C Py u mapy To9ex pq, po, JexKaMUX HA HEOCOOOU KOHUKE

7221’1

@ C P,. Jokaxwure, 9T0 oToOpaxkenue f; {9, ABIAOMEECS KOMIIO3BUIIMEN IBYX ITPOEK-
-1

o Tpy Tpo
i {1 —— () — (5 ABIAETCA B3AMMHO OJTHO3HATHBIM
o 1
ApOGHO MMHEHHEIM O0ToGpazkenneM (cM. puc 505 - 1).

M50%<>10. [okaxure, 9T0 JI0O60U TPOOHO TUHEUHBIN U30-

0
Mopdusm {1 —— o Mmexay aByMs npambivMu fq, lo C Py
MOXKHO (BOOOIIE MOBOPA, MHOTUMHE CIOCOOAME) Peaau3o-

BATDH OIMCAHHBIM B 331 M50309 cmocoGom B Buge i

¢ mogxosammuvu Q) C Py u py,po € Q.
YKA3AHUE. IlycTs v oTobpaxaet ay, by, ¢y € €1 B as, ba, ca € {5. Boabmu-
Te JI00yI0 TOUKY p; € Py, a ps BLIOEpUTE TAK, ITOOB HIKAKIE Puc. 50% - 1. KoMmosunna mpoexIumn.
3 m3 5 TOEK p1, p2, a1p1 N azpa, bipi Nbaps u cipi N caps HE
OBLIM KOLIMHEAPHLI, U MPOBEIUTE Uepe3 DTU 5 TOUYCK eIUH-
CTBEHHYI HEOCOOyI KOHUKY () (cM. puc 50% - 2).

s

’
1
’
1
’
1
’
1
’
7

1/
.. \
CORIN
/

4
’
< P2
/” p

%4

p

AY
\
\
\
\
\

ly O

Puc. 501 - 2. Paznoxenne B komnosunuio.  Puc. 503 - 3. 3aMedaTelIbHOe COOTBETCTBIHE.

M50%<>11. [TycTe Touk™ pq, Po, @, b, ¢ mexar Ha HeocoOou kKouuMKe (). O6o3HawIUM wepe3 (1 u ly

npsmeie ac u be, u nyctb O = apy Nbpy (eMm. puc. 50% - 3). Oram9aercs in TYT KOMIO3UINA TPOEK-
p2pP1

it {, —— (o u3 3al. M50%<>9 OT MPOCTOrO
npoekTuposanus (; —%— (5 u3 3ax. M503087
M50%<>12. OnHOM JTUHENKOU MOCTPOUTE CKOJIb
YI'OJQHO ILIOTHOE MHOXECTBO TOYEK KOHUKH,
IPOXOIAIIEH depe3 JaHHBIE b TOYeK Ha Ps.

M502013. Besegnre n3 3a1. M501012 HoBoe
JIOKa3aTeabCTBO TeopeMbl Ilackansa: 6 Todex
P1,P2, - - ., D6 , HIKAKHE 3 I3 KOTOPBIX HE KOJI-
JAMHEAPHBI, TOTJa M TOJIBKO TOrA JeKaT Ha
(Heoco60oM) KOHUMKe, KOTJa KOJIMHEAPHBI TOY-
KU p1P2 M PaPs, P2Ps () PsPs, P3P M PeP1- Puc. 501 - 4. CoorBercreue L; <> ;.

YKA3AHUE. Ha camom mene 3an. M50%011 3a1a€T COOTBET-
crBue Mex 1y npameiMu L S O u Toukamu € (),
CM. pucC. 50% - 4.

'3
M50%<>14 . OqHOU JMUMHENKOU TOCTPOUTEe 06pa3 TaHHOU TOUYKH x € {1 mpu APOOHO JUHEUMHOM IIpe-
ob6paszoBanun {1 — (9, IEPEBOAAIIEM JaHHBIE TOYKH a1, by, ¢; € {1 B JTaHHBIE TOYKHU Ug, by, Co € (5.

