Inequalities-I.

Problem 1. Prove the general rearrangement inequality: if x1 > ... > x,, y1 = ... = Yn,
then for any permutation iq,...,7, of 1,... n:

Ty + TaYo + - - + TpYp = T1Ys, + TalYi, + o0 + TpYi, .

Problem 2. The numbers 1,2,...,9 are written on the board. Consider all consecutive
triples of digits and sum the corresponding three-digit numbers. What is the maximal possible
value of the sum?

Problem 3. Let a,b > 0. Prove, that (a + )" < 2" 1(a" + b")

Problem 4. Let a,b,c > 0. Prove, that

a b c_ S 3

brc atc axb” 2

Problem 5. The numbers 1 to 100 are written on a 10 x 10 board (1-10 in the first row,
etc). We are allowed to pick any number and two of its neighbors (horizontally, vertically, or
diagonally — but our choice must be consistent), increase the number with 2 and decrease
the neighbors by 1, or decrease the number by 2 and increase the neighbors by 1. At some
later time the numbers in the table are again 1,2, ...,100. Prove that they are in the original
order.

Problem 6. Let ABC be a triangle, a, b, c — lengths of its sides and h,, hy, h. the corresponding
altitudes. Prove the following bound on the area S of ABC"

(@+b+c)(hg + hy + he)
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