31. e. umeet Bun t — u(t) = (at+c)/(bt+d), rae t, u — xKaxue-To adbuHHBEIE KOOPIUHATEI HA {1 1 {3 COOTBETCTBEHHO
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Maremarnueckuit Anamus, 11 knace JIucrox Ne 502 (ans skcmepToB)

IIpoexkTuBHAsA JBOMCTBEHHOCTD

[[BOMCTBEHHBIE ILIOCKOCTH. PaccMOTpEM TpEXMEpHOe MpOCTpaHcTBO V ¢ Gazmcom {eg, e1,ex} U KOOpAH-
Haramu (Ig, L1, 2L2) OTHOCUTETLHO 3TOro Gazuca. O6oszmadmM wepes V* MHOXECTBO BCex aumelinbiz (PyHK-
mun Ha V' co s3Havenuamu B ocHOBHOM mose (R mam C). ITockoabky BeAkas auHenHas (DYHKIUA MMEET BU[
azo, 1, T2) = Qoo + 121 + QoXa, TAE A1, (2, 3 — KAKWE-TO KOHCTAHTEI, V* Takke ABIACTCA TPEXMEPHBIM
OPOCTPAHCTBOM ¢ 6asucoM {xg, x1,x2} (Tak, KOOpAUHATAME Tpeasiaymen byHKun (g, 1, T2) OTHOCATEb-
HO 5TOro Gasuca cryxaT aucaa (ap, o, ag)). llpoektusabie wockoctu Po = P(V) u Py = P(V*) maswmBatoTca
deoticmeenubimu. Kaxmas m3 HUX eCTECTBEHHO OTOXAECTBIACTCI C MHONCECMEOM BCEL NPAMbLE HA NPYTOH.
[lencTBUTEIBHO, IUHENHOE YPaBHEHUE (Lo + 11 + aoxe = 0 mpu dukcupoBanHOM @ = (g @ 1 : vg) € PQX
3amaéT npamyio Ha Py, a npu dukcupoBaHHOM (Z0 : 21 @ 22) € P 3agaéT npamyio Ha P5, 1 NpONOpIMOHATEHEIE
JWHEVHBIE YPABHEHUA 3aJaI0T OJWHAKOBLIE MPAMEIE.

M50§<>1. [IpoBepbTe Caegyiomee COOTBETCTBUE MeX Iy reoMeTpuaMu Ha Py u Py

npsmas { C Py — Touka (X €PX
TOYKHU P npamon £ — OpAMEIE p* OPOXOIAIIME Iepe3 TOUKy £
npaAMas, TPOXOAIIAA I€Pe3 TOUKY p1,ps € Py <— TOUKA TIEpECedIeHnA mapa IpAMBIX p; , py C P
TOYKU p, JeXKAIIUE HA HEKOTOPOU KOHUKE () <—>  KacaTelbHBIE P~ K HEKOTOPOU KOHWKE ()™
opsaMere £, kacaommecs — Touku £* € Q*

(B wacTHOCTH, YOEINTECH, YTO KacATeJIbHbIE K HEBBIPOXKAEHHOUN KOHUKe () C Py cocrasisior He-
BBIDOXK ICHHYIO KOHUKY Q™ C ).
M50§<>2. CkoIbKO KOHUMK Ha Py KacaeTcsa TaHHBIX MATH MPAMBIX OOIIErO MOJOKEHU !

M50§<>3 (reopema ITanna). /[lokaxuTe, 9TO MIECTUYTOTLHAK OMUCAH BOKPYT KOHUKW, €CAN U TOJb-

KO €CJIU 3 IPAMBIE, COeIUHAIOIINE er0 TPOTUBOMOJIOKHBIE BEPIINHBI, TIEPECEKAIOTCA B OJHOU TOYKE.

M50§<>4. PacemorpuMm nmapy npamerx py,ps € P, m300pakalommx mydky MPAMBIX, TPOXOIAIINX

o v
qepe3 TOUKH Py, py € Py. lokaxkure, 9T0 APOOHO JUHEUHBIE OTOODPAKEHUS P; —> Dy B3AUMHO
OMHO3HAYHO COOTBETCTBYIOT OTAMIHBLIM OT JBOUHOU MPAMOU KOHUKAM () C Py, mpoxogammm depes
TOYKHM P, Py Tak, 910 Y(¢) = ¢ nna € p', ' € pS, paBHOCKHIBHO TOMY, uTO L NI € Q.

/P2 ¢ )
'Yabc(gx) Ly
Puc. 50% -1. Puc. 50% - 2.

YKA3AHUE. Bosbmém mobeie 3 npsamvere (1, fo, f3 C Py u3 mydxa p;; TOrga ¥ = Yape OGHOZHATHO OMPEAENACTCA 3 TOTKAMM:
a =420 Ny), b=~LNvy(l), c =L3N~y({l3), u scHo, aTo @ D a,b,c,p1,p2. O6paTuTe BHUMAHUE, YTO €CThH
IBa TE€OMETPUYECKN PA3HBEIX TUIA O0TOOpaxKeHun 7y (CM. puc. 50% - 1 u puc. 50% - 2): T. H. 2a4unmunecKue
OTBEYAIOT HEMPUBOIUMEIM KOHUKAM, & T. H. NaPabosuueckue — TPUBOTUMBIM.

M50§<>5. Opguou nuHEMKOU mMOCTpouTe 06pa3 manHOUW mpsamvon ¢ S p; Ha Py mpu 1po6HO JTUHENHOM
g
IpeoOpa3soBaHum p; —— Po , MePeBOAlleM TaHHbe 3 mpsaMbe {1, (5, (3 S p; B TaHHBE 3 IPAMBIE
! ! g/
15 £a, £3 2 Pa.
M50§<>6. YcTaHOBUTE MPOEKTUBHO TBOUCTBEHHOE K IOCTPOEHHOMY B 3a1I. M50§<>4 OMMUCAHUIO IPOO0-

o , v
HO JUHEUHBLIX OTOOpaxKeHUu (i —— (o MeXKIy ABYMA HpAMBIME Ha P, MOCpeIcTBOM KOHWK, a
UMEHHO JOKAXUTE UTO:
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a) A KaxkI0r0 HILIAITHICCKOTO TPeo6pa3sOBAHUA 7y CYNMIECTBYET eIUHCTBEHHAS HEIPUBO IUMAS
KOHUKA (), KACAIOWIAACA 06euX NPAMBIX {1, {5, Takas 4To py = 7(p1) <= npamasd p;p; KacaeTcs
@ (cM. puc. 50% - 3);

6) A1 KaXIOro mapaboIndecKoro mpeobpa3oBaHUsA 7y CYMIECTBYeT eIWHCTBeHHas Todka O €
Py \ (¢1 U ¥s), Takas ato py = v(p1) < npﬂMa;z P1p2 IPOXOIUT Hepe3 O (cMm. puc. 50% - 4).

1=

Puc. 502 - 3. Puc. 502 - 4.
M50§<>7. O6bacHuTe CAeayIomen crnocod MocTpoeHus oOpasa JaHHOU TOYKM T € {1 mpu APOOHO

IMHENHOM peoopasoBanun {1 —— (o, 33, JAHHBIM CBOUM IHCTBUIEM HA TPH AAHHBIE TOUKH: (] —

as, by —> by, ¢4 — ¢y (cm. puc. 50% - 5): mpoBogUM

npamyoo O = bja, 1 0TMedaeM TOYKY €€ mepeceveHus ¢

OPAMOU, COEIMHAIONIEN T C TOYKOU (1do () C1Co; MIPAMAd,

COEIVHAIOMAS OTMEYEHHYI0 TOYKY C TOYKOU biby M ¢1Co,

Eegligelgge;_ﬁ;)la TourocTy B TouKe ¥(x) (cp. puc. 502 - 1
. 503 .

M50§<>8*. SadukcupyeMm palnOHAILHYIO MapaMeTpu3a-

mto! P, —— () 1aHHOW HempuBOAMMON KOHUKE () C Ps.
[lokaxkuTe, 9T0 KaxKJ0e B3aUMHO OJHO3HATHOTO 0TOOpa-

xerme (Q —— (), MHIYOUPOBAHHOE APOOHO TMHEHHON 3a-
MeHOU mapameTpa Ha Py, mpeacrasisercsa (HeoIHO3HAY-
HO) KaK KOMIIO3UIUA TPOEKINH () U3 MOIX0IAMEN TOIKY
p1 € @ Ha moxxomAmyio npsamyio ¢ C P, m obpaTHOU
npoeknuu £ Ha () U3 MOAXOAAINIEN TOYKA Py € (). Hamgure HemoBMKHBIE TOYKE TAKOrO Mpeobpa-
30BAHUA W YKAXKUTE CIOCOO MOCTPOEHUs TOYEK D1, Py U NPAMOU { MPU TOMOIIKA OTHOW JUHEUKH,
eCJIM M3BECTHEL 00PA3LL ], ¢y, ¢5 € () KAKUX-TO TPEX PA3HBIX TOYEK (1, 2, ¢3 € () IPU 0TOOPAKEHIN
.

M50§<>9*. OnHOM IMHENKOW BIUIINTE B 33 JaHHYIO KOHUKY TPEYTOJbHUK, MOCIEeI0BATEILHBIE CTOPO-

HBI KOTOPOI'O COMepKAT TpH 3aJaHHbe TOYKH. CKOJBKO pPEIIeHNN HMeeT DTa 3a1ada’
YKA3BAHUE. Haunute mocTpoeHue ¢ NpoOu3BOILHOU TOYKHA ¢ € (); TOTIa TPEThsA CTOPOHA TPEYrOILHUKA BEPHETCS, CKOPee
BCET0, B HEKOTOPYIO TOYKY ¢ # ¢, TeXKAaIlylo Ha KOHWKE, HO mpeobpa3oBanue q — ¢' 6yaeT IpOoOHO JTUHETHON
mepenapaMeTpU3ALNe KOHUKI — OCTAaETCsA TOJLKO HAUTH €r0 HEMOJBUKHEIC TOUKM!

% - 5. [Tocrpoenue y(z).

M50§<>10*. ChopMyIupyuTe U pemnTe TPOKTUBHO IBOMCTBEHHYIO K MPEILIIYIIeN 33 Iatdy.
M50§<>11* (monapuoe npeo6Gpasosanue). [lycTs mempuBogumas kouuka (Q C Py 3amaércs ypas-
HenneM »  a;;x;x; = 0. [lokaxure, 4T0 0oTOOpaxkenue Py 9. Py, mepesomamee (zg : x1 : T3) B
ij
a= (ap:aq:ay) ¢ =) a,r, MHENHO, B3AUMHO OJHO3HAYHO M, Oy IYId MHTEPIPETUPOBAHO
KaK OMEeKIINI MexX Iy TOUIKall\//II/I 1 pAaMBIME® Ha Py, IepeBoIUT BCAKYIO TOUKY p B MPAMYIO, COeIU-

HAONIYIO TOYKN KACAHUA C () Maphl OMYIIEHHBIX HA Heé n3 p KacaTelbHbIX. [[1a npumepa, onuimmre
noApHOe TpeobpasoBanue OTHOCUTEbHO (adduunon) Konukn 12 + y? = —1.

!mampumep, copoexkTupyeM () Ha Kakyo-HHOYIbL mIpaMyio ¢ ~ P, u3 mo6oi Touku p' € Q
2C00TBETCTBEHHEIC TOYKA, U TIPAMAA HABLIBAIOTCS TP ATOM NOAOCOM NOAAPOT IPYT APYyTa OTHOCUTETHHO (
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